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Owerarching themes

. Overarching themes

The following three overarching themes have been fully integrated throughout the Pearson Edexcel
AS and A level Mathematics series, so they can be applied alongside your learning and practice.

1. Mathematical argument, language and proof
* Rigorous and consistent approach throughout

Motation baxes explain key mathematical language and symbols
Dedicated sections on mathematical proof explain key pringiples and strategies
Opportunities to critique arguments and justify methods

2. Mathematical problem solving The Mathematical Problam-solving cycle
# Hundrads of problem-solving questions, fully integrated L specify the prablem 3

into the main exercises [ |

L |
= Problem-solving baxes provide tips and strategies milerpret sy
P : collect Information
«  Structured and unstructured guestions to build confidence
+  (hallenge boxes provide extra stretch DrDCESs 3 J
represant infarmation

3. Mathematical modelling
+ [Dedicated modelling sections in relevant topics provide plenty of practice where you need it

»  Examples and exercises inclede qualitative guestions that allow you to interpret answers in the
contest of the model

« [Dedicated chapter in Statistics & Mechanics Year 1/A5 explains the principles of modelling in

mechanics
Finding your way around the book AT :
digital adition using
the tode at the
A front af the bock.
Modelling with =
differential equations
Each chapter starts with e ....,_..m_;-,_..j:..l."

a list of objectives = i
The real world applications

af the maths yau are about
to learn are highlighted at
the start of the chapter with
limhs ta relevant questiens in
The Pricr knowledge chech the chapter
helps make sure you are

ready ta start the chapter

(]



Dwerarching themes
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Extra online content

. Extra online content

Whenever vou see an Online bow, it means that there is extra onfine contant available to support you.

.llf-rm-. "
e
SolutionBank R
SolutionBank provides a full worked solution for e =
evary guestion in the book L. S
— K ™
m Full werked solutions are # s i,
available in SolutionBank. : e
e -
Dovnload all the soluticns as a PRF.ar s i
gquickly fired the solution you need anline
Use of technology O
Explore topics in more detail, visualise m Find the point of intersection

problems and consolidate yvour understanding graphically ssing technology.
using pre-made GeoGebra activities.

GeaGebra L Sy

/ -
GeoGebra-powered interactives \1\\ £ i
Interact with the maths you are 2afning d___,_~—-”‘ Jf dds b
using GeoGebra's easy-to-use bools bt 9 s

Biccess all the extra onlinecontent for freeat;

www.pearsonschools.co.uk/cp2maths

Yo can also access the extra online content by scanning this QR code

vl



Complex numbers

After completing this chapter you should be able to:

®  Expressa complex number in exponential form =+ pages I-5
»  HMultiply and divide complex numbers in exponential fiorm -+ pages 5-B
# Lnderstand de Moivre's thecrem -4 pages B-11
® Use de Mobhre's theorem to derive trigonometric identities - pages 11-15
# Use de Moivre's theorem to find sums af series -+ pages 16-19
®  Know how to solve completely equations of the form ¥ = o = ih=0,
Eiving special attention ta cases wherea = land h =0 —+ pages 20-25

» Use complex roots of unity to solve geometric prablems 4 pages 25-27

i1 L, P T [

1 ==44 43 and u-«.E[:_'ﬂns1E|

Fird:
a |zl bargld ¢ |zw darglzn)

--iﬂinE].

e ||T| f arg{f;.] + Book 1, Chapter 2

2 fizl=f+42'+922+42+8

Given that =1 159 rogt of flz2) =0, show
all the raots of fiz) =0 on an Argand
diagram. +~ Book 1, Chapters 1, 2

The relationships between complex numbers
and trigonometric functions allow electrical
| engineers to analyse oscillations of veltage
*and current in electrical circuits more easily

E  eEmamess

3 Usethe binomial expansion to find the
i term in the expansion of (2 + u)%.
#= Pura Yoar 1. Chapter 8



Chapter 1

m Exponential form of complex numbers

You can use the modulus-argument form of a

The modulus-argument form of

complex number to express it in the exponential & complex number s 2= rlcos @ + | sin #)
Form: = = ral’ where r= |z| and # = arg .
' ) ) + Book 1, Sectien 2.3
You can write cos / and sin @ as infinite series of powers
af t
L o s (=T} @
G S = e —me S 1
a1 Zri W
g5 iy (=1} fiar+]
SNt =bl-—4+——F e+ + ., [E
A B A {2r + 1}! &
You can alsowrite &', x £ R, as a series expansion in m Thete are the Madlauein teras
powers of x. eapansions of sin &, cos & and -,
vi r-!. 5 T -+ Chapter 2
servanlr e felie inde,

You can wse this expansion to define the exponential
function for complex powers, by replacing x with a
complex number In particular, if you replace v with
the imaginary number i, you get

(i (e (e 8 iil'j‘}"‘+

=it gty g v el

Ege PR gt R 5
=140+ 5+ 5+ gt e

o o

i ey 10ig e e i
w o B
(-GG -ar PG E-)

By comparing this series expansion with (1) and (2], you can write ' as

_ This formuls is known as Euler's relation.
It is important for you to remember this result.

e =cosf+ising .

= You can use Euler's relation, e = cos @l +isint, (@) cubstituting 0 = 1 into Euler's

to write a complex number ; in exponential relation yields Euler's identity:
form: e +1=0

z=ret This equation links the five fundamental
where # = |z] and & = arg z. tconstants 8, 1, m e and i, and is considered

an example of mathematical beauty,



 Example @)

Express the following in the form ee, where -7 < 8 =

a4 z= k".fiﬂlﬁlllﬂ +isin ﬁ:l

Complex numbsars

b :=5|:4:4:rs%—isin%:|

i e B
a _—1._|IEEIEI=G_+I..-\. ||:|:|
Sor= 2 and #= %

0

=

Compare with rlcos @ +igin d),

i

B

Pz

Thersiors, 2 =y

B'E

H‘|r T ]}
B gos e — i8I0 J
\ &

= 5'. £as |: _;J - i%i.-.[_g.:}ll

il

Problem-solving

Lise cosi—f} =cos 8 and sin{-#) = —sin &

Compare with Hlcos & + [ sind),

Sor=5andi = ~a

Therefoee, 2 = 5a &

Example o

|

Express == 2 - 3iin the form rc", where —r < 8= &

|

Sketch the Arpand diapram, showing the pesition

2=2-3
Vi3

of the complex number

Here : 15 in the fourth quadrant 5o the reguired
argument ks —o,

F= 2= J2E+ [=3F =

5 ;
# = arqz = =arctan|z) = =0383 {3 5.0)

— Fird rand .

Therefors, £ = 13- 0983

FoE



Chapter 1

Am
Express z=+2e7 in the form x + iy, where x, ¥ £ B.

= y2e '.. sgr e V2 and = {'; Compare with re¥.
c= h.,':_-'|: -u.:,:': # i%in 1?] Write = in modulus-drgument form
= | 11
= Pi._;'.E. s .-:','_-_"‘
Thereigre, = = =1 + 1 Slmplify,

Express s =2¢ ¥ inthe form ricos  + isin ), where —7 < ## = .

=2m 8. 50p = 2andl = Eo8 Compare with ret

. 3z 13=% v
— 2o w2, ok 2= Problem-solving

05§ = cos [ + 27) and sin # = sin (7 4 27).

:'I'_: = Inthe ranas =g = f = 3 ) i
= Subtract multiples of 2r from Tunﬂl youfind 2
}::=E|:s-:-',!'-__:l_'-+.-_~n'-"_:l'—"'| Lvahelnlhermge—r-t:ﬂ‘-ﬁt.
Write = in the form wlcos &+ 1sin ),

Example o

Use e = cos @ + isin f to show that cosfl = IT[L*“" + e,

=" = cosfll + isint {n
e = g™ = con (=) + isin{-f
Co e = fosf — juini 2 - -en Us=a cos (8 = cos & and sin (-9 = —sin .

L Add (1) and (2.

|— Divide both skdes by 2.

Hance, cosll = w{a® + &%), an FEgLired



Comples numbers

1 Express the following in the form e whore - < ¥ = 1. Useexact values of »and  where

possible, or values to 3 significant figures otherwse.

a —3 b i e
d =5 +1 e 2=5 f <523+
B -fﬂ[mn%ﬂs-infi h E(mﬁ%—isin%) i 2 cn&%—ish%:l
2 Express the following in the form x4+ iy where x, vy € R

a0 b 4o e T ed

i . Sai
d Bet e Jegt [ et

— . LHE _-_1;|

g o™ h 32le 4 i fe 2

3 Express the following in the form ricos & + 15in &), where =7 < #f=5 @,

e 1754 ol
g b de * o Se b

LT¥ |
@ 4 Use ¢™= cos# + isin # to show that sin f =3 (g —g*)

m Multiplying and dividing complex numbers

You can apply the modulus—argument rules for multiplying and dividing complex numbers to
numbers written in exponential form,

Recall that, for any two complex numbers 2, and 2,
el S el R

v QIS =3 = drg (=43 + arg (33 i
1=2 1 & These results can be proved by

. f'l s r':” considering the numbers 2, and =, in the form
=2 |5l rlcos i + isin A} and using the addition formulae
for cos and sin. + Book 1, Section 2.1

. arg{_f—_!']l =drg sy -arg £

Applying these results to numbers in exponential form gives the following result:

| wo—= A It =
o i You cannot autcmatically assume
= Tala = ryrgetht the laws of indices work the same way with
T " complex numbers as with res numbers, This
¥ gl eHh- result only shows that they can be applied in
these specific tases.



Chapter 1

Express

o . :
a Express 2¢° = 3¢" in the form 5 + iy,

z=21+2, Imizw)=04and |z2w]= 3|z|
Use geometrical reasoning to find the two possibilities for w, gving your answers in exponential

2 ma-E + 120 il
S 12 12

g

L

2 ST Trj
] =, =
'r-{l:ﬂ"i 6 + 15111 3

in the form re,

Form,
a 2eF x A =2 x T = o
e Wi )
2ide Simnplify.
= 2/3(cost 4 |ﬁqu|- :
W, e £ Comvert the comples number o medulus-
=230+ | argument form
= S
B |aw| =3z = |w]l=3 |zl =]=llw| =3z,
[ =N} T
argz = arctan| S| = &
reg ar | ﬂ'.l A
=) = O 2m argyisw) = rar T 0
5 2 & wr lies an the real axis, so o is motated =
Seargw =7 or =7 = &
; . clockwise ar anticlockwize when multiplisd by w,
&
LI g
#Br
i N i | ¥,
£ E=

- T
E[':':':'-.z it Convert the numeratar and denaminator to
| By Srl exponential form.
V2| cas — 4 =0 — :I =
=1 =
- = r
_ £ =¥ =X ZLamel
= s Ky
EACE YV e—

- L simpiify.



Comples numbers

1 Express the following in the form x + 1y, where &, v € B

ac'xe* b J3e" x 3 ¢ VleT e x Jet

2 Express the following in the form x + 1y where x. v € R.

L h . N =

R 4o 2

3 Express the following in the form me',
f (cos 26+ 15in 2#)(cos 3¢ + 15in 3¢ 1] [uﬂs% +I5EI.':_|1—T= cns?—?-r—isin%_l
4: 3{L‘EI-5.E -I—igm%] 'y 1[&35]—?'-1+1'5jnli,_,]|

d kéfmw[ul—gj + iSin[_ll_-l.:'_.” % -.E[ IJ:JE'_% + i:..in%]

4 Express the following in the Torm ne®.

] T g e ) PP e
cos 34 + isin 50 '-_{W-Sz +isin 5} ) 3| cos 3 +isin 3].
cos 2+ isin 20 oo W i oL
}[W54+|5m4} 4[{1}5? +|sm?]

5 = and ware two complex numbers where z = -9+ 313, [wi= 3 and arg w= T:—;
Express the following in the form re®, where =7 < # = 7.
iz b w c W d &

@. 6 Lise the exponential form for a complex number to show that

le0s 9 + isin WHcos 4 + isindd) oo
e e l.’.“l.':E'ﬁl'.F-l-Iﬁm ﬁ‘r‘
cos TH 4+ tsin TE

7 c=1+iv73, RC[%:}=H““d %=|‘d

Use geometricil reasoning to find the two possibilities for w, giving vour answers in exponential

form. {4 marks)
8 a Evaluare (1 +1F, giving your answer in exponential form. (2 marks)
b Use mathematical induction to prove that (] + " = P forne F*, {4 marks)
¢ Hence find (1 + 1Y% (1 mark)

(P} 9 Use Eulers relation lor ¢ and e to verify that cos?f +sin*f = 1.



Chapter 1

M Watch out RERREE L EEraT

& Given that « is a postive integer, prove by induction that that the laws of indices will apply ta
[ eomplax numbsrs, Prove these results

uging only the properties

, ik e
b Givenfurther thai == = forall = £ C, show that PR

fraf ™ =

m De Moivre's theorem

You can use Euler’s relation to find pawers of complex numbers given in modulus—argument form.
(ricos @+ | sin #1* = (re"*
= re¥ x rg®
o 2 pith
= ricos 24 + isin 20
Similarly, [rcos @ + isin )’ = rlicos 39 + isin 3, and saon.

The generalisation of this result is known as de Moivre's theorem:
= For any integer u,
(rlcos 6 + i sin 3" = v"icos nid + i sinni)

You can prove de Mofvre's thearem quickly using Euler’s relation,

(ricos @ 4 jsin 1" = (pa#)® ) —" )
This stepis valid for any integer

= pE g gxponentn. « Exercise 18, Challenge
= r¥icos nl + isin mi

You can also prove de Moivre's thearem for positive m This proaf ises the method

integer exponents directly from the modulus— of preef by indection

argument form of a complex number using the addition = P By Mewytar

formulae for sin and cos.

1. Basis step

=1 LHS = [ricos & + [5in)® = ricos 0« | sindy
BHS = ri{cos 18 + i sin 1 = ricos 0 + isin &

&+ LHS = RHS, de Moivre's theorem is true for m= 1.

2. Assumption step
Assume that de Molvres thearem is true forn = &, & = £
{ricos @ & i sin @) = flros &0 + | sin kil



Complex numbsars

3. Inductive step

Whenn=~k+1

(rleos @+ isin @)% = {plcos B+ isin )" = rlcosd + i sin )
= r{eos K0+ 15in KF) x rlcos 8+ 1sind)  ——— By assumption step
= r* Yeos kE + isin kit cos # + 1sind)
= (o5 kA cos f — sin kf sin @) + i{sin K cos 8 + cos &6 sin ()

= P cos (k@ + &) + i sinlkl + ) By addition farmulae
=+ Ycosiik + 1) + isin{ik + 116
Therefore, de Moivre's thearem is true whenn= &k + L.
&, Conclusion step
If de Moivre's thearem is true for w = &, then it has been m The(oneiPanng peoot
shown to be true forn =k + 1, for negative integer expanents is
2 : L E [eft as an sxercize.
As de Moivre's theorem is true forw = 1, it is now proven to s Exerelse 1€ Challange

be true for all n & £+ by mathematical induction,

¥

I{cns LS + i%in —qr:l
; ! 17 iy
Simplify - 3” = 1,'1_“1

{ T Problem-solving
| con isin3

T A You could also show this result by writing bath

|: oy —': =il ?:] numbers in exponential form:
| o H_- &+ imin §||?— T ':'E'“l] - E:,;" '._I!L,".:":".:-'ﬂ s e
| [ ] I il
o + iinl =
= I ) I
Py 1T = 4|1_ — o8 {~th = cos d and sin () = ~sin#
.-.-.wl —-I-__.j-l +isin| ~=5) | hpply de Molvre's theorem ta bath the numerator

ard the denoeminator.

gt Ao | E&rl N s 1= Y 7

= .___:_._Il_._..... |I_.I__r..l| :| + |.n‘"-||l.__|.:.;- = | 7 I_JI— & P
_ . '_:j=m5 i # LSy = ITa

= LT :lll_, + Hnl‘:"l ’

= con 3T+ %n3w® Simpiify

= Lo 4 15T .

-1+ ) “— Subtract 25 from the argument.
|.|._ E.'ﬁ'-

2 |.':':"" 1-: ¥ ':'"1'1?'.'

=0 = .-'r ) 2'-"-.... = —

|I.¢-_ |:" - g:lr.ll—_r;lu



Chapter 1

Express (] + i3} in the form x + iy where x, y € R

First, you need to find the modulus and argument
of 1 + i3 You may want to draw an Argand

disgram tohelp you

a . Re
r={1E 3+ WE=yF =2

[ = Find rand 8.
[i'—.Jlr_t.'.'|"'J]=; !
Bol+ W3 = 2{e0e 3 + 150 T Write 1 + iv3 in modulus-argument form.
RPN e Y O VI .
i3l -|E.-_‘|I|:._._ 3 + |*;|I|3H

5 | oy - T_F * ie:—.:_i_:f] Apphyde Moivre's theonem.
.'En‘]-l.::"t ";I + imin :E..I Subtract 27 from the argument

=128 L +12|)

Therefore, 1+ WE ] = 64 + 6403

Exercise @

1 Use de Moivres theorem toexprass each of the following in the form x4+ iy, where x, v 2 R,

) 2 4 LT P i 1 B

a (cosd + 1 andy b fcos 30 4 §an 30 ¢ {":""'-"54‘ |z.mﬁj
3 E] PP g - -| T P il
d (cm%ﬂsm%] |n:ﬂ5.,.-|-+l5]l'l ,q- f {tﬂSﬁj-LSl]‘l ITEL'

2 Express each of the following in the form &,

cos 54 + 1 5in ¢ b (cos 20 + isin 20)° 1
{cos 20 + isin 207 (cos 40 + isin 4017 ¢ cox28+ isin 9y
{eos 26 + isin 26" _cos 54 + isin 54 _cosf—isinf
{cos 38 + ig5in 30Y * (cos 30 — isin 307 {cos 20 — isin 200

10



Comples numbers

3} Evaluate the following, giving your answers in the form x + iy, where x, v € R,

{ In 3}4 * Fr . &]1 |1 o O 2_“}T
; cosyy —isinTg cos = —isin— : cos - - isin g
{mﬂ?:H-.m?:r Ilms -I-? + ising-:ll {ms --5;"- + isin 4;;_:IJ

4 Express the following in the form x + iy where x, ¥ £ R,

a {1+i)F b (=2 + 20 e (1—ip
d (1-iv3p e (3-L4i3) f(-243 -2)
@- & Express (3413 ]5 in the form & + #y'3 where @ and b are integers. {2 marks)
m i v TE.
(&) 6 w=2[cos +ising|
Find the exact value of w, giving your answer in the form o + ib where ¢, b € R (2 marks)
B TR L
@- T = _L1|:|:n5 7 lsin 4]
Find the exact value of =%, giving vour answer in the form a + b where a, h =R, (3 marks)
I ] I.'l.i i
B a Express l H, S in the form re®, where r = Dand —r < # = 1. {3 marks)
i
: vl L o (LY
b Hence find the smallest positive integer value of o for which mmrr L rcal
and positive, Loz {2 marks)
9 Lse de Moivre's theorem to show that (o + bif + (o — hi} is real for all integers ». (5 marks)
m Problem-solving
Without using Euler’s redation, prove that if a Is a positive Integer, You may assume de Mobvre's
lrlcos # + b sin 8~ = r=icos (=il + Isin i=nth] theonn:iir pesiveKteger
exponents, but do not write
any complex numbers in
exponential form,

m Trigonometric identities

You can use de Moivre’s theorem to derive trigonometric identities,

Applying the binomial expansion to lcos & + [sin &" allows you 1o express cos aff in terms of powers of
cos#, and sin nf in terms of pawers of sin &

la+ B =+ O b+ M a T R a4+ ER

whera l{:r ={;I:| ot I"II

g += Pura Year 1, Chapter 8
rlin—ril

11



Chapter 1

Lize de Momwrme's theorem to show that
cos O = 32 cost (= 4005t 0+ [Scos=0 = |

pooml & [ain e = conafl + Sined

= el f + S0 canT @isin ¥ + '31:'. 2om Hisin
b5y cos! B a0 ¢ 50, cos® Klamdy!
+ S corn ] Sn i+ =0

= coatf + Bicos® faind & 15 cos® B=in®l
+ POES comT @sinE /4 151 oo Fsin? 0
+Gitep= Jdsint 0 4 B gmt

= contl + Gicos? fsin ! — 15 co=t =ind ]
= 2ltcos? i =in? 0 + 15 oo Pain'
+ i cos fhein® o = sint 8

Equating tho real paris gives

[ ; =
cod G = ot il = 15 coatfiaint {

+ 1S coe fain ) — sin=d

= oot = 15cos" i1 = cost )
+ 15 costilll = cotlE = | = cosf 10
= picsl - 152881 — cos™H)

+ 15 con® Ml = 2cos™H +cast i)

~ {1 = Agonf 4+ Jcon' = comt i)

= oemE o= 1S ooat il 4 15oosE
+ 15 cant | = S0 cost B + 15eosbf

= 14 Jcos’ = Jcos™d +coa®

= 32cos® 0 — 4Bcos' i + 1Bcos® il -1
Therefors,

coabl = 32cossf = 48cos* 0 4 (ool -1

Apply de Molvre's theorem.

Apply the binomial expansion to
{cos f + | sin 6,

Simplify

Simplify the powers of |,

The raal part of cos 88+ (sinbdis cos B

Apply sinfd = 1 —os?d,

sind 0 = {ein® M and sin® i = (s HH.
Muitiply out the Drackegs,

Apply a cubic binomial expansion.
Expand the brackets.

SEmplify.

You can atso find triponometric identities for sin” # and cos" & where i s a positive integer

If == cos & % isin & then

Bl

=z =(cosf +isind !
= (Cos{=iN + | sin(=)
= a5 8 = isind

It follows that
a0t § =cosih+ isin b+ cos B — 150 i = 2cos i

12

=rgsd+isind = {cosf =isindh) =2isind

Apply de Moivre's theorem
Use cos = cos{=#) and —sin # = sin (=



Comples numbers

Alsi,
- i Eq = e — By deMowre's theorem
o =(cos # +i5in 8" = cosni + isin wfl Y OE & i

%=: "={cosf +isiné)™
= (as{—m] + i sin{—n}} - — Apply de Moivie's thearem,
=rainl—isinad Use cosd = cos (—) and sin [—8) = —sin &
It Fallows that

=+ % = o5+ [ 5in pif + cos plf — 15inad = 2 cos
= _], =05 + | 5in = {cosnd — isin aly = 2isin d

It is impartant that vou remember and are able to apply these results:

LI %,zmg L] ;ﬂ+$=zmﬁ In exponertial form, thesa results are
equivalent to:
1_ L _ asas
" bl 2isind ® ot — = disinnf WEI'HH=_';_@|M+E—||HI| El'n‘.ﬂ=jhhl‘_e'h"]_

Express cos’ @ in the form ecos 50 + beos 30 + ccosd, where a, b and ¢ are constants.

Lat z=cosé + |sind

|2 41} =i2contf = 3pcosin — USE:+%=EEﬂ5{l

e B :"l_;-' + 3 "rll b3
Apply the binamial expansion te

4..'511'_.:|'|.!'4+[:." {__+l_]5
= 5 4 5 '|+'u:- |n--|' ]

caldlod) S S
- B0z My 2y

1 11 w1 1
. 1-__—::1 3|3 +:_'.| + |'q_.|::+__-|| [— C— GI‘EHJP:"HI'II:'_%LEI‘I‘['IE.

= 2ros Bl 4+ 52 cos 3 + 102 costh e i 1
Lha 2 + — =L Cas Rl
Sz, docoer il s 2 oosSE + 10cos: 38 + 20 coal)

This is in the required form with o = <

= s = .'. s 5l + 2 cos 30 4+ §oosd
= L—i and ¢ nﬁ

13



Chapter 1

a Express sint# in the form d'eos 48 + ecos 28 + F where o, ¢ and fare constants

T
b Hence find the exact value of f' sind 0.de.
1]

8 |let o= cosll 4+ isni

i
1 e

|_: - -_| = [Bignflf = 1&=€int 0 = 1€ 8in* Y @ —0—— ge o=

= Zisin®, nating that i* = 1

-f T}

i "{".:"i—i_:' + £\—2)

Apply the bimomial expansion to

. 4 B
e+ () =3
=:"+-1.-"|—|:|+6: _—III
O 10 H i
+ I-I':| —:-Il + |j|| E'ImpIIFF
= —4:'+|;"=—‘_1'_+__|
R e 1] W~ e 1
® | T =S EF Tl e Growp ! and — terms,

= 2rnsdl — A2 oo 20 4+ B

| 1
= N — :
S e mint = B ocad — Bogs 2+ & Use 1+ 5= Eoasnf

= sinl =g eondd - 3 om 20 45— T Thisisin the required form with
d=%e=-fandf=3

b [ sl i = F [foos 48 — tcos28 + 3| di)

Lise the-answer from part a,

Y I e N | 2
l_j__,hrl [} _.-:.lrl.?{'-r __J'L_

' cos At integrates 1o % sir i,

= |'-:!__'":|||E'.‘I'— TENT + _:[':; |-:| —

I
=l::|—:-l- “_'
=
T
-IE.

Lse de Moivre's theorem to prove the following trigonometric identities:
(®) 1 a sin 34 = 3sin /- dsin’A b sin 54 = 16sin’ # — 20sin® # + Ssin #
¢ codTH = bdoos™ #— 112c05° @ + 5bcos' @ — Teos d cos'dl = {(cosdl+ Acos 2 + 3)

e sin® = (sin 56 — Ssin 3 + 10sm )

L4



Comples numbers

Lise de Moivee's theorem o show that

cos S = [hoos™# — 20cos* @ + Scosd {5 marks)
Hence, given also that cos 30 = 4eos' 8 = dcosl, find all the solutions of cos 58 + Scos 3t =0
in the mterval 0 = @ < 7. Give your answers (o 3 decimal places. (6 marks)
Show that 32cos®d = coso8 + 6cosdi+ 15008 2 + 11, (6 marks)
Henee find f“ cost i df in the form axn + b3 where o and b are rational constants to be
found. ! {3 marks)
Show that 32 cos*dsin' @ = cos 6l = 2cos 4 = cos 20 4 2. (6 marks)
Hence find the exact value of f cos® Hsm i dil (3 marks)

By using de Moivre's theorem. or otherwise, compute the following integrals.

1] f's,hﬁ"*[ld{-l' b f‘shﬂzucm‘r}du e fs,in-"ums-'{-ldﬁl

Lise de Moijvee's theorem to show than
Cos 06 = 32 00s" 0 = 43 costd+ 18cost i = 1 (5 marks)

Henece find the six distinet solutions of the =
; Problem-solving
equation

o ko 2 3o sz the substitition ¥ =cos @ lo reduce
3 L R : ¢ the eguation tothe form cos 69 = k.
giving your answers to 3 decimal places Find as many values of # asyou need
where necessary, (5 marks) ta Find six distinct values of .

Lise de Moivre's theorem to show that sin 47 = deogifgin # = deosfanidl. (<f marks)

1 Atanll = 3 tand
Hence, or otherwise, show that tan4df! = 4 marks
| - Gran® 6 + tan* ¢ { )

Use your answer to part b to find, to 2 decimal places, the four selutions of the equation
Hed =0 =4+ 1 =0 (5 marks)

15



Chapter 1

m Sums of series

You can use results about the sums of geometric seres with complax numbers.
®Forw, el

=1 wH _
. szrzwq u.lz-hn.rzi-h._.-rrz""'zw{"- -H mmrﬂﬁlﬂ[imaimihﬂ
i =1 corresponding resules for real numbers,
=) Izl <1 The infinite saries ¥ writonverges only
=3 when |z <1 ™"
+ Pure Year 2, Chapter 3

-
s S s swtwz+wrte ., = T
Pl

. T ... i Gt
Ciiven that = = cos 4 +isin 5, where s 18 a positive mleger, show that

: ®
| BT N T N | +|::::|1|:--}
2H

n-1
{ s ety so-igi T Use the result for ¥ wz"with w=1.
z Pl

A '
_ et =1 Wirite - In expanentlai foemas == @7, and
ol SUBETIEUTE

_t '.‘- -1 ]

— = |E""'| =a7=-]
B |

:Eﬂ - J Prablem-solving

- Youl kroe that sin g =%te'="—e-hﬂ:'.
¥ &5 ¥ou can wse this result to simplify an
G expression fike e - 1 by writing it in the
= d‘”»— form eite! - g fl = eﬂzislng}. In this case
I8IN=— 2 5
o this is equivalent to multiplhying the top
_ i ; i _ andbottom of the fraction by e 5.
=i .‘-'-‘};
W - 2
T ||I£|:—.|I— é:.ll + |.-\-|1| - Er;l | 2
= e
2R
il e ! :| l':-ir||I _"_' .I.' " T
” 120 Vel | " = cos -8+ i sin (=
= AP = cos i — jsin .
2
sin{=—] + ':c:--[;}T-ﬂ|
i
il

16



Comples numbers

R T Tl |
15 lé,l_f-l '1||1|: -.q‘.'l_ﬂ .I

| # leot] i
1=

J'| a5 requireg —— Simplify

The series o + 22" 4 23" 4 . + o™ is grometric with first term e, common ratio e* and n terma.

eilfgm - 1)

The sum of this serles Is given by §, == :
(=] -—

Converting the exponential form into modulus-argument form lets you consider the real and
imaginary parts of the series separately.

[l O ol S D
= (cos® +isind) + (cos28 4+ [sin 28} + (cos38 + (sin 3P + .. + (cosmf + | sinaf)
=(cosH +cos 20+ cas 30 = .., + cosatl + i(sind + sin2f +sin 36 + .., + sinaf)
Therefore,

[ mir _ g
cosll +cos 2P+ cos 3+ .+ cosnll = EE{E“EH-_ 1-]-')

Wanitl _ 1!
sim it 4 sin 26 + 5'|n3-!|'+..-+5iﬂnﬂ=lm(5 - !5')

i |
Example @

S=el 4 gty 468 for @ 2 2nr, where n is an inteper.

cﬂ’:sin 4t

. #
Elﬂl

a Show that §=

Let P=cost+ cos2f+ cos30 =+ ., + cos Bl and OF = sin 7+ sin 20 + sin 3y + ..+ sin &

o i e . :
b Use vour answer [o part @ to show that P =¢os - sin 40 cosec; and find similar expresaons for

2 2
Cand Q
P
HrLan _ 1] &is the sum of @ geometric series.
) el ] L] 3 - n-_‘! b
p— R g =1 U.ﬂ!Lu:’:M‘_‘_—”nr.ith:r:::e“andu:tl-.
e _ 1) T .
ot S —

:.'.u " R

e ' _ g - Multiply the numerator and denominatar by e~

iT



Chapter 1

o
-
1]
=
%
il
o
CE
e
| E¥
IL|
|3
| ==
.\-\-\—_—'-P-
P

0= Imi&)

il
3
———
I
n | i
= T . L]
I3 zli
|
H-\—_—'—-.

a4
:n'-—____,- sin<if

in8
- )

i )
= sifmn Ei-:.in.:l.f.lmn -I'_

E z
) 5"‘E‘2ﬂfiﬂd foones g alfi E'l:_i'
= ) 2 _,
.F . ?H*"'Iﬁlﬂ e |i' gt 9‘9 an
o Lt SO 5 - S

e @)

@ 1 Givenz=¢', wheresnisa positive integer. show that:

g l4+z4224 ok z0=l=)

. iz
@ 2 Show thatif::c?,th:nl;’: | B
Foi

T
@ 3 Show llmti:{I + i) ==150.

18

>

n

@

b l+:+_'3+...+:"=ir:nl|{—-'lr—}

gt — g7 =2isin @

2

Lise the relationship
e ] S m S b revrite the
rnumerakes

pif_a-AE - i Ag

Simplify.

Problem-solving

By writlng each term of 5 in modulus—
argument form you can ses that Fis the
real partof Sand (s the Imaginary part

of &

2n



Comples numbers

4 The convergent mfinite series Cand 8 are

defined as m The sum of an infinite geometric sertes with
. i o
=1 +limg£.l'+r'4;mslﬂ+_;'~.l oo+ ﬁritﬁnﬂnandmnmmmtmrrssﬂn_r
4 Pure Year 2, Chapter 3

S={5il1f?+qlsi:12ﬂ+ 3—'f3J113t?+.._

3

a Show that C+15= : (4 marks)
F=g¥
b Hence show that {“—M and find a similar expression for § (4 marks)
T 10 = Geos cabms il b =
5 The series Pand {2 are defined for{) < &< 7 as
P=1dcostl +oome I+ oog 3+ . +oosl3d
P=sind +8in 28 + sim 3 + ...+ sin 120
.E'M' '-_h.'l_.. _|-I_-
a- Show that £ +i1{ = LE,- 'E,:' ) {4 marks)

oo

b Deduce that 0= sinGAsin @mmg and write down the corresponding expression for P,

You can assume the m:ulrssLnH:F;iEJandcnﬁﬂ=FEE-w {4 marks)
¢ Hence find the values of &, in the range 0 < # < w, for which P+ 1" 13 real. {2 marks)
IIS- Series O and 8 are defined as
=1 +{?}m5ﬂ'+{g}m51ﬂ+ [;}cnﬁlﬁh e [:}murﬂ
8= I:']r:lsinﬁ'+ ig]ﬁﬂ'ﬂ 28 +{;:|51'n3|":'+ oo + [y Jsimi
a Show that C ={21:.|.:|5 %?j COs l;' {4 marks)
b Show that % = tan% {3 marks])
'i' a Show that (2 +e"N2 +e") = § + dcosd {2 marks)

The convergenl infinite series C and 5 are defined by
C=]- éﬂ:hﬁ-l':ll - '_I1G|J'!'i 26 - f,umi 0+
= -ésin it = L—sinl# * —.'s.in L]

4+ 2cost!

b By considering ' — i85, show that "= P and write down the corresponding expression
for &. {4 marks)

19



Chapter 1

m nth roots of a complex number

You can use de Maivre’s theorem 1o solve an equation of the form == w, where z we L.
This is equivalent to finding the nth roots of w.

Just a5 & real number, x, has two square roets, «x and — x, any complex number has mdistingt wth roots.

= |f z and w are non-zero complex numbers and o is a positive integer, then the equation ;"= w

has u distinct solutions.

You can fnd the solutions to =" = w using
de Moivre’s theorem, and by considering the fact

@ cos i+ 2kw) = cosd and

sir {0+ 2&w) = sin#® for integer values of k.

that the argument of a complex number is nat unique.

= For any complex number £ = r{ces # + i sin &), you can wri

where & is any integer.

a Solve the squation 2= 1.

z=rlcos (6 + 2kx) + isin (¢ + 2kr)),

b Represent vour solutions (o part & on an Argand diagram.
¢ Show that the three cube roots of | can be written as 1, w and w” where | + w +w* =0,

s om0+ imind

Start by writing 1 in modulus—argument form.

rfoos il & [sin il =
coa il + 2kwh+ 500 + Skal A EFE

ricoe 3N + i 3 =
coadd + Skl =il + BETL A E E -

Spmr =1 i
|
S = 2&kT -
kw Coeb e O sorm =ooa0 4+ i2ind = 1
2
R R
3
N Eud R 'E_n':, i i)
| —'.-'.-'.-I.T:l. :IIII 3 = E
k=== fi=s-0
-
Pr T i ¥ 3
S5 = —Cl‘J'"'.l|:— = ]—|1J||[— l|=_ = :|
Thergfars
o |
= I == 4 2 ors=—=5—1 =

20

Write = in mocilus=argument form, and wite the
peneal form of the argument o the fght-hand
side by adding integer multiplas of 2=,

__ Appty de Molvres theorem to the feft-hand side
of the sguation.

— Compare the modulus-on Both skdes togetr=1.

Compare the arguments on both sides,

Problem-solving

Choose values af & to find the three distinct
roots. By choosing values on either side of

& = Dvoi-can find three different argumeants in
the interval [=m; =],

These are the cube oots of Lnity



Comples numbers

Plot the points zy= 1, 5; =—1 + i and

Ty =—§ - i% anan Argand diagram:
The points sy, sx0nd o5 e on a circke of redivs

1 unit,

The angles between each of the vettors 2y, - and

I3 are 2n

g shown an the Argand diagram.

= &3 ———— Notice that w* = u.

It cam ke proveed that the sum of the ath
roots of unity B 22ng, for amy positive nteger
=g

® |n general, the solutions to " =1 are 7 = cos {%] + Iih[l—ii}= eV fork=1,2 .., mand
are known as the nth roots of unity.

If n is a positive integer, then there is an #th root of unity w =e " such that:
» tha nth roots of unity are 1, w, wi, ., o1
* 1, w, w?, -+, w™! form the vertices of a regular n-gon

s l+w+w . +w™i=0

21



Chapter 1

Solve the equation =% = 2+ 2iv3.

Irr:

[

maddus = 28 4 (VA = /4 4+ 12 = 4
. |'E-.3' T
argumant = arctan _II = =
1 t
ool | s, AR L B
o II.\_.I_-I_ = # | i _:l

rl":L'-l.'l'_ o & | sindh?

.1l,:r.-~.[_’} + kx| + :“i-"[il: + 2kz|) ke 2

Filcos A8 & 1=in 48]

= 4[:::::['; + i-.'i.r:l + ‘:II-'I[I-—jr * Eﬁ;.‘:] :I k€L

To sohve an equation of the farm
==, starl by writing W in
medudus—argumeant form.

Mow ket r =ricos b 4 isin &), and
write the general form of the
argument o the RHS by sdding
Integer multiples of 27,

Apply de Moivre’s thaorem to the
LH5.

Compare the madulus on both
sides to get r= 3

=Tl A R R

A=l 4 Sl Compare the arguments on both
3 sides.
ksll== : B 5= ..7'{.:.-,".‘1_ + i=in -F—Il
e e ; Whenk =1 40 =2+ 2
y i
k=sl=tl=- 50 Iz =aE'|I:.:.-:.—I£- t ,._,,,,.,.'E:h._..J S R
12 12 = Psmhra s
kot 022, 502, 2con (- 32) - 2 -
e 5 = m Make surevou chogse
fe i NE oo :m[_|:n'|+ _1|'_';,T_'._'J|I n consecutive values of & toget n
12 . 12! v T distinct roots. If an argument (s not
h _ in theinterval [==, =] you can aidd
oF 2 =dda = vt sadla Tors= e

22

or sabtract a multiphe of 2,

These are the soluthens in the farm
ralt,



Comples numbers

You can alse use the exponential form of a complete number when solving eguations,

G

Solve the equation =¥ + 47 + 41,2 =1,

2 4T+ AWE =0
=t = AT - 412

g}

—d r'E = -ill."E

nielliin = {=4VET + (~E] = VIEF I = VTE = B

] o L
o - 42 | o it
ArguUMment = =7 + ﬂ-ct.anll_l_".é. ! g ig i 4
it g, T il |
P s A T 11
Serl=8=areil=2
A
Al = - .:l + 2kx
k=0 :*H=—E SohE = ol
k=1 =-|"-I'=-I'-I-|2?':.=-:: = H=
1=
ks-1=lls-—— 8508 = de
Fd
il { W B i i,
ar.E = .-'I.- -— —I = g | —— '-'——:I
r _||. e | .d:l + |ﬁ||1||. _1IH : ..-_"|: 1% iz # |5 =
i | 1= Y R ik
or== .;"I.:s-_-l:— --E':I + |=.'n|l—-l-l-;_l—ll'l:|.

Fird the modualis and
argument of —4/2 — 42,

Write = = re® and yse

(rei*m = re™, Remamber
1o write the general form of
the argument on the right-
hand side by adding integes
multiples of 2.

Compare the modulus on bath
sides to get r=2.

Compare the arguments an
baoth sides,

Choose valwes of & to And
three distinct roots. Either
choose values that produce
arguments in the interval
-1 < = 5, 0r add or
subtract multiples of 2x as
TERCESEAY.

£3



Chapter 1

2

3

() 4

) 8

Solve the following eguations, expressing your answers for = in the form x + iy, where
ek,

ar-1=0 b :z ¢
d A+6d4=10 e H4d=0 f

. P

=
T4 Hi=10

kg

Solve the following equations, expressing the roots in the form r{cos @ + 15in #l),
where = << f =,

= b

d = 1=2+23 ¢

Gi=10 ¢ 3432=0
Wi=2 f=259+32/34305=0

i Pl S

+
+

[ -

Salve the following equations, expressing the roots in the form re', where ¢ > 0
and =m < # = m. Give # to 2 decimal places

a =3+4i b =il -4 c H==T+3

a Find the three roots of the equation {(z + 1P =-1.

Give your answers in the form x + iv, where x, v £ H,
b Plot the points representing these three roots on an Argand diagram.
¢ Given that these theee points lie on a arcle, find its centre and radins,

Find the five roots of the equation * = 1 =10

a

Give your answers in the form #(cos & + isin &), where -z < # = x. Use the fact that the
b Hence or otherwise, show that sum of the frve roots

(9 e | of unity is Zero.
cos |37 ]+ cos[ 4] =4

a Find the modulus and argument of =2 - 203, (2 marks)
b Henee find all the solutions of the equation 24+ 2 + 23 =10,

Giive your answers in the form re, where r = Dand —7 < # = 7 and

illustrate the roots on an Argand dingram. {4 marks)

Find the four distinet roots of the equation == 2{1 - iv3) in exponential form, and show these
roots on an Argand dingram. {7 marks)

== EE + i.'r'=_r-
a Find the modulus and argument of =. {2 marks)

b Find the values of wsuch that we = =*, giving your answers in the form re®, where ¢ = ()
and - << # =, {4 marks)

24



Complex numisers

G} 9 a Solve the cquation Problem-solving

o LT R T
T+ow ¥+ % o4 27 15 1he sum

b Hence deduoce that (27 + 1) and (' + 1} are factors of of a peometric serles.
l 2 bt che s,

Challenge

d Flnd the six rootsof the eguatéan == 1 in the form Y,
where —x < ff = m

b Hence show that the solutions to (=4 10 = =% are
s=-14 %i:ut{%].k: 1,2,3,45

m Solving geometric problems

YOu Can use properties of complex ath mooLs 1o solve geometric problems,

® The nth roots of any complex number a lie THE e i i
at the vertices of a regular #-gon with its regular pofvgan is considered to
centre at the origin. ke the centre of the dicle that
passes through all of its vertices.

The orientation and size of the regular polygon will
depend on ¢,

For example, the sixth roots of T+ 24i form this
regular hexagon. Each vertex of the hexapon is
equidistant from the origin, which lies at the centre
Re of the circle passing through all six vertices.

m Explare sth roots of complex

numbers-in-an Argand tiagram using GeoGebra,

You can find the vertices of this regular polygan by finding a single vertes, and rotating that paint
around the arigin. This is equivalent to multiplying by the sth roots of unity.

® |f 7, is one root of the equation ¥ = 5, and 1, w, &?, .., ™! are the nth roots of unity, then
the roots of z* = 5 are given by ;, 7w, 3w?, . Gt
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Chapter 1

The point Piy'3, 1) lics at one vertex of an equilateral triangle. The centre of the triangle is at the onigin

a Find the coordinates of the other vertices of

the triangle.
5 Counaider the Cartesian cosrdinate plane as an

b Find e arem ot thiyiiangle argand diagram. The vertices of the triangle will
corraspond to the cube roots of (v3 + i)', You can
a The cube roots al wity are 1, w, u® whers Rnd these rats by multiplying 3 + i by the cube
L= roots of unity.
I +i= 24.".'. ‘

El e b . Bt Use w = a* towrite down the cube root of unity.

Zet =3 +| = TR e

EE"-II'.' | =E'_ﬂ_-.-I = =i 2 =4+ | '|'3+||=.EHI'IEI EfE{.‘-]-l-l:':E

Dak|p |-=E£'-":'=E"=E"-=_E' .

_ i ¥ = & : | You know that one cube oot of (V3 +1P2 53 + L
S the coor@inates of the warticss or the |""|u|.T.'I|:||'g.I'|:|1!'5 by the cube mots of unity to find the
trungle are other roots,

I 1 =3, 1 ang 00 =21

b Fa |— Wite your answers as Cartesian coordinales,

[~y 1) [T

N | 7

S
[k, ==}

Arga = = o base ¥ haight
= 233

= .;l\.3

@ 1 Find the coordinates of the vertices of the following regulsr polvgons with centres at the origing
a Equilmeral irangle with one vertex at (0, 4)
h Square with one vertex a1 (5, ()
¢ Regular pentagon with one vertex at (=1, /3)
d Regular hexapon with one vertex at {2, 2)

@ 2 Find the coordinates of the vertices of an equilateral triangle with centre (2, 3) and one vertex
ab (3, =24

26



Comples numbers

3 The triangle 248 in an Argand diagram is equilateral. € 1s the origin and A comresponds o the
complex number  3(1 = i). & is represented by the complex number b,

Find the two possibilities for £ in the form re®. Dlustrate the two possibilities for G4 8 in a
sketch. (5 marks)

4 a Find the 4th roots of —121n the form re® where r == U and —x < # = x. lnstrate these mots
on an Argand diagram. (6 marks)
Let the points representing these ronts on an Argand diagram, 1aken in order of increasing 0, be
A, B, €, D, The midpoints of the sides of ABCD represent the dth roots of a complex number w.

b Fromd we {4 marks)

85 Pis one vertex of a regular hexagon in an Arpand diagram. The centre of the hexagon is at the
origin. I correspends to the complex number 8 + 8i.

a Find, in the form a + b, the complex aumbers corresponding 1o the other vertices of the
hexazon, and illustrate these on an Argand diagram. (5 marks)

b The six complex numbers corresponding to the vertices of the hexagon are squared to form
the vertices of a new figure. Find, in the form @ + &, the complex numbers corresponding to
the other vertices of the new fipure. Find the area of the new fipure, (4 marks)

2n

g It repeats thisa further

AT
mn{"]
three times. Show that the distance of the ant from s initial position is ——— {6 marks)

:-un{i].

0
(F) 1 a Usee®=cost+isind o show thal cos = 3e® + ¥,
cos(A + B+ cos (4 — B)

& An ant walks forward one unit and then tums to the nehi by

b Hence prove that cos Acos B = =
1 Given that z = reos  + isinf), r€ B, prove by induction that =% = M{cos af + 1sin nfl), n £ F4.
(5 marks)
{cos 3u + isin 3y ) . _ :
3 Express in the form cosny + igin v where n s an integer to be determined.

COs X — | 8IN X
4 LUse de Motvre's theorem (o evaluate:

> |
II:—I-I-I:Irc hm
3 xd

5 a Given s =cos¥+ 1sn #, use de Moivres theorem to show that =%+ % = 2cosnll. {4 marks)
3

b Express [ Pt 3 _Ll:l in terms of cos 6 and cos 249 (3 marks)

¢ Hence, or otherwise, find constants a and b such that cos® 20 = gcos 6l + beos 28, (3 marks)

d Hence, or otherwize, show that thWF 200dd = kT, where & is 0 rational constanl. (4 marks)
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Chapter 1

6 a Show that

cos i = %imsfﬂ + 508 3 4 10cos (5 marks)

The diagram shows the curve with equation p = cos™x, T sx=

bounded by the curve and the x-axis

3

3 5 The finite region K 1=

b Calculate the exact area of K. {6 marks)
7 a Show that
sin*f = u-_,'ilmsﬁﬂ—ﬁms:nh |5 ¢oes 281 = 110 (5 marks)

b Using the substitution o« = H = ﬁ']-. of otherwise, find a sinalar identity for cos"d. (3 marks)

¢ Criven that I]:ms" B+ sin®fdd =§;—T find the exact value of o (5 marks)

B Uspe de Movie's theorem to show that
sin 6l = ain 200 16 cos* d = 16eos’ i + 3) {5 muarks)

B a Usede Mowres theorem 1o show that
oz 30 = Thoos™# — 20cos'# + Scosd {5 marks)
b Hence find all soluticns to the equation
[oaf =20 + 5o+ 1 =0

riving vour answers to 3 decimal places where necessary. (5 marks)
10 & Show that
sin' i = -,!f;isin S = 55in 38 + 10sin {5 muarks)

b Hence sobve the equation

sin 5= 5sin 3 + Gsinf=0ford=0<r {4 marks)
11 a Usede Moivre’s theorem 1o show that cos 58 = cos 6 16 cos*# — 20cos* # + ) (3 marks)
b By salving the equation cos 5¢ = (), deduce that cos! | [Inj = 5?3 {4 marks)
¢ Hence, or otherwise, write down the exact values of cos? [ '?E] NEHEJ and
cos? l %Eﬂj { X marks})
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Comples numbers

i Ulse de Moivee's theorem o find an expression f tan 3 om werms of tan &, {4 marks)
LY
b Dedims that vt = Sk 2 —daetl (2 marks)
Jeol=ff = |

The infinite series Cand §are defined as
C=1+koosf+Koos20 + Eoosid+ ..,
S=ksinf + & sin 28 + Fsin 30 + ...

where & is 4 real number and k] < 1.

| = keosd
1+ k% - 2kcosd

By considering O+ 1.8, show that {'= and write down the corresponding

expression for 5 (& marks)
# Express 4 -« in the form Mcosd + 1sind), where r = 0, —v < & = 7, where rand & are
exact valoes, {2 marks)
b Hence, or otherwise, solve the equation =% = 4 — 41, leaving your answers in the form = = Re®”,
where K15 the modulus of = and &1z a rational number such that —[ = 4 =< |. {4 marks)
¢ Show onan Argand diagram the points representing the rools {2 marks)
g Find the cube roots of 2 — 2iin the form e where r =0 and —r <= # =< 7. (5 marks)

These cube roots are represented by pomnis 4, Band Cin the Argand diagram, with A4 in the
fourth quadrant and A4 8C going anticlockwise. The midpoint of A8 15 M, and M represents the
complex number w,

b Draw an Argand diagram, showing the points 4, 8, C and M. {2 marks)
¢ Find the modulus and argument of w. {2 marks)
d Find o in the form a + A, {3 marks)

An cquilateral triangle has its centre at the origin and one vertex at the point {2, 1).

g Find the coordinates of the other twis verfices. {4 marks)

b Show that the length of one side of the triangle is v 15, (2 marks)

Challenge

Shaw that the pointsonan Argand disgrom that represent the reots
- -
af ['—'-f—l} =1 lieon a straight line.
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Summary of key points

1 You can use Euler's relation, & = cos i + isin #, to write & complex number = in exponential
form:

30

r= e
where r = |ziand # = arg 5.

Far any two complex numbers 7, = rie® and =, = r,et,
* Iy =yl
el T
BLPY LN
Hoh
De Moivre's theorem:
For any integer m, (Flcos & + i sin #)" = "{oos il + (5in )

T+ }:— 2os %—Eiﬂﬁﬁﬂ

» —%,—Easlnﬂ : —__I;—Elslnnﬂ

P w2,

. gn':' i o | O T SR UL H‘::%_Iu
}: Tr=wews st e, it 5=l

- =3
If = and w ane non-zero complex numbers and m 15 8 positive integer, then the equation =" = w
has n distinct solutions,

For any complex number = = ricosd + isinf), you can write
z=¢lcos (7 + 2ka) +isin 8 + 2kr)
where & is any integer,

In general. the solutions to =" = 1are == rm{-z—?-i) +isin {HE} =g~ fork=12 ...,mand
are known as the nth roots of unity.

IFor is & positive integer, then there is an sth root of unity w =&+ such that;

« The nthroots of unityare 1, s, 7, L., w1

¢ 1w wf, ..., form the vertices of a regular n-gon

» Tl +wh =0

The nth roots of any complex number s lie on the vertices of a regular n-gon with its centre at
the arigin

If 2, is one root of the equation z* =5 and I, w, o, .., " are the ath roots of unity, then the
ro0ts of 2t = s are given by =y, spw T L, JwL



Series

After completing this chapter vou should be able to:

# Understand and wuse the method of differences to sum hnite series
& papeEs 34-37

® Find and use higher derivatives of functions - pages 36-39

* Know how toexpress functions asan infinite series n ascending
powers using Maclaurin series expansion <5 papes hO-&i

# Beable o find the serigs expansions of compound fundtions
& papes Ld-L0

1 Find the sums of the following series

,..-
iy
i T T

= 15
a ) (99— &n) b 3 %{3}-. =4

b

o

]
= Pure Yoar 2, Chapter 3l K

2 @ Show that

Yy P rar+ 3= éruiEH} + B + 25

Phiysicists use Maclaurin series in special
relativity to approximate the Lorentz b Henca find 1;-' (s 243
factor. The Lorentz Factor relates time, T
length and relativistic mass change for a + Book 1, Chapter 3
moving object. Experiments with atomic 3 Ghenv=in 3x Find:
clocks have shown that time passes :
more quickly for a stationary observer a gy h ol
than for one travelling at high speeds. cx d?

-+ Exprcise 20, Challenpe + Purg Year 2, Chapter 8




m The method of differences

You can use the method of differences to find the sum of a finite series

Chapter 2

® [f the general term, u,, of a series can be expressed in the form

fir) - f(r + 1)

then i i, = }._, {F(r) = Flr + 1))
Fel

=l
so u;=F(1) - f{2)

u; = F(2) - £(3)
i, = F(3) - £{4)

u, =ﬂ',n-'_l = Flar + 1)

mnuduingi;u,ﬂm-ﬂ“u.—
F=l

camric @)

a Show that 4" =/ Ar + 1P = (r— 1)%?

You can @lso start with u, written in the farm
fir -+ 1) — A, After adding and cancelling,

L]
you pet 3w =fin+ 1) — f1)
rrl

iy + oy = F(1) — F(2) + F2) - F(1)
=F{1) —F{3)
The f(2) terms cance,

By summing iy + w2 + .. 40, 3ll terms cancel except
the wery first term, F1), and the very last term, fin + 15

b Hence prove, by the method of differences, that

B e 1E = ir— 1"

= pafrt 4 Zr+ 1= — 2P & Ny
=rt¥ ¢ 24+ r=r + 2 =r
= 4pa
n
b Consider e+ 1E = fr = 5T

3z

] L 2
S ri=grln+ IF

Grart with the RHS

[ S R E s el )
F=F ZMETF - dFET

r=3 33" - 22
r=m peig + 1F = jp=—tFn" |
Sam of terms  _=a{a + 1F

Then 43 r* = pifn + 1)°

Se 3.7 =315 + 1P

———— Expand and simplify the brackets.

————— All'the terms canded ekcept the frst-and last

When using the methad of

differences, be sure toowrite out encugh terms
ta make it clear which terms cancel, When you
cancel terms, make sure that they cam still be
clearly readd You could crozs them sut in pencil.

The zama result could ke proved by mathematical
induction, & Book 1, Chapter 8



y I 1 1 o 1 ; po
Verify that e D=7+l and hence Iinn:ig:I r 4+ 1) Lsng the method of differences.
1 P " 2 vl 2 - . .
R pra T e | Write as a single fraction.
_ ! N
= Simplify.
: F = 1[' -I i
L rir + i:'_,i_'l'r_-'+ i)
Lt =1 } - }
2 -4
e T E“J‘i’ All te'rmns cancel except the first and last.
e if 1
el TR+
o % e ]
Jullrlr-l-ﬂ_ e
o Put overa commion dencminaton
T w1
"
T

| i Lise the difference of two sguares to factorise the

I =——=

arf—1 = @r+ Mer— 1 denmEnator,

1 — ] : P . :
e TEr el = S e 1 Y ST Split the fraction into partial fractions,

+ Pure Year 2, Chapter §

_ Al2r =0+ H2r + 1)

(2r & Bi2r—=1) L add the fractions

il
%]
Il

AiZr - 1] + B{2r4 1) e
— St numerators of both sides egual to each other.

33



Chapter 2

L::I:r=_. 1=0+8Bwd
% Put volues of rinto find A and 8,
Let' r = = 1 | % ==
A==
1 _l' i
= e — e 2 —1
L1 Lo
gr=1 2ar+1
Sl S -
T L;. -1 IL':.-*F—1 .-'-Ill
L=t F=1 : -Jlr
=z i = I|_i' All terms cancal except the frst and [ast.
L
rad  fF=3 Substitute the values of rinto o-——= = 5=
aniy. The i iz only required [ater.
1
F =it i e e
o K2  S— 1
S X gy = =l
II'-!.!!+ ] = II
il B I |
_ i
T 2n w1

If the general term of the series is given in the form fie] = flr + 2), vou need to adapt the method of
differences to consider the terms F(1), fi2), fir + 1) and fin + 2)

Example o

.
a Express m in partial fractions

b Hence prove by the method of differences that

; ) e+ )
el IMr+3)  6ln+ 2Hn+ 3)

where o and b are constants to be found.

k]

¢ Find the value of l:l m to § decimal places.
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2 _ A B

=

2 o r+ =

o e |

Alr+ 31 + Br+ 1)

Spiit into partial fractions.

T

== Alr+-3 &+ Bir+ 1)

Add the fractions

Compare numerators.

Letri==-3 F==f=8=-
2= Ad=1
e o
fr 4 1%r + -3 Fr+3

%]
]

Let = =1t
Therslons = ;
r4

b Using the method of differences,

aheEn = ) —'.{- i

r=2 - Cancel terms.

F=3 f /

Problem-solving
" ) | A
Ee e -lﬁ._"l"l':_ 2[’1"’:“'ﬂ:r+ﬂf=
= Lo - 4 FD +Ha —Fn+ 1 - fin+ 2)

= }r’-f-/ i+ 3
a5 2 5 i Put these four terms over.a
P TR+ 6 A+E2 n+d commen denominator.

'E-’.H-r Zpn 4 3} — &fn+ 3] — &in + 2]
Cin + 2Hn + 1.!

B 4 250 + 30 - cn — 18 — Goi — 12

I
EE '::I:H o+ &

___KE
=

Sopa=5%aadh=132

SR+

4 130
)

n + 13)
-'J'.lr # .

2iln + 3)

Factorise.

£ ¥ 5 5 & Subtract 3 f
i B e T O i E r”“‘:":.l
205 = 20 4+ 1% S w20 4 13

“EE0+ N30+ 3)

815
~1G56

T

= quhﬂ_uué Ao 8 dp

- iy

565

CEEC - 0+ 3]

Evaluate,

Give answer 1o 5d.p
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Chapter 2

Exercise @

36

a Show that » = %i.l'{r +1y—rr-11
b Henee show that i r= ',_,,—'ﬁn + 1) using the method of ditferences.
Pl =

| |

. | B
Given rir+ Ir+ 2= 2(r+ 1) 2{r+Dir+2)
v 1 . L ]
firud :_j?‘l PRI using the method of differences, {5 marks)
. . . ; .
a Express Hr+3) in partial fractions. i1 mark)
b Hence find the sum of the series i .I1i'-|l- 5 using the method of differenoces. {5 marks)
r=1 -
1 i ’ ;
8 Express m:n partial fractions. (1 miark)

b Hence find the sum of the semes i‘ ﬂw—l]lT‘H using the method of differences. (5 marks)
pel h

a Show lhul E]-' %—ﬁ {2 marks)
b Hence find : {5 marks)
:-"':-_Itr+ljl
C' ﬂ-. t&—i I' ﬁ Ii _J'-I‘-I. & k
iwen thea ||-1l'+'|:|_=;l [,-_,.” EI,_“_I_]]; {6 miarks)

| i
2r+ 32+ 5} b’

a LUse the method of differences to prove that L wherne aand b ane

constanis to be found.

b Prove vour result from parl & using mathematical induction.

LS ) e + h) :
Prove that JL:_I (7 =3)3r +8) - Ons 1iBa+ 47 where o and b are constants o be found.
{fr miarks)

m This question can be answered wsing either the method
of differences or prood by induction In the exam, elther methasd
wizil I be aoceptadle, IF you use proof oy Induction, vou will need
to substitute values of o to find the values of @ and

Prove that ";._'h + 11 —ip = 1F = anin + 1), where a15 a constant to be found. {4 miarks)

r-|



3 an

a 1 a meth.jlzcjr_l_“ﬁi Y TREE T where o, boand ¢ are constants to be found. (5 marks)

% 3 3 4+ 1)
b Hence, or otherwise, show that .Et,I:3r+ W +d} e G D {4 marks)
. 11 Roban claims that i, 2r + | |
e+ I] “aal
His workings are shown below. Explain the ervor that be has made.
Liging partial fractions:
=rt g i
PR T
Therefore 2 + | = dir 41 + Br
SoeA=1and8=1
Using the meathod of diffsrences,
=143
(2} =343
B3 =%+
| 1
fin—1 = _1 + EI
: 1 1
fink = r+ |r:|-1
Summing the differences: *'.* =L, 2R T
M+ 1) i+ 1
(2 marks)
1 | 2 nr + b
@D 12 Show thot 53+ 333 555t * D =4 e Tyn 7 e aand bare
constants 1o |:u: found, (6 marks)
. 4 Py poayy
13 a Express e ‘le TS partial Mractions {3 marks)
b Find the value of "" % to 4 decimal places, (5 marks)

=124 Di2r+ 5

@ Given that iln[hﬁ]: In k. where & is an integer, find &,

b Glventhiat 37— M e o 4 <)

L 3_:— i+ i+ i +_3].ﬁn|:l o, frand
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Chapter 2

@ Higher derivatives

You need to be able to find third, and higher, derivatives of given functions.
You already know how to find frst and second darivatives

dy
If v = fix), the first derivative of f{x] is given by d:': = f'{x), and the second derivative of f{x) is given

&y d (d_r) = P
de?  detde! O
Simitarly, the third derivative is given by e Iidt'r) "ix), and 5o on
- € de? daldx?) T -
You can find the sth derivative of f{x) by :
Hotat
differentiating n times with respect 1o x. The sth derivative of v = f{x) is
da

HF
wltten as e g,

d'y
Given that y=In(l = xl. find the value of 4 when x = ,!,
5 2

ey - — ' . ! Use the chakn rule.
dr - T=xde’  WETLF TSI + Pure Yoar 2, Section 9,3
dp 4 fdp ) . i |
Gow (o b ) — o ) -
i Fid B e B [=RS [ — xF N —xF
# _ d (o) _ o R 2
et —= = =l —x1=1= - X i=l1=—
At o heln®) T dw F= g 1.—xp
. 7 dfy = o
hEWATEN X = & i - E ==l SubsTitUTE ¢ =%
Ll b (1 =4}
Example o

flx)=e"
o Show that Mix) = 2xTx)

b By differentiating the result in part a twice more with respect to x. show that:
P =Mx)+ 20 (x) ™) =2x"x) + A" (%)
¢ Deduce the values of {0}, I, and M{F,

TEDEEEE - DrE SR ' AL d_"
a Pixy == f_i.-.-':"" I = Jye If fix) = &=, then f{x} _E’d.v.'
= 2afix)

F-'.,:'r} =T
b1 Y= 200 + 2xF 1y .
P = 2 + 2 + 2P | Usethe product rule.  « Pure Year 2, Section 5.4

= 2x17la +4H'(x)

- Differentiate again,

38



= '-I:C'J = gl =
=2 adxeT=0

Fi0h = 20 + 2 ».0 = {0 Substitute & =0 intg
= 2=

Y00 = 24 00 P00 4 ad o) Substitute v =D inta F7x),
=4I =0

QF

OF

Forcach ol the following functions, ({ak find O3, P, C{a)and M
a e b (1+x)y ¢ X d In(l +x)

a Given that ¥ = ¢, find an expression, in terms of p, for 7= I:I-T'"

I-jl‘l
b Hence r.:'-ralﬁaiu:{l ~ when x = In {3l

Given that y =sin® 3x,

dy dy -l:l’}I diy
a show that = 3 5in by b find expressions for—— T3t 3 and 35
LT
i

¢ Hence evaluate o when v = F3
f{x) = x2p-r,
a Show that [™(x) = (6x — 6 — 32, b Show that ™21 =10
Given that y = see x,

dy
a show that —~ = Xsec’ x — seex

da?

dy ) -

b show that the value of RS when x = 3 s 1V,
Given that y 15 a function of x,

[ e "11,!' 4| 4y \*
a qhm'rthat ,1_|.b 'c. 1+ dTJI

d}l d |_| l-l

b Find an expression, in terms of ¥, 5= T A and —5 T I'-nr o -[I 1.
Given that fix)=Inlx++ 1 + ¥2), show that:
g vl+xixi=1 b i+ Mxi+af(x)=0
e {1+ 27 M4 3 +Fixy=0 d Deduce the values of (0}, () and P*(0).

i9



Chapter 2

m Maclaurin series

Many functions can be written as an infinite sum of terms of the form gx*. You may have already
encountered series expansions like these:

——=1+x+x?+xI4+. =1 : :
P T b The first two series expansions
. i A shown here are examples of the binom al
dlexelez=mrim=. =<l pxpansion, & Purs Year 2, Chapter 4
gt el el
=l X bbbt FER
2 6 24

comric @)

Given that fiv) can be differentiated infinitely many times and that it has a vahid series expansion
Of the form [Tx) = a4 oy a0 & @07 +,0 % a. x50 4., where the gpare all real constaniz, show
that the series expansion must be

f{)2 (O
[l = 10) 4 P(0)x 4 54 oo b i

Whtd fix) = dg+ ok 4 fa0" + ik + * X"+
H) = g

Differentiating Wl gives:

The coefficient of a; can be
faaurd by setting x =0

it ® oy # 2aiad + Jask™ + 0 AP, Successively differentiate
Fisi=2 % lia+ 3% 24254+ ... +Fr= a3+, with respect to x 10 obiain
s 5% 2% Y+ +rir=1iF = Slagr & F{x) 7 (x) and F{x)

C:_'.rl?-nl,l-n.:-] in this way by differe ntizting r bimes
PP = day + berm= in powers of x

Foaluzte =ach term at ¥ = (G

FIDl = g = oy = 1008
POl = 2la, = iy = EIT Find the cosficlents g, w;,
; iFyee vy ey DY SUDSEIHUEINE
: A S
s D P x = 0 into each result and
| rEa ranging
- P
Lk = = R L b L7l )
et 3 Substitute a; = i),
i
: : e POy e} == =
Tharefars g = #0E + Py + :':;I'IT 1‘"'-:'.":.'1-"+ T R L e Bt
=i =
iy
=T

&0



In this precess, outlined in the worked example above, a polynomial in powers of & is being formed
step by step. The process foouses on x = () substituting x = 0 into successive derivatives increases the
power of the polynamial. For exampie, if yvou stop the process after finding £{0) the pelynomial is

linear, f{0) + F {00, after £(0) it is guadratic, Fi0) + £ (0 + ér )2 a7 after {00 it Is cubic,

{U} aiy A
FO) + 0l + — e +- T Yand so on. Nt all Bunitisine catishy the
The above arE,urnenL assumes that the function can condition that fien, £ o o4, .., fenall
be written in the given form, This is only true if the have finite values.

i For example, when fix = In s P = 1
given series converges, The above reasening also onky f Ty
holds if the function can be differentiated an infinite se ' s undefined and therefore does nat
number of times, and if f940) is always fnite, SEUE RIS TN,
= The Maclaurin series expansion of a function f(x) is given by

f(x) = f(0) + F{0)x + r—;‘:} ol HII:!“:' X+ s

The series is valid provided that f{0), F'{0), F{0), ... , F*}{0), ... all have finite values.

The polynomial fi) + FiQlx is @ Maclaurin polynomial of degree 1.

The polynamial i) + Fidx + ?1‘3 is a Maclaurin palynomial of degree 2.
01 fery

v .. 4+ ——x"is aMaclaurin polynomial of degree r.

2 * r!
Evan whan F¥0) exists and is Anite for all v, 2 Maclavrin seres expansion is only valid for

The polynorrial 00 + FI0lx +

; | 1
values of x that give rise to a convergent series. For example, the Maclaurin series “Fﬁ
S +x+xtext,

But when x =2 the seriesgives 1 + 2+ 4 + § + ... which does not converge to o - -1

HhE

m The range of validity for some individual Maclarin series is
given in the formulag bookles, If no renge of valichoy s Ziven in this

chapter, wou may assume that the expansion 15 valid forall x & &,
Example o

a Express In{ 1 + x) as an mhinite series in ascending powers of x,

b Using only the first three terms of the seres in part a, find estimates for:
i In 105 i Inl.25 i Inl18

Comment on the accuracy of the estimates.

a8 fxr=In{l + x} = 0l=hnil=0

i
F'l:_'.‘:l = e = [ & ||':I" — il =1

P} m =t + 2 + PO == Problem-solving

) = =121 + 3 = ™0 =2 The term (=11 can be vsed in the general term of
PR = BN Pt — P ] alternating sequences, in which the terms ars
s ONC = 1) =P — ) alternately positive and nepative.
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Chapter 2

i =)

S0 ||.[I+.'|.‘J=I:I+:.'|.'.-;,.T"'— 3 4+ |

Substitute the valoes for fi00, 0L, FiH

LN B ‘
ri

-] N N
Infl + ) =x=T $ 4 L+ "r + ..
e -l
. -y v 0
INLEE =005 ——F—+—5—— ...

=487 E... This s correct o S o

i . 025 025
T R T e LT R
& i
B EZSSER. | This i= carreck ka2 49
- O,
W p=ge- 08 08 - S
& 3

= OES0EEEE. . This = not corfect to | d

Example o

a Find the first four terms in the Maclaurin series of sin x.

etc info the Maclaurin serles for fx)

D s cnsionisvais Lo

for=1 = x=1,1f you use & computer
1o gererate the graphs of the
successive Maclurin polynomials
you will see that they converge to the
graphof In{l + x)¥ between ¥ = -1
and x =1, hut putside that intenal

they daerge rapidhe Explore this
using GeoGebra,

The further away a value is from x = 0,
the less accurate the approximation

L will be and the more terms of the

series you need to take to maintain a
required degree of accuracy.

b Using the first two terms of the series find an approxaimation for sin 10°,

& Fivh=axlny — f:T:_I = 3|3 =0

Fixy = cosx = e = casd =1

¥} = —sinx = Pl =——-mO =0

ix) = —cos X = ) = o= -

(&) = sinx -: P == =0

1
T o B I e A
B0 5 X = 1+ FEaY 4 g e+ C PEraETe
] 1 ¥
=0 - 3:.1;-‘ RN — el

PO O, s even, and the oxcle'of

values 01, O =1 repeats iself

This expansken s valid for all
values of ¥

M x must be in radians

b el 10% =singg = - '-HI

L2

= 74532025 — Q0008860

= CV3ese829

in expansions of trigonometric
functions.

This estirmate is correct to 5 decimal
platas; even using sin.x = x, tha

epproximation i comect o 2dp



Exercise @9

1

z

() 3

4

5

(®) 6

Use the formula for the Maclaurin series m The binomial expansions of (1 + <
and differentiation to show that where n I fractional or negative and o
A {(l=xl=ldex+x2+. . +X+... |x} = 1, are the Maclaurin series of the

P A funetion.

e ...-.- :||:_. X E, L
b '|.|.+.'I:—[+2 S+lﬁ

Use Maclaurin series and differentiation to show that the frst three terms in the series

. X=
expansion of @™ Tare | + x +535

2 - S
a Show that the Maclaurin senes of cosxis | - 5. + :jf, ..ok (=Y t%rJ' + o
b Using the first three terms of the series. show that i m This expansion i
pives i vilue for cos 307 correct 1o 3 decimal places valid for all values of x.

Lising the serses expansions for &* and In(] + x)respectively. lind, correct 1o 3 decimal places.
the values of:

a e b Ln(;:‘,l

Use Maclaurin series and differentiation to expand, inascending powers of x up to and
including the term in ¥,

ioelr b Tedl + 2x) T

Usng the addition formula for cos (4 = B) and the sernes expansions of sin xand cos x,
show that
|

cos|x - :J: Hf;:-r{law.*ru=E:--~'-Ii.'; " 14+

Given that flx) = (1 = ¥ ln(l = x].

a show that Mixy=3+2In{l —xj (2 marks)
b find the values of f0) (0L 1"0), and {0} i1 mark)
¢ expross (1 — x)" In(] — x) in ascending powers of x up to and inchiding the

ferm m &+, (3 marks)

a Using the series expansions of sin x and cos x. show that

; L 17 s
Beinx —dvcosx + ¥ =50t = mmmnSy {5 marks)

b Hence find the it a x — 0. of 20X = “ﬁ,!“”‘ XX {1 mark)
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Chapter 2

@ 9 Oiven that fix) = Incos X,

a show that ['{x)=—tan x {2 marks)
b find the values of [0, U0, £{00 and {0 (1 mark)
¢ express Incosx as a series i ascending powers of x up to and including the term

in x* (X marks)

d show that using the first two terms of the Maclavnn series for In cos x, with x = %, givesa

value for In 2 of ﬁ [ | 4 %ﬁ {2 marks)

10 Show that the Maclaurin series for tan x, as far as the term in % 15 x + -;.1."‘ + ,*;1'5. (S marks}

Challenge Probiem-solving

The ratio test [s a sufficlent condition fior the convergenceof an infinite L
& de i i 52| = 1 or does not
sefigs. It says that a serles , comverges i Hm =2 1, and diverges -
e vel i i exist then the ratio test s
i :Lrgj%l =1, incanchesive.

Uze the ratlo test to-shaw that
a - the Maclaurin zeries-expansion of e converges forallx g K

b the Macaurin seriesexpansion of In {1+ v} comvernges for =1 < xy =1,
and diverges forx = 1.

m Series expansions of compound functions

You can find the series expansions of compound functions using known Maclaurin series, In the last
exercise you found the Maclaurin series of simple compound functions, such ase* and In(l + Zx)
However, the resulting series could alse be found by replacing « by 3 or x by 2x in the known
exponsions of e and In {1 + x] respectively. When successive derivatives of a compound function are
more difficult, or when there are products of functions invalved, it s often possible to use one of the
standard results,

= The following Maclaurin series expansions are given in the formulae booklet:

" i .I.': ':rr
t*_1+_r+H+...+__!+... for all x
¥
. Ini,:1+.r,'|=:r—'%i+'%—...+|‘,—1}"‘1$+... -l=yr=1
N ity il WL T
« sinxy=x 31 * 50 een t+ (-1} {Er+1]!++" forall x
. T T
cosx=1 2I+LI ee = (=1) [lr'_ll+"' forall x
] r+1
'arﬂanr=.r—£: v -1yl

J ‘I'-'s— = wum ¥ {_1]r -ir--;], + aan

L4



Write down the first four non-zero terms in the series expansion, in ascending powers of

of cos{2x7).

(25~} P o IR =%
ros{2x) =1 = ; + _I;, = ;, + Substitute 25 for ¥ in the above series for cos &
=1 - 25+ Ex - 1' 4
3T @I take sare you simplify the
coefhcients as mech as possible,

Example @
- | ; - | IERS _
“ind the first three non-zero terms in the series expansion of In Toar and state the values of

X for which the expansion 1s valid.

— Using In{f}ﬂnw—lnh

g

5 L T Ce ek

|.|I: e | = mvT+ 2% - 00 — 3
I

L 1= 3_-.'.

=ginfl + 2xt—infl - 33 Using Inet =5 Ina
POV I (P = s el - '
gin{l + 2x}=5{ e —""5" + g o) T1SE¥STer—  Substitute2x forxinthe
expansion of Inill + x)

=X X 43T - K "
) - ) Problem-solving

Al - Bxpe pay — o B3 g <_gvs 1o | Younmesubstituting2x into'the
= series expansion of In{l + x}, so

) - i ; khe series ks now anky valid for

ittt dmand pulelidie:

Ln
&
_r'
i
il
|
]
[
+
-.-'
|
HE

Substitute —1x far x in the
ST, (O L0 S 0 S i e (R expansion of In{l + x),

e i ¥ou need both intervals to be
: —— satishied, This is the case for
Gyt
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Chapter 2

Giiven that terms in v with # = 4 may be neglected, use the series expansions for ¢ and sin x 1o

show that
T
eintes | 4 x+ 5 — 5
2 8
s = X ) _ Onkytwo terms are gsed asthe
' - | next term & kx?,
S = g
e XETX . Use gr =g gt
X X i
|1 Ta Ty 7 Ik v{=)+ ) _l 'SUDSIIIULE-%F:]H'IHTIWE
i e e ) g expansion of g7,
sl it A ol e
=1+ 5+ 51',:_;: - I'F . - Simplify az much as possible.

@ 1 Usea the senes expansions of e®, In (] + x) and sin & 1o expand the followimg functions as fare as the

&

a4 = Tt 5

fourth non-zero term. In cach case state the values of x for which the expansion is valid.

| Ll_.l'. ® E."'.'.'
b E

For part £ wrile 2 + 3x a3

4 e-"‘ . d In{l =x) E[l +%]
¢ :.m{i] f In(2+3x)
a Using the Maclaunn series of In{l + x}, show that
Inl{-: f ;} = 2{.\-+ 3] * 15 ¥ :I =< 3= ] (4 marks)
b Deduce the series expansion for Jn]l.'lﬁ, S me] {2 marks)

¢ By choosing o suitable value of x, and using only the first three terms of the weries from

part a, find an approsimation for In I:;:'l1 giving your answer to 4 decimal places. (2 marks)

d Show that the first three terms of vour seres from part b, with x = _J; FiVe an approximation

for 1 2, which 15 correct 1o 2 decimal places, {2 marks)
Show that, for small valees of x, ™ =" = 3x+ %.1'3. {4 marks)
4 Showthat 3xsin2y=cos3x==1 4 1-3'-.1*1 = '%,Ll.r‘ = (5 muarks)
b Hence find the lim A sin 2y 1-:::-; T+ 1 {1 mark)



Find the series expansions, up to and including the term in v, of

a In(l +x-2x7% : :
b {0+ 654 xY) @ Factarise the quadratic first,

and in cach case give the range of values of x for which the expansion is valid.

a Write down the serics expansion of cos 2x in ascending powers of x, up to and including the

fCTm in X7, {3 marks)
b Hence, or otherwise, find the first four non-zere terms in the series expansion for sin” v,
{3 marks)

Show that the first two non-zero terms of the series expansion, in ascending powers of x,
ol Indl + A+ (0 — D = Dyare pa and g, where g and g are constants to be found

(fh marks)
a By considering the product of the series expansions of sin x and (1 - xF=, expand “!'T—;J‘
in ascending powers of x as far as the term i x5, {6 marks)
b Deduce the gradient of the tangent. at the origin, to the curve with equation v = “5’1] :}_
{3 marks)
Lise the Maclaurin series, together with a suitahle substitution, to show that;
g (1=3xn(l+2x)=2x- 8x° +-'fT“.IH =TI F s
b o sin.r=.r+:x:+'—,,‘r"+.\"' Fraii
€ V1+3%e =1 —x+ a7 - %.1.'-‘ + ;'1.1.'*+
a Wnite down the first five non-zero terms in the senes expansions of ¢ 'l" {3 marks)

-
b Lising your result from part a, find an approximate value I'nrf .;:"'5 dx, giving vour answer to
3 decimal places - (3 marks)

Hp* -3},

a Show that ¢** sin 3x = 3x + 3px* + ——=—a" + ... where p is a constant. (5 marks)

b Given that the first non-zero term in the expansion, in ascending powers of x,
of e sin 3x + Ind] +¢x) - xis ko, where & is a constant, find the values of
pogand &, {4 marks)

fixi=e"giny, o=

a Show that, if’ x is sufficiently small, x*and higher powers ol x may be neglected.
fix)ml+x+ E’T {5 marks)

b Show that using x = .1 in the result from part a gves an approximation for £f{0.1) which 1s
correct to 6 significant figures. {2 marks)

&7



Chapter 2

13 y=snly—cosly

d"

a Show that — dx = 16r (4 marksj

b Find the first five terms of the Maclaurin seties for v, giving cach coefficient inits simplest
form. (4 marks)

Challenge m A light year is the

The Lorentz Factor of @ moving object, 4, is given by the formula distance light travels in

1 One pear.
-

where d'- - i5 the ratio of , the speed of the object, to ¢, the speed of

light (3 = m' math

& Find the Maclavrin series expansion of 7=
powers of 7 up to the term Ind®

The theory of special relativity predicts that a period of time observed

o3 Twithin o stationory frome of reference will beobsened a3 o pericd

of time I i@ moving frameof reference

. In ascending

A supav:esh[p travels from Earth to a planet 42 light years away, Toan
chagrver on Earth, the journey apprars to toke 20 years

b Uise your answer 1o part & to estimate the observed journey time far
4 person on the spaceship.

€ Calcudate the percentapge error in your estimate,

d Comment on whether your approximation weuld be mone or less
acourate if the spaceship was travelling at three times the speed,

 Hixed exercise @)

EF) 1 a E S in partial fract h
. 1 a xprc&:i”. PR i partial fractions (1 mark}
2 T’ + 25 ;
b Hence show that L s d " THn e T d {5 marks)
l. 2 8 I::q:rr:sz-‘. I:'Ha m partial fractions. {2 marks})
b Using your answer to part a and the method of differences. show that
T 4 _ A
& Ware 3 Hn+ 3 [¥marke)
ﬂﬂ! 4
¢ Evaluate j :Eﬁ..m giving your answer 1o 3 significant fgures. {2 marks)

&8
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@

[EP) 11

() 12

a Showthatlr+ 1P =r—TH=6"+ 2. {2 marks)

b Using the result from part a and the method of differences, show that

3.la l':l".lll.l! + 12+ 1) {5 marks)
r=l
" j
Prove that r%| B Il:fr' e Jia:ﬂ+m2]-|:rh+ 3 where @ and b are constants to be found. (5 marks)
=
Prove thet LI:{;' 1V =(r=1PI=an? + hn? + en + &, where a, b, ¢ and d are constants to
be found. " {5 marks)
’ i i .ty
# Given thiat y =", find an expression, in lerms of g, [or ﬁ
&y =]
o W N
b Henece show that T atx=In321s 4

a For the function f{x) = In{l +¢7), find the values of 7{0) and §7(0).

b Show that ™i0y=10,

¢ Find the series expansion of [n(l + %), in ascending powers of & up to and imcluding the
term in &,

a Write down the Maclaurin serics of cos4x in ascending powers of x, up to and including the

term in 2%, {3 marks)
b Hence. or otherwise, show that the first three non-zero terms in the series expansion of
sin® 2y are dx* — St 4 S, (3 marks)

Given that terms in x° and higher powers may be neglected, use the Maclaunin series for e* and

r ot
cosx, to show that e*** = ¢l | — :"7 4 T}' {5 marks)

Giiven that |2x| < 1, find the first two non-zero terms in the serics expansion of
In{{1 + x)*(1 - Ix)} in ascending powers of x. (5 marks)

Use differentiation and Maclaurin series, to express In (sec x + tan x| as a series in ascending
powers of ¥ up toand including the term n 3. (5 marks)

Show that the results of differentiating the standard senics expansions of ¢, sinx and cos x
agree with the followimg:

iixi_ i bi ' = - i" L [
n golelh=¢ 3 l#nx)=cosx ¢ 3, (eosx)=-sinx

XN

&9
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@
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EP) 19

Chapter 2

xT- 5
a Given thatcosx=1- :— ;—— ..oshow that seex = 1 + 5+ E.\" S {4 marks)
1 -5
b Using the result found in part a, and given thatsin x =x - 1:—1 + % = 1y fimd the first three
non-zere terms in the series expansion, in ascending powers of x, for tan x. {4 miarks)

By using the senes expansions of ¢ and cos v, or otherwize, find the expansion of
¢ cos 3y in ascending powers of x up to and including the term in 2%, (3 marks)

Find the first three derivatives of (1 + x)?In{] + x). Hence, or otherwise, find the expanzion of
{1+ xPIn(l + x)in ascending powers of x up to and including the werm in 85, (5 marks}

e

Expand In{1 + sin x) in agcending powers of x up to and incloding the term ma®. (4 marks)

b Hence find an approximation for f In(l + sin x) dx giving your answer (o
3 decimal places y {3 marks)

it}
Using the first two terms, x + % in the expansion of tan x, show that

:IHIIH_|+A+#+%] e {3I'I'Ilr]iH:I

b Deduce the first four terms in the senes expansion of ¢, in ascending powers of .

{3 marks)
J -
a Using Maclaunn series, and differentiation, show that Incosx = - ’% - *{'—.j- +
b Using cos x = 2¢os? [%:I — 1, and the result in part a, show that
In{l +cosxi=In2 - "-":: ’1"_1
Lttt T
-Iu L Ell _ ':-'Il.
a Shml.'lhal —H[: {4 marks)
b Find the ﬁIﬁ-t threée non-zero lerms of the Maclaunin series for y, ghving each coefficient
in its simplest form. {3 marks)
¢ Find an expression for the nth non-zero term of the Maclaurin series for p. {2 marks)

Challange

iven that the Maclaurin series of g [svalid forall x & T, show, using
Seres pxpansions, that e =cos ¢ + | sinx,
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Summary of key points

1 IFthe general term, u,, of a series can be expressed in the form f{r) = fir + 1)

then iu, wf iu:m.r-:l = fir+ 1)},
F=l (R
s w = fil} - (2]
i, = f2) = f(3)
wy = Fl3) = fl4)
iy = ) = {1}
Then adding 3w =F(1) = fin+ 1)
=1

The Maclaurin series of a function flx) is given by
0, PO,

Flx) = F0) + M0+

The series isvalid provided that fi0), (0, F00, ..., f(0), ... all have finlte values.

The following Maclaurin series are given in the formulae boohlet:

E-"1=1+_'r+;—-f'l- +%+-.. for all x
In{1+.'-:‘.l=;r.'--'—1§i--”';--..+{-1]'”¥+... SEST 3
5|n~.--.-3?+-| L =1) &?%I forall x
1:05::=1-§ R 1}1":21I1 : for all x
arctanx-.v-'gh-’r; St ]]P_TE-EII Wi =Iegores]
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Methods in calculus
 otjectves

after completing this chapter you should be abie to:

® [valuate improper Integrals -5 pages 53-548
® Understand and evaluate the mean value of a function
-+ pAgas 58-62
® |ntegrate rational functions using trigonometric substitutions
=» pages 62-69
® [ntegrate using partial fractions -5 pages 68-73

\
?
_’.

Prior knowledge check

a J 2 dx b [3fevdx e [HNXCOSE .

. 7 ind
i &= Purg 'l'-‘ir:.jl::fp;:rn \"
2 Find E.{-r in terms of x and p for the following: F
& 4 yi= bS¥®+xy+2yi=11
C x=Many + Pure Year 2 Chapter 9 The lowest spesd necessary
+ S s ﬂ;ﬂ:;a;i?;:;:aif:f:*::m:;:

a el b ?_:;:‘_1 c 3-';'_:_3._-._ escape velogity, You can use
ale+ 1) at—4 ext+dx+yl improper integrals to caloulate
# Pure Year 2, Chapter 1 escape velocities,

A Al



Mathods in caloulss

m Improper integrals

IF & function f(

x) exists and 15 continuous for all values in the interval [a, b then the definite integral

1]
‘|| flxc) dx represents the area enclosed by the curve y = fix), the x-axis and the lines x = o and x = .

T

y=1Ha)

% The intervl . ] sl the el
numbers x satisfying the inequality a = ¢ = &

S =J_ﬂad.t

I a

In this section

k i

you will consider integrals where one or both of the limits are infinite, or where the

function is not defined at some point within the givan interval, These are called improper integrals,

Inthese cases

it is still passible for the function to enclose a finite area,

Vi

=
! X
i T = 0
The area bounded by the curve y = l—i, The function f{xh = 1 — s not defined at = 0. Howewer, the
A
the w-axis and the line 5 = 1 is finite, area bounded by the cunve 1 = —]- the coordingie axes and

Thiz-ares is represented by the imprope

integral _[_;1:, dx

4]
= The intagral ]- flx) dr is improper if either: Notation
» one or both of the limits is infinite -

the line x = 3 iz finite. This anea is rEprErsEmEI:i by the
improper integral -|Ir —d

If an impreper inegral exists then it
Is-said to be convergent, If it does nof exist it is

» f{x) is undefined at x = a, x = {1 or another said to be divergent.
point in the interval [, A].

You can determi

by considering |

salue ¢ 1F this in

e whether improper integrals are convergent, and evaluate them if 5o,
imnits. To find f = Jn &~ dx, wou need to consider the integral L &7 dx. for some finite
tegral tends toa limit as ¢ — o= then ['is convergent and equal to that limit. if it fails

ta tend toa limit, then £is divergent
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Chapter 3

=Y

-]

i I x i’

As f — e,

f (55
||. e~ gy _.I (i b s
ol a
I e~rdye = |- =-2""+1
. |:| u ]

il

Since e — 0 as 1 — o0, the integral B dx — 1as¢—s .

S0 JUF e ¥ dx is convergent and equal to 1. deckalalU You can use limit notation to write:

Evaluate each improper integral, or show that it is nol convergent.

4 J.P Al dx I JIP % dx

‘L‘E"‘d; n!Lr'ﬂfle“dx = limi-e"+ 1=
]

Replace the infinite Umit by o, and take the lHmit
5§ —+ s

]
£
|
L] -

l—-ﬂm!—-m

i
—
|
+

S
~

S f— .3 dy comearges and f -:---,5._.'. ALY P S The area under the curve ¢ = Le from 1 to infinley
. - ", i T
-1 - i fimite and is exactly equal o 1.
b‘ .J: ” A = II_I_!! J ":' Y ..“
= I!.rr, ||-| '||I
= il d = I 1
Al
= jrmin f

INf—r2a @3 [ =+ -, ".“L-'j . AX coass ol

COMETSS e

CD cooevemopa (Lo € ok e you show e i

using GeoGabra, ' process clearly inyour working. You can't just
write r %dx: In oo = 0.
'|
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Mathods in caloulss

You need to use a similar imiting process if the function you are integrating is not defined at one or
more pointsin the interval.

Evaluate each integral, or show that it does nol converge

| 1
| ;
4 "3 X b f 3 =dx
o X el '-'.Ii —_X
[zeete=im [ =L is undefined for x =
a LA |".|.!J Loty p=-Zisun or & = 0, 5o replace the lowe
g 2T —=ial, % !
i limit with rand take the limitass — 0
= lim |—--|
=t % I
ol |
= .|II'_I'|_|I =1 # }:l

1 : ['1 _ 1
—|+||---~=-.=:~.f 'q..:'.ﬁtl‘..l__cﬂ.kﬁclq:h, ?—-mﬂi—ﬂ

ngt convieras,

¥ T

'*1="J- _ i g

e .J i Lo L W, = is not defined for x = £ so replace
= I|||:|1_|—|, 4= 1.-'|::: the LEpper Limit with ¢

II|r|'|_'f-|-':| = I = [=y4}|]

=l.|.r':||';': -y d = |'T- J— Ijll'g['f_“_f :|=':|
= E

"ﬁr.lj - S cormpEneges 3nd
o V4 -x '

X
R

If both limits of an integral are (nfinite, then you need to st the Integral into the sum of two
improper integrals. In other words, you write

[ ftstde= [ Frdxe | i defor some value o A
Ilf-EDT.h Eii -“L _— y e J:I_I"E?‘r Flxhdx. Vou must split it Inte two teparate
R A e integrals to determine whether It converges,

original lntt_?g_ral converges, but if [zlther diverges. B chon i Chilenpi 33
then the original integral is also divergent,

Example °

a Find [xe-'dx. b Hence show that J xe™ dx converges and find its value.

Do not write f__l:'[#’r dr as

a b=t F= [xedx

Considar = s Try differentiating e-*",
- A
F T e L— The -2x comes from differentiating =<2,

Sg t= —::--a"' +

L— Use the reverse chain rule.
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b St || Lol | T _I'j_.'.':'
Consider _Ln:; EEE
J:II.‘.'C“" ax = |—:§:.'_"' !_.. = _.- +zed
= Ilu'm_Jl_-l'x'i:-" an= lmj-5+ e | =—

- = SOy G ar .I. N2

= _‘I:...".'E'

il
Samilarky, Somsider J Rl e
4

I_ Te" dr s |—-_!:i':"

o

e i 1
o ==t gy

' . 1 114 i
e i||'|j e dy = im|-58" +5)=75
JUEL i) e d

=¥
50 _[ xe ™ dy coneéraas :mdj_ xe ™ gdy = g
Since both int

r e

eEgpala convergs, we know that

v conwErge= and

r - - L =J: ek 4 || -

1 1
=— 4+

Exercise @

=L

1Ay + I LEdr

i = —I;_

Problem-salving

You can chogse any point at which to split
theintegral up, but choosing 3 special
walue ke 0 will often make evaluating the
integral easier,

To find the integral between —= and 0, you

— should find the Integral betwesn - and 9
gnd then et — =,

J' T

Vs nesd to chisck that

both the integrals converge before you
can determine that the eriginal integral
CONYETEEs,

Use [xe~"di=

To find the Integral between Oand =, you
should find the integral betwean 0 and
and then Bt — =

L Usa [xe~"dx= —i BT

L npply [ b= | fwtees [ fiades

I Find the values of the following improper integrals.

a ﬂ“% iy b ||;1.' iy

c I]:i‘."hl:l.i

2 For cach of the following, show that the improper imtegral diverges

'u" ) I
aflcd.x b IT"|-|:|:;

dx

" J; B

v 1

3 For cach of the following, show that the improper integral comverees and find its value.

s
||I.I Ed.t

v [

i ILL-ﬁlr

In 3 e
£ ]; "r:‘—ld-t

@ 4 For cach of the following. determine whether the integral converges, and if so. find its vaiue

" lr '_Eh ]-'-f"-*l'r--x
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Methods in caloules

el | _
s Find j =3 dx, {2 marks)
i S .
h‘ Hﬁn?‘: 5]:“:“'!- lhﬂ[ .[ -1.?. = 3-"._]: d_‘l, W]'I-‘rt‘d‘l!g":s ﬂ]‘ld Wateh out Hﬂi\'." e }':I:"..F ihu‘ﬂ' tht
find its value. (3 marks) limiting process clearly in your working
a Find [x2e*'dx, {2 marks)
|
b Hence show that I _.ﬁ:"d.r converges and find its value. {3 nmvarks)
o Tt j"J‘Ef‘Em_ (3 marks)
b Hence show that JI-FIHTT dx 15 divergent, (3 marks)
a Find [ilnxi?dx. {2 marks)
Henee show that:
i .
b { (Inxl" d is convergent. {2 marks)
i
c J I ine¥dy is divergent. (2 marks)
It
Evaluate [._ ----- da (4 marks)
V-
P e P
Evaluate I‘ A= dx (5 marks)

The diagram shows the curve with equation y = In x,

Find the shaded area enclozed by the curve and the coordinate anes,
You may assume that xInx — Oas x — (. {5 marks)

bk

# Explain why {I s dx is an improper mtegral.

b Show that Flﬂﬂx:lr 1= divergent.

(1 mark)

{3 marks)
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Chapter 3

13 A student writes the following working to evaluate J.. seclx dy,

_I sec T xdy = ftanaly
d
= tanx = tand

=0-0=0
a Explain the mistake that the student has made. (1 mark)
b Show that rse-:-'.r du 1 diverpent (4 marks)
et

14 Find all @ € R for which IIJ% dx converpes and find its value in the case when it
COTVETZES. . (7 marks)

& 5
8§ Qo r.hnlj — ] —din |n[3f‘ + | } Problem-solving
b 2xt+3x+ 1 k+1 When an integral is endefined at one or mare
where & == 0, {4 marks}) paints within the interval of integration, you
need to split the integral and consider éach part

b Hence find the exact value separately.

' 1
of [ mdw {3 marks)

Show that _f e-rdniydr=:

m The mean value of a function

You can find the mean of a finite set of values by adding them up, and dividing by the number of
values:

_ 1
Fsii+ i+t 1)

You can extend this definition 1o evaluate the mean value (or average value) of a function on a
given interval [, £, In this case, the function takes an infinite number of values, so you represent
their sum by integrating the function between a and & and yvou represent the ‘number of values’ by
thie width of the interval, b - a

® The mean value of the function () over the THe miarvahia ol fou
interval [a, 5], isgiven by , r fle) s, e e e
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You can think of the mean value geometrically by considering the area, A, bounded by the curve

¥ =fx) the x-axis and the lines x =q and x = b, If you were to draw a rectangle with its base on the
interval [a, b and height T, then the area of the rectangle would be egual to 4.

¥ v=Tlx)

The area of the rectangle is (b — alf, Setting this equal to the
grea under the curve gives:

(h—af= [ "rx) v
Y

= A
=3 1‘ = 'F{.".]' d.:'u'
h - e

Find the mean value of fixv)=

)

over the interval [2, 6]
V34 3-1.

. -I .;'I
r 7 == di =4 I 2+ Ax) T elx
vy VE + 3X U Using the revarse chain rule, if y= 2 « 340

o -y | d
=5hz + 2w, thtﬂd—'JfEH:-?
=2ED — VB
=215 — 2] Simpbfy,

S0 the mean value of Bx) ea {2, €] Is

-~ o =2
-\.—Pf.'.£+'!n: Ijt . ”

SlvS =)

b
o= o i
A,pplyﬁ_ﬂj: L dy,

L Eamote ©)

T
] 4 @ .
y

a Show that the mean value of fiv) over the interval [In 2, In ) 'LRH
b Use the answer to parta o find the méan value over the imlerval [In 2. In 6] of [ix) + 4.

¢ LUse peometric considerations to wnte down the mean value of ={{x) over the interval [In 2, In 6]

o g
a mf ﬂqrﬂ'. = { 1k o b o g sapstiution,

et w= gt
A i e
F i ame ot pore b
reh === —
3 :| Calcufate the fimits intheformuw=....
%o b =i " G
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< 1
41 Ol
= |1+ HMin

L=t 13 Eartial rachions:

| A A

Wi+ w T+a
S A1 ol + Bu=1
When =0,

Eguating @ terms, 4 + B=0, s B = -1

=1

}_

4f rmee=af (- ea)e
= dlnn —Inlg + 112
=dINE = InTi— 2 — 3| = L
=4 In

=4 Inz

]

So the mzan valie of Fon [In2, n&] 15
I Ji # "":'
nE = imE ] =T
iz rl :I & T
(Pt aars [ oars [ 4
=] f (T & .-r.l.'. . 1_|_IE.|'J.'|.1- J iy
|| _--4:h'|' = {2 ]
=4inE — In 2|
=4|n3
Caeuating the maan value,
1 Ir“' 4
- ;4 ey
[ |:1 t& :I
3 I. B4 : bl "
=||-|3 I 1+E'! d.1+ln3 Ijl.. b
4Ing 4
=.|n'-5 +I 3'4"'-'3'5
’ n
4in3
ol 1
& —fixtis @ refllecton In the x-axs of ok

The mezan valu= of x) ower the Intesval
405
T

[In 2, =niE] was

Therefore, the mean walue oF —fx) over the
4 [p=
interval |In 2, ngj s =5
; £ In3

Transform the integral by substitutingu=e*

ane du

dr

= et and substituting the fimits,

k-
Tu{aILuIatE-ﬁ_E T

usze partial fractions,

deit is necessary to
Find thi values of A4 and &

Integrate with mespect to ..

Evaluate the intégral using the limits.

Simplify using the laws of logarithms.

s
Find LJ. Flc) do amd wae the lows of
h = =a

logarithms to simplifi.

The griginal integral cam be separated,

Caleulate the new intagral.

Problem-solving

Every value of fix) In the interval has increased
by & sothe mean value has increased by 4.

In the example above, you saw that geometric considerations can be used to find mean values of
transformed functions, if you already know the mean value of the original function on the same interval,
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Methads in caloules

If the function f{x) has mean value f over the interval [w, 5], and & is a real constant, then:

» f(r) + k has mean valuve f + &k over the interval [a. 5] m g 31y oy,
® if(x) has mean value if over the interval [a, 5) the mean value of f-x) or Fikxt in
Lhis way.

® —f{x) has mean value —f over the interval [ &1

1 Foreach of the following lunctions [{.x), find the mean value of fa)on [0, 1.

i fxi=1 hﬁ.‘l._:l—_l_+| Cc fxy=e+1
1 Find the exact mean value of [x) over the piven interval.
RS
a = C:"':- = 0. 2] b fvi=cos'x sjn’ X; [ﬂ, %]
|
o LT e . . | 1
e fxj=xe*;[1. 3] d i T T |;.~l“~-F

e fixi=(secx =cosxe; {I]I. g| .

3 fixi=x%= 3y < 2dx 4+ 100
a Find the coordinates of the twrning points of fx).
b Sketch the graph of y = f{x).

¢ Without ealculation, state an upper and lower bound on the mean value of the function on
the imerval [-2, 4], giving a reason for your answer.

d Calculate the exact mean valwe of [{x) over the interval [=2, 4].

@ 4 Find the exact mean value of iy = T over the interval ['l'r, E| : (4 marks)
cos X+ 2 2
@ 5 Find the exact mean value of fx) = xvx + 4 over the mterval [, 5]. {4 marks)
@} 6 Find the exact mean value of iz = x sin 2x over the interval {[J, 1;] {4 marks)
Sx
T = G S
a Show that the mean value of [{x) over the interval [1, 3] is .|1 in -4_3 (4 marks)

b Hence. or otherwise, find the mean value over the interval [1. 5] of fix)+ In & where & s a
positive constant, giving vour answer in the lorm plo g, where poand ¢ aré constants and

i 15 in terms of £, {2 marks)
B xj=xlcs =40
g Show that the mean value of [y over the interval [0, 2] ':.v.-jvj* {3 marks)

b Use the answer o part 4 o fnd the mean value over the interval [0, 2] of =2{x). (2 marks)

9 fix)=Inlkx), where & is a positive constant.
Cven that the méan value of Bx) on the interval [0 2] 18 =2, find the value of b, {4 marks)

61



Chapter 3

@ 10 Prove that if flx) has mean value o on the intervald [o, &, then fx) + ¢ has mean value m + o,

1 fivy= ._11 This is-an improper integral

V2 —-x
Find the exact mean value of 1{xy on the interval [0, 2). {6 marks)

@ 12 Use geometnic reasoning to explain why the mean value of fix = sin® ¥ on the interval [0, 27] is 0.

13 firym —SBX_

12 4 sin x)-
a Find [fix)dx. {4 marks)
b Hence show that the mean value of fiv) over the interval IEL %‘ 15 H:"Iﬂfrm +4/3L (2 marks)

53 .
¢ Hence, or otherwise, find the mean valve, over the interval lﬂ. TT] ol fix)+ 3x, {3 marks)

@ I4 a Sketch a graph of fixy =1 - 3x — 2+7, tinding the coerdinates of any turning points.

i+
b Calculane r fixydx for o € R,
¢ Find the maximum possible mean value of fi.x) on any real interval of length 1.

m Differentiating inverse trigonometric functions

You can differentiate the inverse trigonometric functions implicithy.

Show thiat -I'f-'t' {arcsin X} = — ] 5
R s y=3dn farcsin &) = x.
L: gt |7 Differantiate impicitly, You could also differentiate
thern ainy = s S ds
_ x=slnywith respect te oy then u.r.e—'l o
o | dx dx
co5 ] r-l.'l.' 3y iy
.;Jr } + Pure Yoar 2, Section 9.6
ol o L Divide by cos
i
T U= eos* y = 1 — sin® ) and that cos y = 0 when
Bt SAY = X J'ii||'IlhEIiﬂEEﬂfﬂ'Eﬁlﬂ.lE."Eftj'ﬁi
dy . z
R, s, |
- P LS
. R Problem-solving
Alt-ETHEl:i".I'EI}I' ﬂl‘IEE'd_}I—:I: ! u can
I L — i

canclude the sign ks positive since the graph of
¥ = arcsin xshows that the gradient is positive at
all poimnks &,



Methods in caloules

You can use similar methods to obtain the following standard results.

d e
= =3 {aresin x) =

vl —x?
a itm s 1 You st'!n:aulul learn these results, but also be able
dr =g to derive them as in the example above,

d
. 7 (arctan x) = Wotice thati{an:sln %= ﬁ barccos x)

1
1+t

m Recall the domain and range of each of these

Inverse trigonametric functions:
Function | Demain Range
arcsin x =1 1 [ ; ;
areoos x =11 io, ]
arctan x {=as, 5o} -%J%l]
+ Pure Year 2, Chapter &

L Examote @) X

Cilven y = arcsing”, find d1.

a using imphot differentiation

; . :
b using the chaim rule and the formula for Ean:-sm a2,

a siny= ¥° Lise sin (arcsinag = x,
dr f ;
eOs ¥4 = 28 Cifferentiate.
d.l' £X Divide b
G & by £os .
dX  oosf G
dy i o 2 5
= T : E | Use cos® ) = 1 —sin® y and that cos @ == Qwhen
A J1—ansy u o Ll E
. 5 e iaE —
e e yisin the range of arcsin, ie. 3 = | >
'.'-|_I' . 3
- —

v =
o T I

ek o S A Substitute [ = v to get arcsin x® in the farm

arcsin x,
! g dy i
hen i =25 anal J-I: =T ™ |
4 Sl Differentiate ¢ and y
dir @y ar
dy o % .
B |— e the chain rule.
=K
Wi—
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Given p = armau{l - x} find d—l
2 L d,"

I +%
1—x
o e Lise tan farctan x) = x.
codf e a1 =x) - 3 =%
AT e Differentiate vsing the guotient rule on e
o |
.
BT BT Simpify,
e 1 )
S o= 3 —— . [=—=—]) Divide by sec? y.
df  septy s
: N
ey e Use 1 +tant y = sec 1
| 4 tan=1 11+ x=
1 i 2 l-x
5 —— [ ——— =
. e 1:l Substitute tany =
|- |+ 'ul
SR 1. Ay R |
M+ X7 + 0 = af

[- Cancel {1 + x)&

-
i L Problem-solving

=4 Bx |
i - ‘You could alsouzse the chain mnule and the farmula
= — o
1 i tor —Iarcta ]
+ ¥ :I.:.-: nx)

Exercise @

1 Useimplicit differentiation to differentiate the following functions.

@ e

BoArcian x b arccosx : :
. : You can check your answers by using the
€ ArCoos - d arctan (' + 3%} chajn rule as well as the resuits stated earlier in
o 1] ]. the section,

(0 un::sml:_,rl
1 Dnfferentiate p = (arcees xj{arssin x)
3 Differentiate y = L BiGai 4 marks)

| — arcranx

fix) = arceos x + arcsm x

By considering _ﬁ‘mm, prove that iy = g for all values of x. (4 marks}
5 Difterentiate with respect to

8 Arceos 2y b arctan ;‘ ¢ arcsin 3x d arcot{x + 1}

¢ arcsin(l = &%) I arccosx? £ e arcosx h arcsinxcoss

i arccos v § parcim




d .
6 Given that tan y = xarctan.x, find i

QO

T Given that v = arcsin x. prove that
" d=y _dJ.'
“ it ]d_t!_.'lnd-r—n

Mathods in caloulss

{4 marks)

{6 marks)

¥ Find aneguation of the tangent to the curve with equation y= arcsin 2y &l the point where

=3

% Find the derivatives of the following functions,
I

Arcsin X

a [arctan xF

Sketch the graphs of the following

@ 1w
@ u

a arcsinfarcsiny) b arccosi{arcons x)

Prove cach of the following:
g simarccos =1 — x? b cosiarctan xi =— :
[ B o o

|

€ FRCIArCCns X = T

|

d sl'nulrn:.rrnn:.r::.l I =

LB

¥

¢ arctan farctan x)

e arctan (arcian x)

w When taking a square

root, you should consider tha
definitions or graphs of the
invierse trigonometrc functions
te determine the sign,

m Integrating with inverse trigonometric functions

You can use the results from the previous section to integrate functions of the forms — L

LF s o

By using an appropriaie substitution, show that | — - dx = arcsin {:;J'I + ¢, where @ 15 4 positive

== x-
constant and |v] < a. i

fl .I __|-_'-|.1."' ! .__-_'].1.'
SR [

1 1
= i —elX
: |._:,'...
il 3

Ll -

-lll-.i — ITE

SPE3IN A * £

]

Arcaln [!':,II +

| Recall that

—— LIsg the substitustion o= f—land dir= %

d 1
—Ersin gy = ——
d.'l' i 1 - 1;:
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The faliowing two results are given in the formula booklet. You can quote them when calculating other
integrals, but you should also be able to derive them using substitution as in the example above,

1 _1 £
[ ] L_;_._I;""";““m':g_:'“-"?'ﬂalrlﬂ-‘

1 ro i)
= J fd::mn[gjw

L -

Fu‘tdf o Y
5+ X
_ B ‘I‘-_1._-:i'r
oEX i B i
1 { X 1 1 X .
= o | — rotan —— Lk == = e with o= 5.
[-. "I -:-:'II o SEJ..:r!+.1."3 P uﬂman[ﬂ] et iy
L. S o -
£ ‘_.3.1;...11|“._|__‘:.+e
Example @
i al
a Find f L S 2 b Evaluate fﬂ —e——— gl ur answer in terms of T,
75 4 92 A G g VEYe

L R e S BT TR | ‘Youneed towrite 25 + Sx?in the form
Iz = J;T;Eé?'”-_.' kit + 37

1 X
=z — anctan| —; & [ _
k ((i>;|) (|:':|)J I_ e ;d.t=£a{tan|:£}+¢wlthu=:'
e = il A " :
1 J 3x
—Rre - g ..?u-ll 5 | =+ =
= : A | ; : - i
b Jr_s e A el —JI. 1-'.4| j,— Py ey ————— Write 3 — &t in the Forem Ale® — 9,
% :'J[_. [ : = elx =
. & | 56 i x=ant n{a}+.|:u.l| i ;
= I-!.II'_!'.|"I[ E-'.:]] ' _—
..'I I -
| ik 1 ¢ 1|
= I-_JIE:IIIII:\.II — _;..JI'I'.'n:"' __-.I' - t
e _|_."" | _EIE':FCHHITEE
I [T, : b - T
g 0 arcsin HJ:E and aresin| -1 =—g
e



Methods in caloules

Find {‘—*‘4 dx,

4!
; Problem-solvin
| 2 Cda = ; - dr + 4 ! A - -
0 I Tl =y - e The integral can be split into & fraction which
T T e e e can be integrated using the reverse chain:
o calculats il .'T:-}_l,_- A usE Ehe sy estitutio sl S case thot loake lbe thase o |
H=1i— 4y ahowe.
die = =B ax
W =_|J' 1 Substitute for x and dx and adjust far the
T = AxE RN comstant.
=—3 i " it
== 0"+
s Revwrita in terms of ¥ by resubstituting
=—_|-——1'."G' + & |||=1—£I.1'E.
44 : dx = 4 [ ! A
foE— A i e e Write 1 — 4o in the Farm e — 220,
vi—4x vl = x=)
=2 LE—
i !i -5
= Barcamdx + & U&Cur-—'—ﬂ.h.!-ﬂl":!-ln{ }*l."ﬁ'ithﬂ'l'!
: vt = 1% ! £
El.:-J x+4 Av = Marcainly - _:-. | — 4zl g
e
|
1 Use the substitution x = g tan & to show tha ,I d'c = —arctan [— | +c
g+
2 Use the substitution & = cos# to show that ]- L dy =-drocosx 4 o
d ol =t
3 Find:
a [ 3 de b I 4 _dx -{: f#dx d [ L de
J oyl =t St 25 - 3t o PRI
@ 4 Find r - I; = ilv, giving your answer in the form A arctan (8x) + ¢ where ¢ is an arbitrary
constant and A and # are constants to be found. {3 marks)
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Show that I S da = Parcsin(Qx) + ¢ where ¢ 15 an arbiteary constant and P and @ aie
ol =i
constamis o be found, (3 marks)
Evaluate:
] 1 L5 } ) I
a e |:|_'|' I] r == — -d_L' [ [ = d_L'_
J’. = Juzsv 1 — A | BTy
1 =
Show that [ ——dv=-% (4 marks)
24 —x- 12

TR &+3x
AT
Show that [fividyx = Aarctan (330 + Blnil + 333+ ¢ Start by spiitting the fraction
wheng ¢ is an arbitrary constant and A and & are into two separate integrals.
constanis (o be found. (4 marks)
fe) = _1; - ]1

V2—X%"
Find _I"ﬂ.'l:| dx, miving vour answer in the form 4 arcsin [1;_1:] + 83— 7 ¢ o where eis an
arbitrary constant and A and e
B are constants to be found, {4 marks)

By —3
fix ==—— -
e 4 4 57

Find [fixdx, giving vour answer in the form A Inix? + 4+ Barctan {—:] + ¢ where ¢ 18

an arhitrary constant and A and £ are constants to be found. (4 marks)
Ay —
Fl'.l':l e _'J" I_
vl — 5w

Show that [fividy= PV6 - 537 + Qarcsin [-,% J.'J + ¢ where ¢ 15 an arbitrary constant
and # and ) are constants to be found. (4 marks)

X+ 5
x24 16

fjx) =

a Find [fividx. giving your answer in the form A Inix® + 160 + Barctan {i;l + ¢ where ¢ is

an arbitrary constant and 4 and # arc constants to be found. (4 marks)

q
b Hence show that the mean value of fix) over the interval [0, 4] 5 % {?E In? + % I- {3 marks)

¢ Hence write down the mean value of =4f{x) over the interval [U, 4]. {1 mark)




Methods in caloules

@ 13 Use the substitution x = '1i:li] i 1o find Jr o 1-'L e L

Grd + 4

@ 14 By using the subsiitution x = 15||14.i show thit

Given that x 5= 1, use the substitution x = sec fita
find:

.T__
a I;dx b j”‘ L g
e e | x

'ﬁ#d.‘f ||||':|t27 - 3?.§]|
|

@ Integrating using partial fractions

Inyourd level course vou used partial fractions to integrate some rational functions,

Example @
Prove that m Be careful not to confuse this result

YO | 1 e+ x . 1 1 &
.||#._,_ r:_d.x = zﬂml—'{,_‘ x Fe with J-uz..,ta-d’"“ ;ar::tan {E}H

where o 15 a real constant.

J‘ e J‘ ! S . Factorise the denaminator In order to Integrate
it =x A = using partial fractions + Pure Year 2, Sectlon 11.7
| A B ]

= e
i & XN — %l 0+ X o —X
Ae=ae Man 2=l Split into partial fractions and calculate the
TR I S ! values of A and £ in terms of &

r

| e H B F.

kv | g
Foo ferg o i gt oo
J I}.‘t :1-—_' X = E.i'ﬂ r| H—_': T": x4+ !uj ri_:'l-. alx

= gln|d + %] —5-in|a — x| + ¢ —— Inteprate uiing the reversa chain rile.

= :f_'r- in| XX ¢ simpiify using the law of logarithms.

69



Chapter 3

If the denominator of a partial fraction includes a quadratic factor of the form (v + o), ¢ = 0, you
cannot write it as a product of linear factors with real coefficients,

However, you can still write it in partial fractions, where the partial fraction correspending to the
quadratic factor has a linear numerator and quadratic denominaton.
420 A Bx+C
{r+3ciel] x+ ; ke B
Find th | fd Band Cb [tiplyi
20= 402 + 1) + (Bx+ COx+3) tEt] W ML) and € by multiplying

both sides by [x+ 3t + 10,

Setr==320=104= 4=2 Set v=-3sothat (Hx + C){xr+3) =

A+ B=0=B=-2 Equate coeffidents of % on each side.

IR+ OT=0=C=58 Equate coefficients of x on each side.
20 LoF =

o-
:L+3}|:x£+1] x+3 x4l

You can use the techniques from the previous section 1o integrate the second fractien on the right-
hand side.

Example @

Showw um:J' Ly .-iln{ =] )+ﬂ¢n_mu[
1 -|-!;|' !

5 } + i, whepe 4 and B are constants (0 be found.
9y

k]

a2

Iy

b e (_4 By + .r_‘l separate into partial fractions 1@
.I 1 3 | + 9 g RS Eg facilitate inbegratian.

Al + 9] + A2 Pr=5 41
Equate & bermes A+ B= 0

Calculate the vates of the cosficents
by egquating like terms,

Equate o tarms: £ =

Equate constant terms: Sd =1 4 =5 B=—;

| 2
1+ & - [{ 1 = "' + 11
J' iR |(q- — | dx
52+ Oy W VB A

J |.'!_'.!"l. ’-"1:_ _+'3']

= I Paes l,f S Sy T R aeparate inte 3 fractions and Integrate
ady 9 x5 4 B 4 each separately
i sinle® 4+ & -

=ging — S f yamkan 3] +1 ~—] Caleulate the second integral using the
| i 1 i [ reverse chain rude

= |5 — Inls< + 9| + = arcban [ -.'.] + b ;
| 18 3 v Calculate the third integral using
1 i i o) 1 r fm]

= —i2inx — Inls® + 24 + 3.'|n'.'..'|'| | _l.'] + i Jg! 2 _"_;_d.l-' - !E.I‘L'tan{ # pwitha =3,

i _'I_"- A [] ¥
=] II gt 1 .
1 nl. e hb B e ll c'.l el Simplify using the laws of logarithms

Th



i Bipress _ex
Txl+ 546

as partial fractions.

i - | =
b Hence find J%dm
Jaxtaixieh

Mathods in caloulss

Start by factarising the denominatar; Since

a MESr s =T+ 2" £ 3)

= e By+ L Dyx+ E
54 e =d+ =+ =
i = A+ 3 A2 ¥+ 3

¥t 4r= .-Il:.l.': & BNt 3

+ il + O + 3+ (I Epa? + 2)

So f8=1and O =-1

SA+ U+ E=0

A+ 30+ 2E=0

o
o
Il
|

A% 4 ExE 4 6 does not contain an v termoor an

x bermy, you canwrite it a5 + Su + Gwhere
=gl

The numerator and denominator bath have
degree 4, 5o this iz an improper fraction.
You will need a constant term, and térms with
denominatars x* + £ and 0 + 3.

Equate coefficients of x4

Equate coefficients of »*and a

Equate coefhicients of +% and constant terms,
| ol e o =1,

PFroblem-solving

There are ather ways of determining the
coefficients You could find 4 = 1 by writing

Ay _Lt"+5}r"‘1ﬁ}-[5.-:’-x+ﬁ
Xo#Sxit b X455+ 6
. Bxf-x+6
403+ 6

Methods such as this are often guicker than
using polynomial long division. You could also
substitute x =iyZ and x =i to eliminate
L&Imns,

Tl



Chapter 3

b L=ing the partial fractor decomposition:

L o ; X
g = F1-.‘E'l.' 4 J'—- el
,Illr=-|-25!l;-1-';"-l . A=+ 2

. 5 Split the integral up into different parts that
dx = || Lol |’1__ L a®% +— canbeintegrated using inverse trigonometric
S 5 d ~ functions or the reverse chain rule.

5 . o1t
=5+ —Inle? + 2| + —arctan| —
2 i 05

USEIH t dx = Infflx}| +cand

- élrl %t 4 3 - _Eﬂ.w:ran[ ':] 40 ik !
V L f—xd+ﬂ£d.r=ﬁarttan{slll+¢
3= + 2 e E
- L I||III +3 i E-.E,.r-_..au-[._E_:l
~ 33 arctan| -'E ] * i Sieriplify.

exerise

E®) s

TZ

Express the following as partial lractions,
I I x4

0 [
(x4 x4 3 x2 4 25 = 1) dxd4 T

Find J’h _'1; I;Hi 5 -dx, miving your answer in the form Alnlx + 2| + .ﬂ'urua.ul %jl * 0

where A.and 8 are constants 1o be found, and ¢ isan arbitrary constant. (4 marks)

fixisat—si—da' -2 —12

a Given that (x + 2)1s a factor of [lx). Fully factorise 1] x). (2 marks}
b Hence fi I‘ndj i e dx, giving vour answer in the form
Wt — I 12
A
In |L B éjl‘" +L‘r:1rL::m|:. _5} 4 ¢ where 4, 8 and I are constants o be found,
X ¥

and ¢ 1% an arbitary constant. (5 marks)

Fde’ T ::I v, SEVinE your answer 1n the form 4 ]nl: - —] + Barctan [.2} + £,
X

where A and B are constants to be found, and ¢ 15 an arbitary constanl. {5 marks)

Find J’q a '+|;l dx, giving vour answer in the form :‘! + Han:t.m{ }-I- ¢, where 4
'y

and B are constants to be found, und ¢ is an arbitary constant, (5 marks)



EP) o

& 7

(©F) 10

(EP) 11

(E/P) 12

Firnd:

R O SPR | e

x4 -1 Xl s=n [+ 11

consianis o be found, and ¢ 15 an arbitary constant.

Show that ‘]'

fivi=x%—=dxl 4+ 6x-24
g Oiven that {4} =0, Tully factorise fx).

2x—3x+ 24
vl —dxt+hy— 24

b Express in partial fractions.

¢ Lise your answer to part band an appropriate substitution to calculate

R e
dox.
j.‘l:" =dpd f ax =24

|
Ly =2H2%x = 1}
a Calculate |fixidx.

b Hence show that ]T

O | Tia T
3 Ly —aldx

fivi=

T d.v diverges.

a5t + 2y

s g partial fractions.

a Express

K P L I
b Henee find fM dx.
oV 0T+ 24

vl + 10

Lize the method of partial fTactions 1o find J. ¥k g

7 i B (| el
Show thai Ty ”d.". _Tl.'r+_|n_}-

" at4] i ;
a Express —————— as partial fractions.
e

b Herice find f&dx

elyte 2

dx, x =1,

Problam-solving

First completa the squara in the denominator

Methods in caloules

;¥ Iarctan x + ¢, where A, Fand D are

(5 marks)

{2 marks)

(2 marks)

{4 marks)

{3 marks)
{3 marks)

(4 marks)

{5 marks)

(4 marks)

{4 marks)

{4 marks)

(5 marks)

J. 1 . J 1 > and then use an appropriate substitution,

—_— Yy
rr—8x+ 48 B+ b4r 411

T3



Chapter 3

Mixed exercise o

@ 1

® 2
® 3
® 4

T4

a Using the substitution u =g ﬂmIJ’ e {3 marks}
g l-l'."
b Hence show :hatf = (3 marks)
'i' + i.—!. :
Find the exact mean value of fivy = Lo C:E'T over Lhe imterval ]'T. Al {4 marks)
SN [
Show that the exact mean value of fix = xsin 2x over the interval ][I, ; 15 é {4 marks)
a Find the derivative of arcoos x?. (3 marks)
, ix
b Hence, or-otherwise, calcolate [ ————dx. (1 mark)
_Ir'.' 16 = 29
{'-' o 8 1)
fix) = arctan
Xe=]
a Show that Moo = _.-T! -I.-::":J.'.+_‘-' {4 muarks)
b Given that =2 = x = 2, show that [Fie] = 1 {2 marks)

a Explain what it means for an :imegm] to be improper.

b Identify two features -:-I'L ™ d vowhich make it an improper integral,

I
¢ By differentiating arclany'x, or otherwise, show that _{ T — v {8 convergent and fnd
its exact value.

. I+ 5x
) == =
V1 =52

Find [ ds, giving your answer in the form A4+1 = 527 + Barcsin V5 x1 + ¢ where ¢

is an arbitrary constant and A and £ are constanis (o be found. (4 muarks}
I
& Show that I -;l-- dx = arctand. {2 marks)
EL R |

b Henee evaluate:

f A (2 tarks)

X141
N

--x1*+l

2 miarks)



@11
(E/P) 12

(EF) 13

@

Mathods in caloulss

| +3dx
fixi= 1+ a2
a Find [Tixidy, giving your answer in the form An(1 + 415 + Barctani2x! + ¢
where ¢ is an arbitrary constant and 4 and 8 are constants to be found, {4 marks)
5
b Hence find the exact valug rrf_ﬂ flacrda {3 marks)
B Show that Ir'# dy = Farcsin Oy + ¢ where ¢ 15 an arbitrary constant and P and 0 are
Vi — N
consianis o be found. {4 marks)
P =
b Hence show that { —— Jmarks
4 VE=9 & ( :'
T oyt 4 —T3)
Use the substitution x = sin  to show that ( = == i 3
o oyl —a- e
fixi= B
i
a Llse the substitution # = x° to calculate j; fix)dx. {4 marks)
b Hence show that I. fixt do converges and state its value, (3 marks)

¥ Tl ;
Show tha J,-EJ. v By 4+ 9

dx = Alnjx|— % +0 amtan{ﬂ + ¢, where 4, B and ) are

x4 4+952
constanis o be found. {5 marks)
fix vt —3x+ 14
[xX) = z

a Express () in the form where P and ) are constants to be found. {3 marks)

+ ;
=4 xla2

b Find [Tividy, giving vour answer in the form 4 In|x — 4] + Barctan JILE} + ¢ where
Y

A and B are constants to be found {4 marks)
¢ Hence show that _,|; hﬂ.\'l da divenges. (2 marks)
= x1+x
 Find j'ﬂxrd.‘:. {4 marks)
b Henee show that the mean value of 11x) over the imterval [1, 2] 1s J]]% (2 marks)

i
¢ Hence, or otherwisz, find the mean value, over the interval [1. 2], of 2i{x)— =
. {3 marks)

5




Chapter 3

Challenge

A function ik sald to attabn Its mean value on the interval [ A if there

1 ]
_,;_dj:l fia) d.

& Show that the function flx =27 = 2x = & attains 5 mean value gn
the intereal [0, 2], and find the exact values of ¢ &[0, &1 for which

fich=3 j: Fix} da

b Glve an example of 2 function which doe: not attain [ts mean value
onthe interval [0 2], fully ustifying your answer.

exists a value ¢ & fa, bl such that fie) =

Summary of key points

1 Thelntegral f } dic 15 Bnproper [Feither:
= one o both of the limits is inhnite

= fixhis undefned at x = o, x = bor another point in the interval o, 5.

2 The meanvalue of the function fiv) over the interval [o, 81, is given by

;2 [

3 If the function f{x) has mean value f over the interval [o, b, and k is a real constant, then:

« flx) + & has mean value f + k over the interval {g, b]
- kflx) has mesn valve kF over the interval [a, &)

« Zf{x} has mean value —F aver the interval [a, H].

E —d—r 1 = 1
& dx{ar::Sm Xi= o
d o
E{EEED‘E .'I:'_:| = ﬁ

. E"{arctanxj .
dx

1+x%

1 1 Ll . 4
§ - J‘mﬂx-aarﬂﬂﬂig}ﬂ' (et 1 3"[:l.il.-"u < A

f 1 d.T=EI‘E.‘j-iI't{:!'";|+i‘
Vit = 5t i

L

Th



Volumes of revolution

After completimg this chapter you should be able to:

® Find volumes of revolution around the v-axis — pages 78-30
® Find volumes of revolution around the y-axis - pages 81-83
e Find volumes of revolution for curves defined

parameiricaliy — pages §3-07
® Maodel reat-life applications of volumes of revolution
-+ pages 87-89

s

el

Prior knowledge check B

b

1 Evaluate:
a _f:.x'if'_'m-ﬁ}fd_:.-

b ["E':lfl't."l."lit
%
.
c f; x*e*'dr 4 PureYear 2, Chapter 11

2 Find the area of the region bounded
by the curve y = § sec’y, the x-axis, the
y-axis and theline r =1,
4+~ Pure Year 2, Chapter 11

@ 3 Theregion R is bounded by the turve
o ¥ =47 + 5, the x-axis and the lines
x =2 and x = & The region Is rotated
through 2= radians about the x-axis.
Find the volume of the object generated.
+ Boak 1, Chapler 5

Volumes of revolution can be used to
B model objects with circular cross-sections,

By defining curves parametrically, you can

d find volumes of a wider range of objects,

=k Exarcise 50 Q5



2 The curve with equation ¥ = cosr/sin2xy,

Chapter &

m Volumes of revolution around the x-axis

You need to be able to find volumes of revolution @Y
of more complicated curves. Inthis chapter you
might need to use any of the functions and + Book 1, Section 5.1
integration technigques you encountersd in your

& level course.

You have already encountesed wolumes of
revolution with simpler functions.

= The volume of revolution formed when y = f(r) is rotated through 27 radians about the
x-axis between x =a and x = b is given by

Velums = ﬂ-_]'"f dr M E"Flﬂf& '-'ﬂb.!n'fs of revolution O
- areund the x-axis using GeoGebra.
Example o

The region & 15 Bounded by the curve with equation i = sin Xx, the v-axisand the ines v =0 amnd
K= ',J', Find the volume of the salid formed when region K is rotated through 27 radians about
the r-axis

= "JI sln® B b Use ¥= IJIE_"j'EI:'.I."I.'l'ith a=0h= %and_r-' =sin2x

l

[ 25 = cosdxide . .
'r : sz cns2d=1=25n4

MLy — gainda) Rearrange to give sinfd =
Mot Chal 2 = 2.5 gives & in (e Cos term,

=|'“;-:=]-r:|

1 &

= — Multiply out and integrate.

1 Find the exact volume of the solid generated when each curve s rotated through 27 adians
about the x-axis between the given limits

2 [ 4giny :
a y= between x=0and x=2 b v= ’#bciwu:nx=ﬂand.r=l
£+ 711 4 gosx 2
= &y
¢ =% secy hetween v=Oand ¥ = > d ye= :' between v = land x =12
. 4 G B I
O oY T T
¢ v="rhetweenx=land x=1 I v=cosec x+cot x between x' = £ and y= W

.1I

T .
0= x = 7 is shown in the diagram.

.

The firule region enclosed by the corve and the

x-axis 15 shaded. The remion is rotated about

the c-nxis o form a sobid of revolution.

Find the volume of the solid generated. {6 marks)

T8



Valumes of revolution

3 The diagram shows the finite region R, which is bounded Va
by the curve v = Inx, the ling x =3 and the y-axis
The region K is rotated through 2+ radians about the
v-gxis. Use integration (o find the exact volume of the
solid gencrated. {7 mearks)

Problem-salving

You will meed to find the vlue of o, o
where the curve crosses the w-asls

@ 4 a Using the substitution x = 3amn 4, or otherwise, find
the exact value of

Jr% dx {7 marks)
o3 N
The diagram shows a skerch of part of the curve with
: b
ugtion p=————
i L

The shaded region &, shown m the diagram, is bounded
by the curve, the r-axis and the lines with equations

T
X 1 and x = 3:':,_ The shaded region R is rotated

through 2 radians about the v-axis to form a solid of

revelution.
b Using your answer to part a, find the exact volume of
the solid of revolution formed. {2 marks)
; : : 5 dv + 3 . .
5§ The curve with equation 17° = s———r=== t5 shown in
) x4+ 2)2x—1)
the diagram,

The shaded region £, bounded by thelines x = 1, x =4,
the x-mxis and the curve, 15 rotated 360° about
the y-axis

se caleulus to find the exact volume of the
solid generated. {6 marks)

6 The curve shown in the diagram has equation

23t = xsiny + 1,

a Show that the coordinates of point A are

I:jT'T.ﬂ;I {1 mark)

The shaded region K15 rotated about the v-axis o
penerale o solid of revolution,

b Fnd the volume of the solid penerated. {5 marks)

™



Chapter &

. : . 10, ; \
T The curve with equation v = ————=— 15 shown in the diagram.
33+ 2xh

The region & bounded by the curve, the x-axis and the lines
x=-1.x=2isshown in the diagram.
The region is rotated through 360° about the v-axis,

a Find the exact volume of the sohid generated.

i marks)
i 10
The region §, bounded by the curves p = 35+ 20 3
= HSE-T.'-LVI’End thelines x==land x = Z,

15 shovwn n the diagram. The region is rotated through
3a0* ahout the x-axis.

b Find the exact volume of the sold generated.
{3 marks)

8 The region R 15 bounded by the curve with equation g
y = xe~" and the line with equation p = %_.1', as shown
in the diagram.

The region is rotated through 2x radians about

the r-axi=

Find the volume of the sohd of revolution formed.
Ciive your answer correct to 3 significant figures,

{8 marks)
Challenge

The diagram shows the region R, which is bounded by the curve with
equation ¥ = slrx, 0 = & = 7 and the line with equation y = e

=

¥

r
g T

2 Mo

Reglon R Is rotated through 2w radians about the line y= li
Show that the solid of revolution formed has area %{x =3}




Valumes of revolution

@ Volumes of revolution around the y-axis

You can apply A level integration techniques ta volumes of revelution farmed when a curve is rotated
about the y-axis.

= The volume of revolution formed when i Ve you use this formuta you are

integrating with respect 0o 1 You might need 1o
rearrange functions to get an exprassion for +° in
termsof 3. + Book 1, Section 5.2

w Explore volumes of reyolution O

arourd the y-axis.using GeoGebra.

v = f({y) is rotated through 2= radians about
the y-axis between y = a and = his given by

Volume = Tr_{'r'r‘ dy

The diagrarm shows the curve with equation y=4nx = |

The finite region &, shown in the diageam, is bounded by the
curve, the c-axis, the p-axis and the line ¥y =4, Region & is
rotated by 2r radians about the p-axis. Use miegration 1o show
that the exact value of the volume of the solid generated 15
2relel = 1)

¥ o=y
ot —
i i L First rewrlte x as a function of y.

=g+ =i —4 £
- : " Lsa F= *rr_[ xtdywith e =0 h=dGand x = éips
V=1 lete dp =me! [ etdy I :

= e e

Integrate with respect 1o ¥,
= 2ie — &d
=2mele® — 1 Simplify and leave in the wrect form,

1 Find the exsct volume of the solid generated when each curve 18 rotated through 27 radians
about the y-axis between the oiven imits,
B x= =g berweet v= Uand y= | b x=ve berween ¢=0and vy =1
/5= Iny

1
S = betweets ¢ = land y=5 d x¥= ]' between ¢ =etand = &!
i ¥ i)

@ 2 Find the exact vodume of the solid generated when each curve 1= rotaled throwgh 27 radians

about the y-axis between the grven limits.

I § =23
a p=7 =1 between y=0and y =1 b r= 1:; | between y= =1 and y=1
i ) —_ T
e r=le” between y=2and y =4 d y=arccos vx betweeny = 0and p =73

g1
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B2

Chapter &

The diagram shows the curve with equation x =

v+ |

The finite region bounded by the curve, the y-axis and the lines
v =1and y =& is shown in the dingram. The region is rotated
throwgh 2 radians about the y-axis to gencrate a solid of

revolution. Given that the volume of the solid generated is ﬁ
find the value of & (3 marks)

The finite region enclosed by the curve and the y-axis 5 shaded. The region is rotated through
2y radians abowt the y-axis

o Find the value of & (1 mark}
b Find the volume of the solid penerated. {6 marks}
The diagram shows the curve with equation = 3ndx — 11 Ta

The finite region K, shown shaded in the diagram., is
bounded by the curve, the v-axis, the p-axis and the line
=8, The region B ig rotated by 27 radians about the VR

R TR AL LI L LR Ry

yeaxis Use integration 1o find the exact value of the ¥=3mfa—1}

volume of the solid generated. (3 marlks)
First reamrange the equation tomake o f’ A

x the subject
a Express cos v + 3sin g in the form Reos(y = o), where B = 0 and o is acute. {4 marks)
The region & i3 boundad by the curve with equation x = -I —— the y-axis and the
; T Cos Y+ v Isiny
]Inl.‘ﬂ_l'=|:|'ill‘l'l.f_:l'=j i i
b Using vour answer to part 4. or otherwise, show that the vnlmne_ql' the sohd formed when

l."-"i
the regon R 18 rotated through 27 radians about the v-axis 18 ?r‘-i'-- (6 marks)



Valumes of revolution

7 a Using the substitution & = 2, or otherwise, find the exact value of

| :_I
-L*E' + Hldr

BT
The diagram shows part of the curve with equation x= 77—

W |
The shaded region &, shown in the diagram, is bounded by the
curve, the y-axis and the ines p=(Fand y = |. The region is
rotated throogh 27 radians about the s-axis to form a solid 0
of revolution.

b Using vour answer (0 part 4. find the exact volume ol solid ol revolution formed. (2 marks)

8 a By wnling a suntable expansion for sin 59, or otherwise, show that

: i
sin i = ==

{10 sind = 3 sin 3 4 51054 (3 marks)
——— |

The curve shown in the diagram has equation x = =in®y/'siny.

The nite region bounded by the cirve, the v-axis and the line

4
The region 13 rotated through 2 radians about the v-axis o

I.I.=

is shown in the diagram.

generale @ solid of revolution,

|
L

| i
b Show that the volume of the solid generated is ﬁ [3 + 4-331-'-]

{7 marks)

@ Volumes of revolution of parametrically defined curves

When the equations of curves are given

m For & parametric curve, xand yare each
glven asa function of a parameter, ¢,
# Pura Year &, Chapter 8

parametrically, you can adjust the formulee for
volumes of revelution by using the chain rule.

s The volume of revolution formed when the
parametric curve with equations x =F()  ({[TIURLLD After you have used the chin ik,

and y = glr) is rotated through 2 radians vl e integrating with respect ta the parameter
about the y-axis between v =aand r=his f. Generally if © = &, then t= 4. You can evaluate
given by the definite integral by ewriting the lrmits of the
wlims =wl ™t de e H’J,z!’-_" dr integeal in tenms of ¢
¥oi r=¢ di

s The volume of revolution formed by rotating the same curve through 2 radians about the
-axis between y = a and y = b is given by

peb =r oy
Volume = :.-L' rdy = ﬂqu x2 i

B3



Chapter &

 Example ) '"
Thecurve C has parametric equations v= (1 + 1), p= I-;I|-"|" \\
o

t =1, The region R is bounded by C, the x-axis and the lines
x=0and x=1. Find the exact volume of the sofid formed
when & 1= rotated 27 radians shout the x-axis, 7

&R

A e=pe e
=

Find +and g
g i

|
3
o
I
+
L

Find the limits in tesms of . You can ignose the

¥=0=i=0 |— second solution to each quadratic equation as
v = fm s the domainof £ is given a5 { =0,
v I
Fsal Al 2l - i
il + | e = | _:-?3—“.51' with p=0, g =1,
el A . & : A
e lET e T4t _1-!=——Iiar1|:l—'1:=1+21
|+::':=.-r+3:|+n:| LRS d
4 = T ) = =] s s
e | E-L;'qr" o 1 — L=e partial fractions.
2o VeET 1757 ey -5‘"
| i LSubstitute values of for compare coefficdents.
=miein|l & + —--|
| . l 1 4
= aifding + 70 = (1 + 1)
= ql2in? —«

1 The curve Cis given by the parametric equations x = 1, y = ¢, ¢ € B. The region & bounded
by the curve, the coordinate axes and the line x = 8 is rotated through 38607 about the x-axis.
Find the volume of the salid of revalution formed.

2. The curve C 15 defined by parameine equations x =&, y=yi=1 1= |.

The finite region bounded by the curve, the

x-axis amd the lines v =& and x =" &

rotated through 27 radians about the v-axis. m Your answers to parts b and d should be

a Write down the values of ¢ corresponding the same. Yoi can find 2 wolume of revalution for
o= et and pm et a parametric curve by aither intagrating with

dx

b Find the volume of the solid of evolution respect to the parameter using x (1 e di, or
formed. by comverting to Cartesian form and then using

¢ Show that a Cartesian egquation of 7 [y3dx 1 you convert to Cartesian form,
Cisid=lnx— 1. you must remember toconvert the limits of

d Evaluate = [*'tlnx — 11dx. R A

B



Valumes of revolution

3 The curve € is defined by the pammetric equations x =+ 1 = sin#, y =cosf, 0= 6 = 27,

A

a Show that a Cartesian equation of the curve is 3= 23" — x.
b Find the conrdinates of the point P, where the curve intersects the v-axis
The finite region bounded by the curve is rotated about the v-axis to form a solid of revolution,

¢ Find the volume of the solid formed.

4 The curve C'is given by the parametnic equations x = tané, y =sec’f. 0 =i < :

The region & bounded by the curve, the i-axis and the lings ¥= 1 and y = % is rotaicd through
2r radians about the y-axis.

a Find the values of #corresponding top = 1amd vy = §,
b Find the volume of the solid of revolution formed.
¢ Show that a Cartesian equation of thecurnveis ¥ =p1—1,

d Lise :-r_]'r'.-::' dy o venfy your answer o part b,
¥

IE} 5 The curve ¢ has parametric equations x = sin*#/cost, y=cosf b= = ; i
The finite region & bounded by the curve and the y-axis is rotated through b
36407 about the y-axis 3]

Find the valume of the solid of revelution formed

@ 6 The diagram shows the curve C with parametric equations x = 21, 1= 3, =2 = 1 == 2. The points
P and {J correspond to the pomts where ¢ = -2 and 2 respectively.

o i o

The region £ is bounded by the curve and the line y = o, Region K is rotated about the y-axis
to form a solid of revolution.

Lise parimerric integration to show that the volume of the solid formed s 327

BS
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T a Find [cosdde

B

The diagram shows part of the curve O with parametric ]

equations ¥ =colll, y=4anld.0 = § < :: The finite region

R shown in the diagram is bounded by C, the lines x = ]?

| -
&= 3 and the yv-axis Regon R is rotated through 2=
rdians about the v-axiz to form a solid of revolution.

{2 marks)

A m

b Show that the volume of the solid of revolution forimed i
is given by the integral .!.-‘|r "cos0di, where o, band k are
constanis (o be found.

e
.
1 3 o
vl
{5 marks)

¢ Hence find the exact value for this volume, giving vour answer in the form pr.

where pis & constant to be found,

: : 1 I
The curve C has parametne equalions x =5, vy =Inly, i = 3

21 2
Thee finite region K, shown in the diagram, is bounded by O
the x-axis, the y-axis and the line 1 = o. Region & is rotated
through 27 radians about the y-axis

1
The solid of revolution formed has volume %

(3 marks)

Find the exact value of (B marks) -

The curve C has parametric equations y = 2sint, p=r. 0= ==

The finite region 8. shown in the diagram. is bounded by € and
the 1-axis. The shaded repon is rotated through 2= radians
about the y-axis Use caleulus to find the exact volume of the
solid generated., {6 marks}

¥
i
il
A

&

o x

The diagram shows the curve C with parametric equations x=~ -2 y=1-rF -1 =7= |,

C intersacts the coordinate axes al points P, O and 5 as shown in the diagéam.
The region K is bounded by the ¢urve and the line segments £ and 05,

Region R is rotated through X7 radians about the v-axis
Find the exact volume of the solid of revalution.

(8 marks)



11 The diagram shows part of the curve ¢ with parametric
pquations =, r=¢%, re f.

Valumes of revolution

The region & 1s bounded by the curve, the 1y-axis and the lines
y=1and y =6 Region R is rotated through 2= radians
about the y-axs

a Lise parametric imegration to find the volume of the solid
of revolution. {6 marks)

The tangent to the curve at the point (1, 1) 15 shown on the
diagram. The region 5 15 bounded by this tangent, the curve,
the y-axis and the line y=06.

b Find the volume of the solid of revelution formed when the

region 5 is rotated through 27 radians about the 1-axis
{3 marks)

m Modelling with volumes of revolution

Volumes of revolution can be used to model real-life situations,

The diagream shows a model of a goldfish bowl, The cross- F

section of the model is described by the curve with / \
3

paramelre equations x = 2sind, ¥y =2cosf + 2, g =15 1?-

where the units of x and y are in cm. The poldfish bowl 15 Jem

formed by rotating this curve about the y-akis to form a sohid

of revolution. J'

-t

a Find the volume of water required 1o fll the model toa 4om
height of 3cm.

The redl poldfish bowl has a maximum diameter of 48 cm.
b Find the volume of water reqquirad 1o fill the real goldfish bowl] to the corresponding height.

B7
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= dy
8 ¥=Z2aind= 17 =48n7) — Flﬂdrf.aru:lm
‘) .u-"::-g'r 3 =ing [
LI = B o=t I
. af Find the limits in terms of &
reds Zcomli+dsb=i=7
e B i . s . a8y .z bl The two possible valuas of ¢ when

3= Jeorrespond to the two sides of the bowl.
V= ’.[ 4 =in® ¢ i~ 2 =inf) i - Choose one of these, a3 you need Lo rotate hall of
the bowl about the -axis.

= —.""'.-r.'|| & 1 Al
S

- ) L )

= —."!HrJI simd{T — it Fhl Uza IF = Trj !l.'z'—'kd; wg'thlrj- =y = 5-;:!’
; | e 3
I S . d :

= —."'_'l:j I=int — sint cas= Il dY = deiniy and-{i—?:—ﬂElnI

= —E‘::l —coal + -.,-I.."a'.1:- d
o . Using the identity sin®s + cos’r = 1 allows you to
= =&7| | [ - &+ oo 3J i integrate sin's.

Integrate sinsoos ¢ using the reverse chain rule.

= -.?_‘.:I:Il—é + :H- || - |: . I\
Ve 30 31 —— Substitute the limits,
=T
= —H—I - | = -'T-e'.-_ —
- L Simplify,
b Linear scals factor = 12
olpme scale factor =12 = 1725

Voluma in actual tank = 1728 % Sr
= 4S5 800cm™ (3 =1)

L

I The diagram shows the curve with equation x = .%H]g w2,

A veleano i3 modelled as the solid of revolution Tormed
when the region 8 bounded by the c-axis, the y=axis the
Ing y = 120 and the curve is miated about the r-axis,

The umis of xand yare metres, 2 L
a Wiite down the dinmeter of the bage of the volcano according to this model. {2 marks)
b Use this model (o estimaie the velume of the volcano, [ marks)

2 The dipgram shows the cross-sechion of o vase, which has o height of 30¢m,
I{H:h
Sl a1
0=y = 30 through 360% about the r-axis The vaseis illed to a height of 2em
with water, Find the exact volume of water in the vase in the form prlngom’,
where poand ¢ are integers 1o be found. (6 marks)

The vase i formed by rotatimg the curve © with equation 2

Bl



Valumes of revolution

@ 3 a Prove that cos'd = iuusﬁ + i-um- ko) {3 marks)

The diagram shows the eross-section of a domed tent,

I'he tent can be modelled by a solid of revolution of &
curve £ about the v-axis. Curve € has parametric e

equations x = S0cosd, v = Wsind, 0 = = ; .
10 m

b Fmnd the volume of the tent (5 marks)

4 A scale model of a hot-air balloon is modelled as a solid of
revolution of a curve O about the p-axis Curve O has

i e _ i
equation x = sinyysnly, ) = y = 5 where the units of x
and v are in meires, e

a Find the volume of the model hot-air balloon. (5 marks)

b The real hot-air alloon has a height of o5 metres, Find the volume of this balleon. (2 marks)

]

5 The diagram shows the image of a silver earring, which has a height £
of 3mm. The carring is modelled by a solid of revolution of a curve ©
about the y-axis. Curve C has parametric equations x = 2&in 26,
Ve lsnl 0=§=5,
) -'I'
a Show that a Cartesian equation of the curve Cis x* = ﬁr:-i'? - {4 marks)

Silver 15 melted down and cast into a mould to create each earring.

b Using the model, estimate the maximum number of earnngs that can be manufactured from
30 mm? of silver, {6 marks)

¢ Give one reason why this might be:
i an underestimate

i an overestinuang, {2 marks)
1 a Find ‘II.'I.'L'{lHl".:IﬂI. (5 marks)

b The disgram shows part of the curve O with .
equation p = 2eisinx. The shaded region in
the diagram s bounded by the curve, the c-axis
and the line with equation x = % This shaded

region 5 rofated through 2 radians about the

v-axis to form a solid of revolution, Using

calenlus, find the volume of the solid of o
revolution formed. giving yvour answer in

terms of 7. (4 marks)

ALY
.



@ 2 a Uscinicgration by parts to show that

Chapter &

P

[ “rsectxdr =5 - 1n2 {5 marks}
4 3

The finite region &, bounded by the curve

with equation v = xisecx. the ling x = IT and

the x-axis is shovwn. Region & is rotated
through 2r radians about the v-axis,

b Find the volume of the sold of revolution

generaled, {2 marks)
"
The diagram shows part of the curve O with equation vy = 2 :' v =0
-1I
C
N

i |

3,
]

The tangent T'to € at the point {1, 3) meets the v-axis at the point I% ). The shaded region is
Bounded by O the ling & =35' and T, as shown in the diagram.

The region 15 rotated by 27 radians about the x-axis to generate a solid of revolution.

Find the exact volume of thjis solid (10 evarks)

4 The shaded region R, shown in the diagram, 15 bounded by the curves y = secx — cosx and

th

¥v=cosecy — sin.x, and by the v-axis. The shaded region & is rotated through 27 radians about
the r-axis to form a solid of revolution

Fi

Find the exact volume of the solid. (9 marks)

The diagram shows parl of the ¢corve ¥ = e = 2

The region £ is bounded by the curve, the y-axis and the lings p=
2and y = 4, as shown m the diagram. Region £ 15 rolated through
27 radians about the ~axis Use integration to find the exact value
of the valume of the solid formed. Leave your answer in the form
mpldct+ Bef 4 Ot + De 4+ F). {f marks) Iy X

90
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Valumes of revolution

The diagram shows the region £ that is bounded by the curve C and '
the line /.

Curve € has parsmetric equations x = 2sm? vy =2 cost, 0 = ¢ = g
Line /is the tangent to the curve C at the point Hg A

a Find the Cartesian equation of the line /.

The region Ris rotated through 27 radinns about the y-axis.

b Find the volume of solid generated. 2 ¥

This graph shows, for 0 = ¢ = 2, the curve C with parametric equations

gm (4 1P, pm=gtd+ 3,

4

I'he shaded region & is bounded by curve Cand the lines xy = Land x =9,

s Find the area of the regon R (3 marks)
The region K is rotated by 2% radians abowt the v-axis

b Use integration to find the exact value of the volume of the sold formed. (5 marks)

A point on the unit circle haz coordinates (cost, sinf). Use parametnc mtegration o show tha

; |
the volume of the unit sphere 15 .:

w Prove the identity sin'@ = sind — {sin 30, (3 marks)
The diagram shows a rugby ball, which has a length of 30cm

and a height of 20cm, @

The curve C has parameatrc ¢quations x© = 13cosd, y= sind, = f= 7

The rughy ball is modelled as the volume of revolution formed when the curve O is rotated by
2w radians about the x-axis

b Find the exact volume af the rughy ball according to the model. (6 marks)

Part of the outline of o solid giass pendant is shown in the digram.
The outling iz modelled by the curve with parametric equEations

r = m . 4 .
¢ =2sinde, v = deost, 0= ¢ = -, The piece of jewellery is

formed by rotating the shaded region through 2o radians about
the y-axis.
Use the model 1o estimate the velume of gass contamed m the pendant, (7 marks)

r X

21
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Challenge

The curve s defined by the parametric equations ¥ = F =21, g B
The diagram shows the findte reglon R beunded by the curve Cand the
line with equation y=x

f solid of revolution is formed by rotating the region through 2x radians
3

1]

abaiit tha ling ¢ = v Show that the valume of this sehd s

Summary of key points

1 The volume of revolution formed when y = flx} is rotated through 27 radians about the x-axis
between x = gand x = h 5 ghven by

Volume = r.rr_[b}"r.l:

2 The volume of revolution formed when x = f{ v} is rotated through 2= radians about the 1-axis
between r=qand y =& 15 given by
Volume = wf:"d y

@ The velume of revolution formed when the parametric curve with equations x = f{r) and
= gl is rotated through 27 radians about the x-axis between x =g and x =k is given by

dx
Voluma = = f ytdy = "‘"J:J'I 'E;'ﬂ'

® The volume of revolution formed by rotating the same curve through 2= radians about the
y-axis between ¥ = ¢ and v = bis given by

dy
Volume I‘:rr_ﬁ:_i.l"ﬂj' = ':1" el
=g
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Review exercise

L]

Bhow that
cos2x + i8in2y
cosy —isin9y
can be expressed in the form
COSHY + Esin sy, where nis an imbeger
to be found.

()
= Section 1.2

a Llse de Moivre's theorem to show that
cos58 = Thoos" 8 — MWicos’d + Scosd. (4)

b Hence tind 3 distinct solutions of the
pquation 16" — 20x" + Sx+ 1 =10,
giving your answers 1o 3 decimal places
where appropriate. ()

= Section 1.%

a Lise de Moivres theorem o show Thiat
sim 36 = siné Lheos'# — 1 2cos 8 + 1)

(4}

b Hence. or otherwise, solve. for
= @<, 5indf +cosfsin2d =0. [(J)
&= Spction 1.6

a Use de Motvre's theorem to show that
sin’# = s5isin 56 — Ssin 36 + 10sind).  (4)

b Hence. or otherwise, show that

(&)

! sin @ di = ]H.|
' = Spction 1.&

a8 Given that 2 = cos & + 1sind, show that
"+ M =2cosnd. i2)

b Express cos®# in terms of cosines of

multiples of 4, (43

¢ Hence show that
| costodi=3] (6)
#= Section 1.4

9

®

The convergent infinite series Cand 5 are
defined as
C=1+cosf + oosdf+ ... +cosin— 1)#
S=sin# +sinlé+ ... sinlp— )¢
By considering C + 15, show that
e 1 —ms[}-r.ma[n— 118 — cosnf

2 —dCosH
and write down the corresponding
expression for &,

i4)

= Section 1.5

a Solve the equation
F=d4+ 4
giving your answers in the form
z = re', where r is the modulus of 2
and & is a rational mumber such that
=f=2 ]
b Show onan Argand diagram the points

representing your solutions (2)
#= Section 1.6

A Solve (he equation
=32+ 32/5i
EiviRg your answers in the form re*,
wherne ¥ >, —r < f=rm. ()
h Show that your solutions satisfy the
equation
42 =0

for an integer &, the value of which

should be stated. (3
# Secrion 1.6

Solve the equation =* = 1. giving your
answers in the form cos# + 1snd, ()

& Secton 1.&, 1.7
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13
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24

Heview exercise 1

a2 Find. in the form re®, the solutions to
the equation

16— 163 =0 (5)

The solutions form the vertices of a
polyvgon in the Argand diagram.
b State the name of the polygon formed.

in
# Soction 1.7

Write down the five distinet solutions
to = = 1, giving your answers in
exponential torm, and show that their
sim is {1 (<4}

S

b The point (3, (1 lics at one vertex of
a regular pentagon. Given that the
pentagon has its centre at the point
(2, 1) find the coordinates of the

other vertices (4)
+ Soction 1.8
Prowve that
a. a n
= IMr+2) n+2 (5)
= Sertiom 2.1
Prove that
. 2 mlet + B
e+ Dir+31 " oln+ Din+3)
where &, b and ¢ are constants to be
fouwmd. (5)
+ Section 2.1
a Show that
5, S S | BT
Fe2 rel (e Difr+ 2y &
(2)

b Hence, or otherwise, find

n

P l o
l_". (r+ 1Hr+2) Eiving your answer

as & single fraction in terms of n.  (3)
+ Section 2.1

) = e s e s )
a Express [Tx) in partial fractions (Z}
b Hence find iﬂﬂ- (3)

+ Section 2.1

lﬁ

(£F) 18

(®) 21

a Express as a simphiied single [taction
I |

(r—1F " F z)
b Hence prove, by the method of
differences, that
r=1 i
t‘.._;_ -_..;=|__. = {3}
S = 1) -
2 ) " & Sactlen 2.1
a Prove that
4 alar + h)
Srr+2)  in+1)n+2)
where a and b are constanis Lo be
Fosuamad. 15
b Find the value of ‘I‘“l & t
: 5 T R =
4 decimal places, 2)
= Sactien 2.1
a Prove that
= I S SR (S
Bl oy il 5
b Hence find the exact value of
- I
r}-rl 4!': — ] {:}
— Saction 1.1
Given that for all ceal values of .
(re 1P ={2r= 1= 4r & B
where A4 and 8 are constants.
a find the value of A and the value
ol B, (2}
b Hence show that
3% = gl 1020+ 1) 3
¢ Caleulate ‘:t]:- - 1P, 2}

— Sactian 2.1

Prove that
i 4 )

; |
i—:mw r +2)  eln+ 1§20 + 1)
where o, b aid ¢ are constants 1o be

found. ia)
— Sactlen 7.1
a Shoay that
gl o
M) = L=
Forr ¢ 241, —1., {2}
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(EF) 13

(EF) 27

b Find LI P + ” . CXPIEssing your

answer as a sinple fraction inis

simplest form. i3
+ Section 2.1

5 P+ 3
Find 1 5500 )
+ Seetlan 2.1

Civen that x 5 so small that terms o
and higher powers of x may be neglected,
show that

flsiny = Gcosx+ 5= A+ 8x +

stating the values of the constanis
A, Band C. ()

= Sectlons 2.3, 2.4

Show that for = 1,
i =x+ 1)+ Imiv+ 1) =3nx
| 4 =
R T t v 6)
#+ Sectlons 2.3, 2.4

Given that x i 50 small that lerms in
and higher powers of x may be neghected,
finid the values of the constanis A, &, O
and I for which
eivpns Sy m i 4 By b Oxf 4 iy (f)
+ Sections 2.3, 2.4

a Find the first four terms of the
expansion, in ascendmg powers of x
of

(2x+ 3, | < § (3)
b Hence. or otherwize, find the first four
non-Zero térms of the expansion,
dscending puw'.:;:i of &, of

ndx ,, 2
e S

(5)

+ Soctlons 2.3, 2.4

a By using the Maclaiunn series for cosx
and Infl + x), find the series expansion
for Infcos &) in ascending powers of x
up e ansd insluding the termin 2, (6)

(&) 2

() 29

OFL

@ 2

REview exercise 1

b Hence or otherwise, obiain the first
WO non-#ero 1erms in the series
expansion for Infsec ¥} in ascending
powers of x.

(4

= Sections 2.3, 2.6

Criven that
f(x)=In{l +¢os2x), O=x< :
Shaow that: A
a Mx)==2tanx (2)
b [™(x)==(T"{x) [[£] = (%)} (5)

¢ Find the Maclaurin series expansion
of fx), in ascending powers of x, up
to-and ineluding the terfm i a7, i4)
&= Sedtions 2.2, 2.5, 2.4

Evaluate f ¢ smads (5)
" + Section 3.1
I
Eval uamJ- == i5)
REE « Sertlon 3.1
) | _
a Find L_ T ]}-h (3
h Hence show that f porure 3]11
converees and find its value (3
+ Sactlon 3.1
Show that f e dx converges and
|
firvd is exact value. i5)
& Section 3.1
a Find j '.;....;d : ()
b Hence show that f ., Fd
diverges, (4
4 Secthon 3.1
Find the exict mean value of
fx) = xeos Ly over the ingerval |I.I, ;r] (4
= Segtlon 3.2

25
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Heview exercise 1

g oAk -
e v T

a Show that the 11123:1 "rH:hll: of () over
the interval [2, 5] is yIn 5t (d)

b Use the answer 1o part 4 1o find the
mean value over the interval |2, 3]
of f{x)+ Ink where & is a positive
constant, giving your answer in the
form plng, where p and g are constants
and g i% in terms of & (Z)

+ Sectlen 3.2

fix}=x¥x* =17

a Show that the mean value of fix) over
the interval [1, 3] is _:-,|_|.__ {3

b Use the answer 1o part a to find the
mean value over the interval (1. 3] of
=M x}. (2)

# Section 3.2

fix)=

VX
Find the exact mean value of [{x) on the
mterval [1. 3). 4]
= Section 3.2

f{x) = Inkx, whene & 15 a positive constant.

Giiven that the mean value of Bx) on the
nterval [1, 3]s h':?Inj =4, lind the value

of k. {4)
& Sectipn 3.2
Criven that y = (aresin v,
e
a prove that {1 — 17| —P] =4y (4)
dv
b deduce that (1 = 'r]ﬂ-"i 'ﬁ:! {2)
& Sectlon 3.3

a Given that y = arctan 3. and assuming
the dertvative of tan x, prove that

dy "
de” T+ 97 (3)
b Show that

JI Ex arctan 3x = H{dw — 33 (4
. + Sections 3.3, 3.4

::Il

(EF) 42

GDEE

[x) = presin

a Show that F{x) = ?-I- (3}
vl =x* ,
b Given that y = arcsin 2y, obtain |J]'c
as an algebeaic fraction. C{3)

¢ Using the subsiitution v = L gin 0, show
that

J \fxrcs:: ‘_“"-r.l. = 46~ @)
¥ o + Sections 3.3, 3.4

Show that

o
x4l gy = garctany + Inx
e Bl & 1) e

where A and & ore constants 1o be

XeX

fouwnd. (5}
«— Sactian 3,5
Axt 4 Ak
e e 15
a Show that fix)can be wrilten in the form
A . 8
¥—3 45

where A and B are constants 1o e
Freiimi

b Hence show that
Jiix)ds = Plnlx - 3) + Qarctan Rx + ¢

where , 0 and R are constants o be
[oviend. (4}

~ Sectien 3.5

2}

i

The figure shows the finite region K,
which is bounded by the curve v = x¢',
the line x = 1, the ling x = 3 and the
A-axE

The region KB g rotated through 3607
shout the x-ans



(£) 45 1y

Use integration by parts to find the exact 17

volume of the solid generated. ()
+ Seetlon 4.1

J.=35:in§-

3 !

31‘ s

The curve with equation y = lnsi.n'%-
= x¥= 27, 18 shown in the figure, The
finite region enclosed by the curve and
the x-axi5 15 shaded,

a Find, by imtegration, the area of the
shaded regon, ()

Ths region is rotated through 27 radians
ghout 1he r-axis

b Find the volume of the solid
penerated.

+ Vo= njEiny

]

The figure shows a graph of = x/sinx,

[} = x =<

The fimite remon enclosed by the curve

and the yv-axis is shaded as shown in the

figure A solid body 5is penerated by

rotating thiz regien through 2 radians

about the v-axis Find the exact volume

ol &. (%)
+ Sectlon 4.1

(5)
= Sacthon 4.1 48

REview exercise 1

ik v
. 1
The curve shown hag equalion x = {;—E

The finite région shaded 18 bounded by the
peaxis the line w = 5 and the line y = a.
The region s rotated about the y-axis
through 3607,

Criven that the voluwme of the salid

generated is il;' find the value of @, (5)
& Sectlon &2

"

The curve shown has equation x = ypcosy.

The finite region shaded is bounded

by the curve and the y-axis The curve

intersects the positive p-axis @ (0, &)

a Show that k == ()

The region is mw‘t':d through 2n radians

about the p-axis,

b Show that the volume of the solid
penerated is ar? 4 B where g and b
ang constants 1o be found, (6}

= SEitlon 4.2
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Heview exercise 1

-

(&) 42 o

The diagram shows the curve © with
paramerric equations
B o e A A el |

The finite region shown shaded is

bounded by the curve, the v-axis and the

hnes v =In2 and v = A

The region is retated through 37 radians

aboul the r-axis

Given that the volume of the solid

penerated is 6m + d=In2, find the value

of &, (6)
+ Section &3

The shaded region above is formed by the
seaxis, the lines x = 0 and & =4 and the
curve C where the equation of Cis

A poitery vase i modelled by rotating
the shaded region through 3607 about the
w=axis Oiven that cach unit on the axes
represents 2oem,

a show that the exact volume of the vase
can be written in the form axln b where
e B oare integers 1o be found. 5

b Supgest a reason why the volume of
the vase may actually be less than vour
answer to part a. {1}
~ Saction &.4

The diagram shows the curve with
equation

xX= |"l-'[3' - '% E-'T:l
a Show that the coordinates of the point
marked 4 where the curve crosses the

-axis are (0, In6).
The solid ol revolution formed when
thi shaded region is rotated through
360" about the y-axis s vsed o model a
prototype of a new wype of orthopeedic
cushion. The prototype 15 3D printed
using plastic filament.

iZ)

Given that cach umt on the asesis 1em,
b find, correct to 3 significant figures, the
solume of the prototype (i1}
¢ Suggest a reason why the amount of
filament usad 1o primt 1o model may
exceed vour answer 1o part b. 1)
& Section &6



L) x

The diagram shows the curve O with
paramelne cOuarions

, : ]
x=1lgnt y=3ginr 0=¢t= ,.',

A pewellery pendant is made in the shape

of the solid of revelution formed when

the region marked & is rotated through

2 radians about the xv-axis, Each unit on

the axes represents 0.5 cm.

a Show that the volume of the pendant
cen be found by evaluating the integral

uf Jl sifh” 2¢ cos £ di {4}

b Hence show that the exact volume of
b
the pendant is = g, ()

 Section &.&

1 & Showthat if w=e%, then
1%+ u + ) { § IFi iz ara multiple of 3
C——— 1 otherwize
Let f{x) be a finite polynomial whose largest
power of x is 2 multiple of 3, so that
[ R ROTRE, RIS TR .
where e R ke M,
The sum & is given by
S=dp gt o Eoy = ;ul_

b By considering a general tarm of {4,

F{1) 4 fl & flart)

show that 5§ = T

¢ Hence, by considering the binomiat
expansion of (1 « 1%, show that

; =
ﬁ{;f = ?—3-—2 += Sectiom 1.6

Review exercise 1

2 The region bounded by the v-axis and the
graph of the function
!
Fliv) = (55
an the interval [2, =) is rotated through
3607 about the v-axis.

Shiow that the volume of the described sofid
is finite and find its value.
+— Sectlons 3.1, &.1

3 A continuous random variable, X, has
probability density function
; A
)= T+a
where A i5 a constant,

a Given that f_:ﬂn:] dx = 1, show that

1
.:-{=;-I_

The variance of a continuous probability
distribution which is defined over the real
numbers and is symmetrical about
x =0 {5 glven by

[ty
b Show that X has infinite variance.

The mean of a continuous probability
distribution which is defined over the

real numbers s given by J:JrfLr} dx,

ieR

¢ Show that

(1] .L ) 1} x )
Ltu'r-nl + .T“:d-l =lm '[qu 1+ 'L'Jd;"
and explain why the mean of Xis
undefined, + Soction 3.1
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Polar coordinates

After completing this chapter you should be able to;

® Linderstand and use polar coordinates - papges 101104
® Convert between polar and Cartesian coordinates -+ pages 1021104
® Sketch curves with r given as a function of # -4 pages 104-109
® Find the area enclosed by.a polar corve ¢ pages 109-112

& Find tangents paraliel to, or at right angles to, the initial ine
- pages 113-114

Prior knowledge check

1 Find the esact value af
||- sin=E dit & Pure Year 2, Chapter 11
‘'

2 Y=rosx+5inx00sa
Find, in the interval 0 < x < 7, the values

i
of x for which —=10.
dx

& Pure Year 2. Chapter 9
3 a Onan Argand disgram, show the lotus of
paints given by values of = that satisty
|==30f =3

b ::I'_I”EUE;TZ:"-:; ::;'1;' EE::': Pefined by _ Potar -:'.Cu.':-r-’_‘hr'-.atl.:'i- describe rr-:‘nziti-pna n fErms
A : of angles and distances GPS navigation
R=flz-3i=3n{z=0=argz=> systems use polar coordinates to triangulate
= Book 1, Chapter 2 ¥ Lhe position of a ship oran aircral




Palar coordinates

@ Polar coordinates and equations

Polar coordinates are an altemative way of describing the position of a4 point £ in two-dimensional
space, You need two measurements: firstly, the distance the point is from the pole (usually the arigin €],
r, and secondly, the angle measured anticlockwise from the initial line (usually the positive 1-axis), f

Polar coordinates are written as {r, 8, m
When working in polar coordinates
the axes might also be labellad like this;

=

oyl ar e,

- i
: t Initiial line
The coordinates of F can be written in either Cartesian form as (x, ¥) or in polar form as (r, &,

You can convert between Cartesian coordinates and polar coordinates using right-angled triangle
”IEIEFI'.'II'I-'IFT!'ll'.

Fram the diagram above vou can see that:

® Feosil=x .
R m Always draw a sketch diagram
=) to check In which guadrant the paint Bes and

®pi=xly e always measure the polar angle from the positve
v-auis

Elzlrr.tun{‘l|

Example o

Fimd polar coordinates of the points with the following Cartesian coordingies
a 34 b (5 -13) € (=3, -1)

Diraw a skeich.

il
[i

Feld+ 49 =05 Lise Pythagoras” theorerm 1o find r,

H = @l = = {9 . .

£ ST | s

S the golar covrdinates ae (5, D227 —  Lise Eriganometry to find £, Give your answer in
radians
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Chapter 5

FoEfdindiEs ang 1.3

Y )

Sob=g+

i ol

FEereinabes = |

§ -
ol T S|

Draw a sketch.

Lise Pythagoras' theorem o find r

L= trigonometey to find &, taking care to ensure
it ks In the correct guadrant. You coulbd also write
this point-as {13, 5.107} since 1,176 + 2= = 5107

The sketch shows that the paint i2in the 3rd
quadrant:

Lse Pythagoras' theorem to-find r

The paoint is in the third quadrant =0 uze = ?—;
5%

Tu_
You could alsousa f= "5 S r = -0

& &

Convert the following polar coordinates into Cartesian form. The wngles are measured in radians.

4ﬁll

|
a (10.57]

)
-
n
-
0
=
1}

e = F

{29
b |5 3 |

n coardlnates are (=4 4.9

Polar equations of curves are usually given in the formor = HE), For example,

r=goos
r=1+28
r=H

In this examHe »is constant

You can convert between polar equations of curves and their Cartesian forms
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Find Cariczian equations of the following curves,

ar=5

B FEJ

Sauare Both sides to gek o

b r=24+cos2d

Palar coordinates

C orr=an2f, 0=

ok | Y

You need to replace rwith'an equation in vand »
Use rt = xt 4+ 14 S0 the eguation r= & represents
o gircle with centre & and radius &

¥ou negd an equatkan in xand y, S0 use x = roos

S a Cartesian sauation = X
br=2+cosif =

e I T O e o B

r=1+ Zocos &

htulEbmby by =

Fhis means first writing cos 20 in terms of cos 6,

Mow Use x = rcosf and ri= 52+ 14

| m Palar eooedinates aften give rise o

F' = rF + Erfpost

[ = K5 4 4= oAy

Oy L 4§ = AL 4
= o= ainah Pl = —

rr=2anflcosl

Find palar equations for the followmge:

g -t =dx

complicated Cartestan equations, which cannat
be written sasily in the flormop = |,

Problem-solving

You need towse the substitutions 2 =rcas i
and y = r5ind, Usesingd & sinid cosd and then
mltiply by

€ pi=xed

Substitute v = rcos# and p=rsin#,

Chvide by r and simplify,

Suhstitute ¢ =rcosfand y=rsind

F= Seand = S cotilcodecl!
=in= i
So 2 polar sauation = r =
l? = = =
" ] = ainfll = 5o
il [ i} i =

Lise cos 28 = cos®f - sindé,
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Chapter 5

5 S =0 o4
T Substitute v =rcosfl and r = rsindand then try o
SN E = Fiis = 5 2 i i ¥
simplify the trigonomedric expression,
v ant = cosd) =
= ’ I
.I'I = i — e | =
pEin (- S = 2 . ——— Use the sinld = 8 formula,
S0 a polar dspation i= - = £ oomas (= ' |
=]

Exercise @

1 Find polar coordinates of the poinis with the following Cartesian coordinates.

a (312) b (-5, 12} & =5=1d)
d {2, -3) e (ya,—1}
2 Convert the following polar conrdinates into Cartestan orm
i = ! A
a (6, 7] b {6, —¢] e (6.7
i i [
| =T o I
d | 10, 4_| e (27
3 Find Cartesian eguations for the following curves, where i 18 a posinive conslatl
a4 r=2 b #=3sech ¢ r=icosecd
d r=4datand scci e r=.2acosd f r=3Jasind
g r=4(1-cos2¥ h »=2cos™d i =1+ 1an'd
4 Find polar equations Tor the following curves
ax+yr=I156 b xr=4 c (¥ +7r=1x
d 2!+l -2x=0 e (x+y)V=4 f x—py=3
g y=12 h v=—Tx+a i r=xlr—a)

Challenge

Show that the distance, o, between the two points
[rye b amed firs Bl i potar coordinates is

d= '.'Ir|! + r_f = &ryra 05 (i = 0}

@ Sketching curves

You can sketch curves given in polar form by leaming the shapes of some standard curves.
® r =4 is acircle with centre €7 and radius a.

= # = v is a half-line through ) and making an angle - with the initial line.

= r =gl is a spiral starting at ¢,
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Palar coordinates

L Examolc ©)

Sketch the following curves,

Im
ar=2 hIJ='T € r=olf

where g i g positive constant,

This is a standand curee a circle with centre €3
and radius 5,

b
This s another standard graph: a half-line, Notice
It 15 only*half of the line v = —x. The other half of
) the linewiould have equation &= —; ori= ':l—T
L4 riEial lire
i g=F

This i another standard cures: & spiral. Il croszes
the horizontal axis at —rw, 0 and 2e7 and

¥ Jerm
=L and —=20

the vertical awes at Tha curve herne

drawn fior values.of @ inthe range 0 = = 2.

You can also sketch curves by drawing up a table m Same graph-drawing programs and
; Fok graphical calculators will shetch potar cundes

of values of r for particular values of &, ;

far negative valwes of r 5o take care when using

1 ¥
It is commen to choose onby values of & that Hara e R

give positive values of r.
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Sketch the followimg curves

a r=ull + codld)

i+ oot

(4]

¢ = aloos2i

Problem-solving

When sketching polar curves it Is useful to plot
paints for key walues of &, Make a table of values
o at muitiples nFlzT- to detarmina the points
at which the curve meets or intersects the
coardinate axes.

Thiz-curyve |s "heart shaped and [s known as 3
cardiakl,

Since we only draw the curve when = 0 you
need to determine the vatues of § reguirsd

Choase values of @ which give axact values of »,
The valuss shawn here define the first loop of
the curve. The values of r will be the same in the
ather twa leops

Problem-solving

The curve ghven By - = i5in 38 is typlcal of the
patterns that arise in-polar curves for equations
of the form r = aoosal or e =q5in o8, They will
have r loops semmetrically arranged around O

Estabiigh the walues of # far which thie cunse exists

Diraw Up & table of values and sketch the cure,

w‘ Explore curves given in pelar form 0

using GeoGebra.



Palar coordinates

Curves with equations of the form r = a{p + ¢ cos ) are defined for all values of @ if p = ¢. An example
ol this, when g = ¢, was the cardioid seen in Example 6a. These curves fall Into two types, those that
are ‘egg’ shaped (Le. a convex curve) and those with a dimple’ {i.e. the curve is concave at # = ),

The conditions For each type are given below,;

egp’ shape when p == 24

Links O prove
these conditions by
[: considering the number
of tangents to the curve
that are perpendicidarto.
the initial line.
-+ Example 1&

‘dimple’ shape when ¢ = p < 2g

el @)

Sketch the following curves

p o=+ 2eosl)

A F=ila ¥ 2cos )

b or=md+ deosd)

i

Lx]

Draw up a suitabée table of values.

=l il

b r=uld + 2 oon

Since 5 > 2 x 2 there i no 'dimple’

- | ———— [raw up a sultabls tableof values,

Since 3 = 2 x 2 therz will be a dimpie’ For ffclose

boer.
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Chapter 5

I the pole is taken 2= the odgin, and
the initizl line is taken as the positine real axis,

50 then the paint (e, 8 will represent the complex
diagram, number re¥ - Ssctinm 1.1

You may also need to find a polar curve to
regresent a locus of points on an Argand

Example o

a Show on an Argand diagram the locus of points given by the values of = satisfying
[z—-3-4dii=35

b Show that this locus of points can be represented by the polar curve r = Goost! + B=in .

4 3
=i =5
——— This lpcus s a circle with centne 3 + &i and radius 5,
[
B In iz T [x 25+ - &H =025
freosfl — 3 + (ramf —4)FF =25 — Substitute for x and » in podar form.
recosf — Groosd + 9 & e sin
— Brenf + 16 =25
8 B4 =in @ - Ercomfl - Srsinid =0
F== afdosatl + Ci's
F= Scoall 4 Bl
Exercise @
1 Sketch the following curves X
S m
ar=h b #=— c f=—
4 +4
d r=2sccH e 1= 3cosecH f .l'=:."1ﬁ'[l'"—%ll
EY,
g r=asind h r=all =cosd) i r=acos3d
i r=al2 +cost) k r=alb+ cost) | r=o{d+ 3cosd)
m » = a2 + sinf) n r=alh+ sind) o r=a{4 + 3sm i)
por=2 q ri=g*sind r ori=gfsin2d

@ 2 Sketch the graph with polar equation
e o LI
= sec|—=0
=g s '3 d
where & 15 a positive constant, giving the coordinates of any points of intersection with the

coprdinate axes in terms of £ {4 marks)
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Palar coordinates

@ 3 a Show on an Argand diagram the locus of points given by the values of - satisfying

z—12=5]=13 (2 marks)
b Show that this locus of pomis can be represented by the polar corve
r=2cosfl+ | 0sind {4 marks)

@ 4 a Show on an Argand diagram the locus of points given by the values of 7 satisfving

e+ 4+3=35 (2 marks)
b Show that this locus of points can be represented by the polar curve
F=—Hecosd — Oh=md {4 marks}

m Area enclosed by a polar curve

You can find areas enclosed by a polar curve using
integraticn
= The area of a sector bounded by a pelar curve
and the half-lines & = o and & = 3, where £ is
in radians, is given by the formula
Area = ; j"rzdﬂ

iy

Find the area enclosed by the cardioid with equation r = afl + cos#).

S Problem-solving

Start by sketching the curve, You can simplify

s o) your calculation by using the fact that the curve
IS S MmEerric a1 the initial line. Hence WO Can
Integrate from O 1 & and then double Your answer.

-
Indtial lie

Lise the formula for area. Remember to square
the exprassion forr.

and 50 finging Che-area dorne ths line @nd : e i
ilin 1t b ¥ou can use trigonometric identities for cos2d to
Ausling | e % !
pt __intagrate terms in cost&ar sinc i
Area=2 ¥ | 4+ coaf ot em— ‘
- | cosd i = 1+ \_12_1?5.2 ] # Pure'Yoar &, Chaptor 11
=u | {1+ 2ecsl + cos (gl

=d | IF + comil + 7 ool | di ‘—'m Unlike Cartesian integration, areas
in the third and Fourth quadrants do not produce
negative integrals. You could obtain the same

result by integrating between 0 and 2

= . z
- B0 lf'n‘“{l + cosd ) di =3_r.1|€_rg

b

=i |.'lJ + 2oind + ._ =irt 2

= =3+ 0%+ 0) =g
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Chapter 5

Find the arca of one locp of the curve with polar equation ¥ = gaandd,

Find the values of & which will give the beginning

¥ asinhl wll ha sl & and end of a laop by solving r = 0,
Mo o 2
~ Uza the area formula.
Arpg = | Al = '; I e A |
Lol - Lise the triganemetric identity for cos 24, In this
= | {1 = cosAildf =
# | oy ag 1 —pashd
| Case, sin dil = - S
ii* | =i £
= v - =
i (w sintw = r— Remembersin s =0
g 1 e i g

. m Explore the area enclosed by 2 O

loop of the polar curve with the form
r = sin 0 using Gealegra,

m r=sinnf hasn loops and so a simple way of finding the area of one bop would appear to be
to fird E'IL“J-? d and divicle by s This would ghve "'ET"

The reasan why this is not the correct answer s because when yau take rf in the integral you are also
including the m loops given by r < 0 You need to chosse your limits carefully so that r = 0 for all vaiues
within the range of the integral.

a On the same diagram, sketch the curves with equations r =2 + cosff and r = Scosd.
b Find the polar coordinates of the points of intersection of these two curves.

¢ Find the exact arca of the region which kes within both curves.

" fh=I A table of walues would consider
v ! m Ix
=0 = 7=
i Fa

This is the region required in
part €.

M= —_—

Form a suitable equathon to find
the points of intersection.

Solve for # and then substitute In
¢ =5cos i to find the value of r,
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Palar coordinates

= L
Remember that the area
foemiula ghves areas of seciors
So you need the sector formed
b the purple curve and the
e sactar formed by the blue
Iritlal lne e, Again ol can use
symmietry about the initial line
Area =2 x (2 + cos@fel + 2 x5 [ 709 cos 6 af
= %4 + dronh + cios? Hhdé « [ 525 cos” A0
—_ cis D . Sguare and rse the
= ['|5 + 4cosd + 3 _| e [N 4 cos2idl —— yigonometric identity for
I PR e o 2.
= |20 4+ Aung e Nel) L 28l  Hincl
! =1 ! |
o 3 peE £t - 251 o 1 .
= |5 Feiar J =1 -'-—"_} + -'_| e -+~ e~ | e Usetheexan:tvaiueu*.sln%'

1 Find the area of the finite region bounded by the curve with the given polar equation and the
half-hines 8 = and & = 3

e - _n - 2 = - = b _m T
g FZtn'LI.Jh-"ﬂ.-!l—I;],-J'—J b r—t|1|+'.'|II]I".|'_|'.||——:.-'.'—,._:I [N r_:.'hm."iri',n_ﬁ,.j_d
drf-ulu}siﬂ.u_ﬂ,.f-; © r’-u-'laml';'.u-f.ll,.i-'_; f redafl p=0 =g
1 5 ] T
g r=a{¥+2cosd) a=0JJ=73
] ; . | reg
2 Show that the area enclosed by the curve with polar equation » = aip + gcos ) is —=—— e
3 Find the area of a single loop of the curve with equation r = a cos 3@
} : L , 187
@ 4 A curve has equation r=a + 5sinf!, @ = 3. The area enclosed by the curve is —
Find the value of 4. (5 marks)
5 The diagram shows the curves with equations r = agin 44 A=
r 5 ] '
and r=gsin2tfor 0 == 5 |
The Onite region K i contained within both corves : ¢ =g 2
Find the area of R, giving your answer in terms of 4.
{8 marks) r =g sk
LLH Initial lina
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. . ; i o
6 The diagram shows the curves with equations » = 1 + znf? ' 2

and r= 3sind,

The fimte region B = contamed withan both curves,
Find the area of R (8 marks)

F=thznf

r=| +&in#

) {F: Initial line
T The set of points, 4, 15 defined by !

A= -:_, _:I; = HIPI = 1]} Mlzijz =4+ 3i) = 3
a Sketch on an Argand diagram the set of points. A. {4 marks)
Giiven that the locus of points given by the values of = sanstfying |- — 4 + 31| = 5 can be
expressed i polir form using the equation »= E cosil - bein i,

b find, correct o three significant figures, the aren of the region defined by 4. (% marks)
& The set of poinis A, is delined by
A= :::._: satfgz=rrNlzilc+12=5]= 1%
# Sketch on an Argand diageam the set of points A, {4 marks)
b Find, correct to three sigmificant Aoures, the area of the region defined by A, (% marks)
8 The diggram shiows the curve C with polar equation P
ol =
r=1+cosdf 0=d== ¥
3 2y 2
At points A and 8, the value of ris =5 5
Point A hes on € and point 8 lies on the initial line. : £ A
Find, correct 1o three significant figures, the finite arca m
bounded by the curve, the line segment A F and the th B Hnitial line
imitial ling, shown shaded o the diagram, (% marks)
. . =X
10 The diagram shows the curves =1 + sin ¢ and 2
r=3smn#,

Find the shaded area, giving your answer correct to

two decimal places, (% muarks) FErPRR

Jr= 1 +simd

|ebniad Fime

Challenge 3 ———

The grose-section of a shell is madelled using the P E
curce with polar equation @ = &8 0= § =4, whera k :
i3 o positve constant, The hodzontal diameter of the :
shell, as shown in the diagram, is 3om. -

a Find the exact value of k.

b Henca find the tatal shaded area of the cross-
section,

indtlall Hine

112



Palar coordinates

@ Tangents to polar curves

If wou are given a curve # = FI in polar Form, you-can write it as a parametric curve in Cartesian form,
using #as the parametar;

X =rcosf =1 cos &

V= r5in &= [l sin

By differentiating parametrically, you can find the gradient af the curve at any point:

¢ 1
u | — When d_:l = [ a tangent to the curve will b2 horizontal,
dy dif
dy  dx =
el When i &, & tangent (o the curve will be vertica,

You need to be able to Aind tangents to a polar curve that are parallel or perpendicular to the initial
line.

d
= To find a tangent parallel to the initial line set I.'i-l']; =1,

= To find a tangent perpendicular to the initial line set :; =0

Find the coordinates of the points on r= @l 1 + cosf) where the tangents are parallel to the initial
line & = 0,

= ol = gleinll 4+ sinfl cos i) -‘ e
- |} 4 . — Find an axpression bor y and then salve —- =0
"] = @lcoall + oot p v &R L d
S O = 2ens i+ cosd — 1 1
1 = #Fead — el 4
coe it e Zolve the equations to find & and then substitute
g back ta find «.
T} =l + =l 5
cosfi=-1 = #=mandsor=0 _
So thea '..-:-.a:*.'.: paralal to the inkla lins WL AT s T =
are at l: “" t: '| and {3, ) tangents on a
: : sketch of
y=ull + cosH)
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Find the equations and the poinis of contact of the tangents (o the curve r=gan 2, D=0 =
{hiat are:

a parallel to the mitial line b perpendicular to the mitial ine.

Ciive answers to theee significant figures where appropriate

[ |

! Farm an expression for v and differentiate using
a 1V =remntd =gefifsh 28 - 5
the produch rube,

= efcoa faln 20 + 2 cos2i=ind '——|

A1 = 2asintlzos"f + costl — sin™ ) Lise sin &8 = &sindlcos f and then take out the
= PemEmi =0 #=0 5= common factor Then use coscft = co ff—sind

Choose values of & within the range ghven in the
= qQuestion.

] Fras - = el = tanll = 44 2 | |
=% il = O 5E —

Sa =0erDans

ind. FELWorP = o T | If tane =+ 2 then drawing a triangle shaws that

3, £ 4t sine = 1= and cos o -
50 the: points are QO and [—— 0955 ] J T
: Usa sin24 = 2sin Acos.4 o find r.

The Eouation of the inikial lines # =0 and

that = the tangent through {3, O}

T i
| = Eayabion of The Sandant Ehrouean
1 ]

r.'l.'-': = - i..:."'-:. 1 :|

oy DIVE e EE‘r-'_:. £ vd _ A
¥ : -:. e i Iﬁd r-. G . hisey = sin 1o find Lheeq!Jaunn of the tangent
2 o | and write 1t in polar farm using r = yoosecs.

Farm an expression for v and differentiate using
the prodect nube.

o ’
— = =pslniein AR 4 :l_“u-i |-|-\."C" e
i
= Faces il (=sin=f + 15~ f = == |

i s = Lz sin 26 = 2 sinfoos# and then take out the
A T e -] comman factor Then use a farmula for cos 28

=1 Hhe s tanger
o : i
.-_-\. - i H— ) Y, R |..”|I_._.. - ]
/2 I Ife= 5 then drawing a triangle shows that
Sa = OGS vZ

] i VL B ]
i ¥ By £ COadr =~ and-sing ==,
and rF AR R = X —F —— 5 ¥

7 = ] 2, .
3 Usa sin24 = 2sin Acos 4 to find r.
The tangent is at [ %=, 0.615
§ L
2 E Baia | vE ki
I E——— RS E——— X =
7 9 3 343

o e sduaticn o the tangeit is
AR Use x = recs# to fing the equation of the tangent

D inthetorm r=xsecH.
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Palar coordinates

The curve O has eguation r={p + geosl), where poand g are postive constants and p = g,
Prove that the curve is conves for p = 2, and has a dimiple for < 24.

Problem-solving

I the curee is aob convex then thers will be
more than twio tangents ta'the cunse that are
parpendicular to the initial Ene:

= rooefl = poosd & goostl |

14 s ) ——————  Fird an expression for cand differentiace.
i 0= O =-psinll = Zgcoadzinf |

Felv —1

= L= =sintip + Sgcosl)

3] = [ =t [F] 2P
o= atHen s O or T y
e e e | Soive the equation and consider all possible cases.
2 4

If i =-2q than théve will be two sGlutions

Ec Ehis aquation in the sscond and thing

The two tangents at the bwo points represented
b these solutions have the same equatien,

uadrancs ‘EheE et angemnts ), i Ehis case
Ehe curve s nod convey and has & gimple
It = 2¢ then the sclution = ¢ = 7-anad so
Ehere arsonly bwo tangents (the blue cnes),
In ERiS CRSE ThE CUNYE 15 SoOmes
It o ':l'_l' th=n ther= = e salubion B0 BEhis
sgyiation .and enly Ehe twd blike Eangents ars
preEible [n this case Ehe curve i oomwex

)

FMénce Ehe cured s convear hdr p =y, and

has a dimpge tor p < 2g

1 Find the points on the cardioid r= | + cosd) where the tangents are perpendicular 1o the
initial line.

1 Find the points on the spiral r=¢", 0 = # = ¢, where the tangents ared
a perpendicular 1o the il hne b parallel to the mitial line,
Chive your answers o three signifivant figures,
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— —
il

d
the initial line, giving your answers 1o three significant figures where appropriate.

3 a Find the poonts on the curve = geos M, —— = 0 = 4 where the tangents are parallel to

b Find the equations of these tangents,

@

4 Find the points on the curve with equation r = ai 7 + 2cos8) where the tangents are paraltke] to
the initial line, {6 marks)

5 Find the equations of the tangents to » = 2 + cos#l that are perpendicular to the initial
line. {6 marks)

®

6 Find the point on the curve with eguation r =a(1 + tan#), (V= # < =, where the tangent is

©,

perpendicular to the mitial ne. B {6 miarks)
T Thecurve £ bas polar eguation
p=1+3cosfl, O=p==3
The tangent to Cat a point A on the curve is paratiel to the imitial line,
Point € is the pole.
Find the exact length of the ling £204, {7 marks)
8 The diagram shows a cardioid with polar equation 9=3
r=21 +eos )
The shaded arca is enclosed by the curve and the p= 21+ gosl)
vertical line segment which is tangent to the curve
and perpendicular to the imitial line
Find the shaded area, comrect to three significant
figures. {8 miarks) Yol i
@ 1 Determine the ared enclosed by the curve with cguation
r=all +{sind), 0>0, 0=f<32n,
Evimg vour answer in terms of wand {6 murks)
2 a Skeich the curve with equation r =] + cos@) [or 0 = & = 7, where g = 10, (2 marks)

b Sketch also the line with equation r = 2asect for —5 < # < <., on the same diagram, (2 marks)

2
r=2ascct at B 1f (1is the pole, find the value of cosa for which 08 =204 (5 miarks)

¢ The half-ling with equation & = o, 1 <o < —, meets the curve at A and the line with cquation

3 Sketch. in the same diagram, the curves with equations r = 3coséland r= 1 # cos# and find
the area of the region lying inside both curves, (P miarks)
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Palar coordinates

Find the polar coordinates of the points on ~ = o' sin 20 where the tangent i perpendicular

10 the initial line (7T marks)

a Shade the region & for which the polar coordinates r, # satisfy

r=dcos2d lor _d = = ; (2 marks)

b Find the area of & (5 marks)

Sketch the carve with polar equation r = a1 — cos®), where o = (), stating the polar
coordimates of the point on the curve at which r has its maximum value, {5 marks)

g On thesame diagram, skeich the curve ) with polar equation

- "

= Fpprd S -
r=2oosli 1 ; l )
and the curve € with polar equation # = II_E {Imarks)
b Find the area of the smaller region bounded by ¢, and C%. (6 marks)

a Sketch on the same diagram the eirele with polar eguation r = dcos# and the line with

polar equation r = 2 secé, {4 marks)
b State polar coordinates for their points of intersection. (4 marks)
The diagram shows a sketch of the curves with i=I

polar equations
F=el] + cosfrand r= Jacosd, a =10

a Find the polar coordinates of the pomt of
intersection £ of the two curves, (4 marks)

b Find ihe arca, shaded in the figore, bounded Tl tha
by the two curves and by the initial line & =1,
giving your answer in terms of g and .
(T marks)
Obtain a Cartesian equation for the curve with polar equation
a ri=s5ec2f {4 marks)
b r?=cosec {4 marks)

a Show on an Angand diagram the locus of points piven by the values of = satisfying
lz—1—i]=+2 {2 marks)
b Show that this locus of points can be represented by the polar curve
F= 20050 + 25ind {4 marks)

The set of points. A, is defined by

i T , --
A= |: i = ATEI = E} Niziz=1-i| =2}

¢ Show, by sketching on your Argand diagram. the set of points, 4. {2 marks)

d Find, correct to three significant figures, the area of the region detined by A4 {5 marks)
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@ 12 The diagram shows the curve Cwith polar equation i=Z
= = X =

F=do0s 2, b=f= 1
At point A the value of 13 2. Pomt A les on Cand
pinit & lies on the imitial line vertically below 4. : A
Find, correct to three significant figures, the area of the //I‘——\'\
finite region bounded by the curve, the line segment ; H :
A8 and the mmatial line, shown shaded in the
diagram. (% marks)

»
Lo .
Inizeal line

13 The diagram shows the cucve with polar equation =3
" o e X
r=4s020, l=f=-
The shaded region is bounded by the curve, the initial
line and the tangent (o the curve which is perpendicular
1o the initial ling: i

r=dam M

Find, correct to two decimal places, the arca of the
shaded remon. {(Ymarks) - 5

Challenge

The curve ¢ his polar equation ¢ = /28,
Shaow that an equation for the tangeni to the curve at the point where

H:% i 2{m = A3 + 2 + = 5

Inttial line

Summary of key paints

1 Fora point P with polar coordinates i, 0y and Cartesian coordinates (x, ),
= poosf=xandrsing=)

. ¥
» =gy i= arctan':'?:'
Care must be taken to ensure that #is in the correct guadrant
2 = r=uaisacircle with centre @ and radius .

= # =g 58 half-line through & and making an angle o with the initial ling,
= r=gilis aspiral starting at O,

3 The area of a sector bounded by a polar curve and the half-lines # = o and # = 4, whers # i5 in
radians, Is given by the farmula

Area=; [ " d

di
& +« Tofind atangent parallel to the initial line .=-Erd—'ﬁ=ﬂ.

= Taofind a tangent perpendicular to the initial line set % =1
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Hyperbolic functions

After completing this chapter vou should be able to:
® Understand the definitions of hyperbolic functions

-+ pages 120-123
& Sketch the graphs of hyperbolic functions - pages 121-123
®» Understand and use the imverse hyperbolic functions

- pages 123-125
® Prove [dentitles and solve equaticns using hyperbolic

functicns -+ pages 125-129

& Differentiate and integrate hyperbolic functions

- pages 130-142

1 flx)=ZFefep
Solve the equation fix) = 2.

# PuraYear 1, Chaptar 14

Show that
1
cost

Hyperbolic curves feature often in
architectural modelling. A hanging chain
might look like a parabola but itis actually a -
curve called a catenary which has equation Show that _|'E ersinydy = ill + BT,

=famnfx=1  +« PuraYearz2, Chapisr 6

Fx
_|'=|r|:{|-5h|u| =4 Mixesd sxeroisa 023 & Pure Year 2, Chapter 11
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@ Introduction to hyperbolic functions

Hyperbolic functions have several properties in commaon with triganemetric functions, but they are
defined in terms of exponential functions

g -g

2

Bf +at
2
sinh v

cosh x

= Hyperbolic sine (or sinh) is defined as sinh x =
s Hyperbolic cosine (or cosh) is defined as cosh v =

= Hyperbolic tangent (or tanh) is defined as tanhx =

You can use the definitions of sinh x and cosh x to write tanh xin exponential farm.

snhx __ef—e%. & __gr—g
coshxr 2 BYT4E™ T gty

tanhy =

Multiplying the numerator and denominator of the final exprezsion through by &7 gives:

e -1
= tanhxy=————
et +1
There are also hyperbolic functions coresponding to the reciprocal trigonometric functions:
1 i
cosechx = T m You won't need 1o wse thesa
! functions in your exan but they
Sthy = —a— = . = - are useful to know, and If you are
coshx  ETtE confident with them you can use
I e them to simplify your working

tanhx  efr=1

o

Find. to 2 decimal places, the valucs of:

a sinh3 b cosh | ¢ tanh{.8
.r1 —
& SitS === 052 (2 dgz)
b cosh! = 55— = 154 {2 dp)
P
e tanh OB ="—— = 066 (2 4.

S

Example o

Find the exacl value of tanh {in 4.

" | =% e ]
tankiiind} = =3 =
¥ P e e e
==l Lisa et = k
Tl w1 T -
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Hyperbolic functions

Lise the definmtion of smb oy oo find, to 2 decimal places, the value of x for whech sinhix = 5.

B = i e )
= [ Multiphy both sides by 2%,
T = AT T
e =" - 1=0 | The substitution y =e* tums this into the
e Wb

S @i 5428 - |
Sox = nlS + V8] =231 (2 dg) =

You can sketch the graphs of the hyperbolic functions by
cansidering the graphsof y=e*and v =g,
gf —pt B4 [0

2 2
s0 the graph of v = sinh xis the ‘average’ of the graphs of
r=e*and p=-e",

sinhx =

For the graph of ¥=sinhx,
« when x5 large and positive, e~vis small, 5o sinh x = -;13*
« when xis large and negative, & is small, 50 sinh x = —%E'*

= For any value a, sinh (-a) = —sinha

m Fixl = sinhx s an

odd function since fl-x) = = flx),

Consider the graphsof vy =e*and y =™,
nil
2

sq the graph of y = cosh .y is the average’ of the graphs of
r=e"gnd y=e"

cashx =

For the graph of y=cosh x,

« when xis large and positive, g% is small, so tosh x = %e‘
« when.xis large and negative, 2* is small, 50 cosh x = éE'“
= For any valve a, cosh (—a) = cosh a

Flad = cosh v is an even

function because fl=x) = fix).

e* cannmot be negative,

Quadratic equation ¥¥ - 100 -1=10

i
i -]

¥ =slnh.y

=
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Sketch the praph of ¢ = tanh x.

: L

tarh & = ——— Online Explore graphs of hyberbalic O
Whenx= O, tanhx =2 = 0 functions using Geo&ebra.

When & 18 large and positive, sinh oo e and |

1
coahy & == =0 tanhx & 1

Considerthe graphsof ¥ = sinhic and ¥ = coshx

When & = larae and nEgatnes, Sinh s S —aes
i o : . [ towark out the behaviour of ¥ = tanhx s x5 — oo
dtid sy & ™ sotanh x = =1
; and x ==,
As X — oo Eaphx — | and a5 X — =00,
tanh x —= =]

Fer fix) = tankx, y e B, the range &l | 15

=] = pagl =
it = =] ansl ¥t = 1 ard asrmphotEs o theE cliree
i
"""""""""""" E |=|..-1
Yo shauld always incliede any asymptotes on a
¢ £ sketch praph.
1 Find. correct to 2 decimal places:;
a simhd b r:c-sh-% ¢ tanhi{=2}
2 Write, m terms of ¢
a sinhl b cosh4 ¢ tanh(.5
3 Find the exact values of:
a smhiln2) b coshiln 3) ¢ lanhqln 2)

In questions 4 Lo 6, use the definitions of the hyperbolic functions (in terms of exponentials) to find
each answer, then check your answers using an inverse hyperbolic function on vour calculator.

4 Find, to 2 decimal places, the values of x for which cosh v =2
§ Find, to 2 decimal places, the values of x for which sinh x = [,
|

6 Find. to 2 decimal places, the values of x for which tanhx = -5
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Hyperbolic functions

7 On the same diagram, sketch the graphs of y =cosh 2v and vy = 2cosh x,

8 Find the range of cach hyperbolic function.
a fix)=simhx. xeR
b fix)=coshx, xR
¢ (x)=tanhx, xR

(E) 9 a Sketch the graph of ¥ = 3tanhx + 2. (3 marks)
b Write down the equations of the asymptotes 1o this curve. (2 marks)
LTS sketch the graphs of:
a y=sechy b ¢ =cosecha ¢ y=coths

@ Inverse hyperbnlic functions

You can define and use the inverses of the hyperbolic functions. s ¥ =ainhy
IF Fixl = sirth x, the inverse Function Fis called arsinh 1,
The graph of y = arsinh x is the reflection of the graph of ¥ =sinh ¥ T =arsinhx
inthe line y=x % .
I'=4xi
Thie inverse of a function is defined only if the function is one-to- i yecochy, £ >0
one, sofor cosh oy the domain must be restricted in order to define JI-.“_ .
an lnverse, ¢

*,

.-
o I_--" I' =AMCEEN N

a1 g

Forfix)=coshy, r =0 fx) =amcoshy, r =1

® The following table shows the inverse hyperbolic functions,
with domains restricted where necessary.

Hyperbolic function | Inverse hyperbolic function

¥ =sinhx _ = arsinh x m arsinh, arcosh and
y=coshy, v =0 J=arcoshy, v =1 artanh ars sometimes written as

i ¥ =tanh.x y=artanh x, |x| <1 sinh~4, cosh™ and tanh
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You can express the inverse hyperbolic functions in terms of natural logarithms,

Show that arsinhx = Il + V2 & 1),

Let v = afsinhx

o= =mivh i

g B Use the definition of sinh
er — gtf = 2%

et —1 = el Multiply by a7,

2l = Fxer =1 =0

(&~ ~ " 1= Problem-solving

2t =1+ vyt 4
ki g2 = Yyl - 1 =0 ls aquadraticln e,

st =5 — a7 &+ 1 can be lgnored since vy + 1 =, You canwrite it az (a2 — 2ve¥ — 1 = and
ared wollkd give 3 negative value of 2, which is niot then complete the sguare.

=ik,

Se e =¥V + 1

y=Inbe +40x" + 1)

= arsinh x=Inlx +vx + 1)

Example o

Show that arcoshx =lnly+ Va2 = 1), x = 1.

L&ty =-arcosh s f Use the definition of cosh
© = goshy
g Bt — Mulifply e,
28 e = s — Form and salve a guadatic in ar,
-l o B
et —Zxer 41=0 Meote that both x + =T and x =+ ¥ =1 are
ot — xF - x* 4 1 =0 positiva.
Sodt=x L ¢t —1
arcosh xis always non-negative. For all values of

_ : = x> Lx=vyx=1<1 %0 the value of
= arcosh = Inlx + vx* — 1] Inty = & = T) is negative,

You can wse a similar method to express artanh v in terms of natural logarithms.

The following faormulae are provided in the formula booklet and can be used directly uniess you are
asked to prove them .

s arsinhx=Inlx+./ 2%+ 1) » arcoshr=lnlr+/x¥ =1, xr=1
- aﬂanh_r:-:ln[: ti]]- |x] =1
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Hyperbolic functions

Express as naturd logan thms:

; |
a arsinh | b arcosh 2 ¢ aranhy
g aramnt = inl1+ 15 % 1) skl + )
b arcosh2 = In[2 +¥27 = 1) = n(2 « 3]
| =3 I :
& artanhz = zin| — ] ssnZ2=Inyeg — Useglic=1nxd,
=

I Sketchithe graph of ¥ = artanh x, [x =< 1.

@- 2 Sketch the graph of p = (arsinh x)°,
3 Prove that artanh x = 'ln“ t :'I bad = | (5 marks)
4 Espress as natural logarithms:
a arsinh 2 b arcosh3 ¢ m’mnt:%

5 Express as natural logarithms:
a arsinh 2 b arcosh 5 ¢ artanhi.]

6 Express as natural logarithmes:

a arsinh(=3) b arcosh ; ¢ artanh !,;
L

- 2y =1
7 Given that artanh v+ artanh y = In '3, prove that y = !

=2

(6 marks})

m Identities and equations

You can find and use identities for the hyperbolic functions that are similar to the trigonometric
identities,

Prove that eosh? 4 — sinh* 4 =1

] _ - B _
LHS = comh® d = sinh'A |. ——| =|=——=—| =——— \keihedefinitionsaf cosh and siah,
_I-‘,:.l_,,l:-*_:-.'r. Ii:l_g_-..1I
| 4 | 4 i .—:__ E.‘l KE‘-'T -E;=I_
-3 — s =pH5 2
4 b

s cosh® 4 —sinh®* 4 =
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Prove that smh (4 + 8) = sinh A cosh 8 + cosh 4 sinh &

ENS = sivh A conh #+ cosh 4 sinh §
Foglt!, il L i g ey | I PR —
) = = [= = .
| — || i | 4 | = || + =
| 2 . . | 2 sl 2 I
gAtl g pdB o oAt o A8 At @B el L -
] | el 4 I

st A Hi LFS

You can prave ather sink and cosh addition formulae similarly, giving:
® sinh {4 £ B) = sinh A cosh B %+ cosh A sinh B
= cosh (4 + B) = cosh A cosh B £ sinh A sinh B

Prove that cosh 24 = | + 25inh* A

RHS = 1 4 Asink® A
[gd — =l ok _ ol ) o a
SRS Lo S | e S Lis2 the definition of sinh.
IR-L.F | - o ¥ - s B
=1+2E FrE I|?1—1+|c =)

| i ] I

~och 2.4 = LRSS

Given g trigonometric [dentity, it is generally pessikle 1o write down the corresponding hyperbolic
identity using what is known as Osborn’s rule:

+ Replace cos by cosh; cos 4 — cash A
+ Replace sin by sinh:  sin .4 — sinh A4
However .,
« replace any product {primplied product) of two sin terms by minus the product of two sinh terms:
&g sinAdsinf — —sinh 4 sinh B
Thiz is tha implied product of Lwo sin t2rms because

tan® A — —tanh®* A - i
. an- A= 5H'|z.-d
cos A
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Hyperbolic functions

Write down the hyperbohic identity corresponding to:

tan d =tan &
g cosld=2onsl A1 b tan(4d — £} = — "
) | +tan A tan B
g8 cosh2d = 200sh d — |
Implled product of twosin terms because
B A i = et —tweh 3 sin A sin B
il T 1 —tanh A tach B tan Alin B= ———r
s cos B
Example @
Citven that sinh v = f tind the exact value of:
a coshoa b tanhx ¢ sinh 2w
8 Ui cosh®y —sinh®fx =1,
GOSN i — : = | = ansir X = ‘
= coshy =2 cosh 1 = 1, s0.cosh v == is not possible.
e s A L — sintx
b Lising tanhx = — 00
L_'Il'lhl.'='_:57_: =:
& Lsing sinh 2x = 2 sinh x coshx;
sinh2x =2 w3 wi=

You can solve equations involving hyperbolic functions.

Solve Gsinh v = 2eosh x = T for real values of x.

There 5 nghvperbolic identity that will easity

o i~ "'| - 35’-'.:'1-;:"”

- =7 transfiorm the eguation inta an equation in just one
i H o T hyperholic function, so use the basic definitions,

P e e g
2= Te' =4 =]
cEt - et = 4} =4

=g 8=

| There are ne real vabses of x for which e¥= —E,

v = Ink
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Solve 2cosh® x = 5anh v = 5, piving vour answers as patural logarithms

Lise this ldentlty to transform the equatlon into
an equation in just ene hyperbolic function,

Lising eosh= % = ainh"x = 1
20 4 =ink® xh = Ssinhxy = &
2ainhfx —Sainhx -3 =0

[Esrhy+ znmhr=3=0

|

So snhy = =—= greinthx=s3
Than
R
L= 1--_-|||I|| —l-?] or r = gar=inh 3
{ 1. .9 | . P —_—
> x=inf=—= 4541 | or = inl3 + vE+ 1 )—— Ussarsinhx=Inlx+/F+1).
[ I
R Rl o oy
- - - I—- - ', - ™ 7 + I
s rI 5 + ] | or X nl= gl

Solve cosh 2y — Scosh x + 4 =0, giving vour answers as natural logarithms whene appropriate.

Use this identity o transform the equation Inko
an eguation in just one hyperbolic function

Lising cosh Z2x = 2eosh™ v =1
2eonhfx—1—Scoshx+4 =0

2oosir ¥ - Scoshxy+ 3 =0

(2eeshx — 3jecshy -1 =0
So coshx = or coshx = 1 ¥ou can use arcash x = Infx + %% = 11, but

.z remambar that bath infx + % = 1) and

| 'y 5

O I'||I _:_; = -;'I- - | or x =1 |ﬂt‘|'— '.T'?_'_l:l are possible,
3 B For amy value of & greater than 1, cosh x = & will
== '|_ 55 |erx=0 give two values of x, one positive and one negative

1 Prove the following identities. using the definitions of sinh x and cosh x.

a sinh2A4 = 2sinh A4 cosh A b coshiAd - B) = cosh 4 cosh 8 —sinh A sinh &
¢ cosh 34 = 4cosh’ 4 — 3cosh A d sinh A —sinh 8= 2sinh | 252 cosn [ 428

2 Lise Osborn’s rule to write down the hyvperbolic identities corresponding to the following
ingonometric identities

g stnf{d =M=sndcos B =cosdsin b sin3d=3und-4s5n®d
: G A+ 8y (d-8 _ 1 -tan*A
¢ cosd +cos = Zcus{ Ty oS | _j_] d cosld = T3 it d

¢ cosltd =cost A —smt A
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Hyperbolic functions

3 Given that coshx =2, find the exact values oft

g sinhx b tanhx ¢ coshx

4 Given that simh x = -1, find the exact values of*

a coshx b sinh2x ¢ tanh2x

& Solve the following equations, miving your answers a8 natural logarithms.

g Jsnhx +4deoshy =4 b 7aihx =5coshy =1 ¢ I0coshy=15 4 26sinhx
d lsmhx=Teooshx+ =0 it cosh2y=5snhxy =13 [ 3sinhiy=1icoshx+ T =0
g sinh2x— Tginhx =10 h deoshy &+ 13ev=11 i 2tanhy=coshx

@ 6 a Starting from the definitions of sinh x and cosh x in terms of exponentials, prove that
cosh 2y = 2eosh v = | (3 marks)
b Solve the equation
cosh2y = 3coshxr =18

Elving vour answers as exacl logarithms {5 marks)

@ 7 Solve the eguation
2sinh?x - Seoshx =5

giving your answer in terms of natural logarithms in simplest form. (6 marks)

@ B Joshua is asked to prove the following identity:

| +tanh*x .
TR T S —] EEGSh' o= I.
1 —tanh*x
His answer s balow.
1+ sanh®x _  seeh®x

= = w=ing sech *x = 1 + tanh®x: mame identiby as the big one)
| =fanh"x 2 =sech®x et ¥ R

_ skt ra— . S
= = — 1 (splitting the fracton up and canceliitgl
L
= =———1 (taking the reciprocal of both tarms)
ek =%

Zeosh“x - 1

Joshua has made three errors. Explain the errors and provide a correct proof. {6 marks)
9 a Express 10cosh v + 6snh v n the form Reosh(x + a) A Use the identity
where R = 0. Give the value of a correct o 3 For cosh (4 + B)
decimal places, (4 marks)
b Write down the manimuom vidue of [heosh v 4 6 smnh x i1 mark)

¢ Use your answer to part a to solve the equation 10 coshx + 6 sinhy =11,
Giive your answers 1o 3 decimal places (4 marks)
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m Differentiating hyperbolic functions

You can differentiate hyperbolic functions,

. :;I (sinh x) = eosh x
The rules for simhcy and tanh.x.are the
a9 {cosh x) = sinh x same a5 the corresponding rutes for sin y and £an x
dx However the derivative of cosh x i positive sinhoy,
d i
s (tanh v) = sech®x

Show that "11 (cosh x) = sinh x.

d
&= g .
coshy & ——— Liza the definition of cash x.
So _:,J;. fcizah xi= _",f':' '_."I'i:_ =
= = 2 Differentiate with respact to
B - it - d
Z wrl =
dx
. _.; £ = winhy |
) By definition,
) A fcoahay = ainh x
i
Example @
Differentiate cosh 3 with respect to X,
- P = = .
Sy oesh 3x) = 2sinh 3 Use the chain rule,

Differentiate +° cosh 4x with respect to x.

| K] =
fd el A = =] (%) e 4y T 4 = ol ax)
e S el 1= I g b i X 4+ X 1r (o=l 4x] LIs=a the [Ifml_ll:t rule.
= Pxconhdx 4+ % § 4 =minh 4y
= 2x cosh 4x + 4 sinh 4x
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Hyperbolic functions

Crven that v = A cosh 3x 4+ Fanh 3z, whene A and B are constants, prove that

1 ]

=95

-1

dw : . :
i Ad =inh 35 + 38 co=h By Differantiate v,
ey . .
—— = S cosh 3k + @8sinh3r ! — Differentiate again,
ol
= A eomh a0 4 Hsnb 35 '
—— Fackorize.
=gy

— #=Adcosh iy + fsinhix

You can also differentiate the inverse hyperbolic functions.
1

R e |

;'I}l

ixc=1

d -
= E{arsinh.-r} =

{arcosh x) =

2o Bla

- £ = -.-.I' i
{artanh &) s || <1

dy
Given 1 = xarcosh x, find ar
e b} 1
T = Breosh X + 5 X m— Wse the product rule.
il: VaF -
X

dy
Given v = (arcosh x )2, prove that (= I]{ - J = dy.

dx
-'4.1 L) i I
= S lErashr K ——0 Lise the chain nile
ol o1 — |
I. 5 ‘|.':_s T |.|-\. . Hu] i 1 ,_._,
L I-J_‘l_'_ Larcoshxy = - EIFI !p'tl-h'v.". —1.
; dr’ y .
== (xS - ‘_ll e | = Harcoshiy Square both sides.
Bt 1 = {anzash xr
[ dry? .
AR =, =™
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a Show that d (arsinh x) =
dx

v+ 3

b Find the first two non-zero terms of the senes expansion of arsinh .y,

The general form for the series expansion of arsinhx is given by

('l:—l r"ilrﬂ!'} 2w

L
arsinh x = 3 CETTE

s 2+ 1
¢ Find, in simplest terms, the coeficient of .

d LUse your approximation up to and imcluding the term in x* to find an approximate value for
arsinh 0.5,

¢ Caleulate the percentaze error in using this approximation.

a let p=arzinhx

then sinth =X
o i [ Differentiate,
=] E = COaNE =
di
= fminh® g 4+ 1 Llsa coshe x = sinh2 x = 1
Bak- slnhjr ==
A o ot ! =
50 el £l | Take the reciprocal of both sides.
A 1 =k . -
thersfore = T Find the sevond derivative using the chain nle or
P T el P |

ueatient ridke,

B Hx)=asinhx= {0y =0

| - You need to find the first ted non-

o' = — = 1" [L}] ==
s 0] i xE ' zero terms, Fi00 = 0.and 10} = 0 so'theee [5no
sl i : S e constant term and no & term. Differentizte again
GO i to find the o term.
- ExE =1 " =g 3 :
Fix] = I x T il (O ==1 — Find the third derivative using the quatient rule:
i+ x®
= |
arainhx = x - 'L_l = X'— - = Usa the standard Maclaurin series expansion.

& Chiapter 2
& [he X term st be when =2

I[.:_x!..ﬂ_ JI|'1 e Ik £ 5 - Problem-solving

232N 5 16 =40
RO S T _ﬂl'-‘ i The general term contalns 1)~ and a power
The coefficent of 3% is 1-';:1 of x**= 1. The non-zera terms will all have odd
powers of x and will alternate signs.

d amsinh05 = 0.5 — 05" + (0.5
[ 40
=048151
048151, .. = arsmk)5
& Termor= ; : o0
it ar=inhi0.5 G
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Hyperbolic functions

1 Differentinte with respect to x:

a -sinh2x b cosh3x ¢ anh 2x d sinh 3x
¢ cothdxy I sech2. =t girih v
- ; 7 o i i m For part e, usecoth oy = lh
sinh x o tanh.x
b xooshix i T j xFeoshix Eor rarel e seck 2 1
: e © 7 oshi2y
k smmh2yxcoshix | Indeoshx) m sinhoat For part p, ue e
1 : sinh &
n ¢osh®2x O oy p cosechx
*3
@ 2 If ¥ = gooshax + banh oy, where o and b are constants, prove that d;_: = iy, (4 marks)
3 Find the exact coordinates of the stationary point on the corve with equation
y=12coshy —smhx, (7 marks)
X i d?y
@ 4 Given that v = cosh 3x sinh x, find P {6 marks)
5 Differentinte:
a arcosh Xy b arsinh(x + 1} ¢ artanh iy
d arsech x ¢ arcosh v I amcosh 3
g xlancosh x b amsinh ; i e amsinh x
i awsinhx arcosh x k arcosh xsechx I varcosh 2s
@ 6 Prove that:
d . d . | B
i e [ireosh x) = h_____l..-. =1 b T (artanh x) I—x:'l'” ]
@ T Caven that p = artanh ||L'."} prove that
-ty 2L 3 6 marks
(4-ery—— =2 (6 marks)
@ B Given that v = arsinh x, show thag
i P i : &y dy - ks
Oy R S L
{1+ de, Lo orss {7 marks)
=l
(£) 9 If y = tarcosh x)2, find TR (6 marks)

133



®

&P 1

EP) 12

EP) 13

@P) 14

@e)1s

EP) 16

[E/P) 17

Chapter &

Find the equation of the tangent at the point where x = % on the curve with eguation
y=artanh x. (3 marks)

Show that the equation of the normal at the point where x = 2 on the curve with equation
1 = arcosh 2y can be written as v = ox + b+ Ine, where @, b and & are exaet real numbers to

be found. {5 marks)

& Find the first three non-zero terms of the Maclavunn senes for cosh & {5 marks)

b Hence find the percentage ervor when this approximation is used to evaluate coshi).2,

{3 marks})
a Find the first three non-zero terms of the Maclawrin serics for sinh & (S marks)
b Hence find an expression for the sth non-zero term of the Maclaurin series
for =inh x, {2 marks)
y=tamhx
a LUsea Maclaurin series expansion to show that v=x - _%J."‘. (5 marks)

b Find the percentage error when the approcimation in a is used to evaluate tanh (L8, (2 marks)

y =artanh x

a Show that the first three non-zero terms of the Maclaurin series of v are
X+ _qu-" + l.l.'c-" {6 marks)
b Hence wrile down the general term for the pth non-zera term in the sories expansion. (1 mark)

¢ Find the first two non-zero terms of the series expansion of cosh x artanh x {5 marks)

y =sinhx cosh 2y
Find the first three non-zero terms of the Maclaurin series for v, giving cach coefficient in its
simplest form. (7 marks)

r=¢osx cosh oy
4,

dat
b Hence find the first three non-zero terms of the Maclaurin series for ¥, giving each
goctticient i its simplest form., {4 marks)

¢ Hence write the series expansion for v in the form % f{r)e¥, where £ is function to be
determined. el {2 marks)

a Show that = —dy, (4 marks)

Fird the firet three non-fero terms of the series expansion of sech
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Hyperbolic functions

@ Integrating hyperbolic functions

You can integrate hyperbolic functions.
s You should be familiar with the following integrals:

. fsln’rudr =coshy +¢ sinece ﬂ_ [cosh x) = sinh x
. fmih rsdr=sinhx+¢ since ﬂ!:lnh x}=coshx
. ___:l.*.__.d.f = arsinh x + ¢ since lﬂ.[arsinh - ;
Jy1 4+ x® vl X
. Jlufr-‘_ld_r=ar:uh.:+c..r:- 1 since :'l.'i;[lm"hﬂz.l_ﬁ:'l_-l"tbl

Find Jcoshi{dx = 1)dx.

J.'r'.-.l*-f-'l = Ndr= galnh{dy = 1) 42
Example @

; 24 5%
Find fﬁdl‘.

J vt el
J'Eu S g = ‘I" ) Aird . S dx Splitting the numeERTor gives two recagnisatse
5+ e I | L s integrals.
| i : :
= "'J" T :_]"_1,:1 e e I “— This iz the standard result for arsinh x.
i e | |

|_ This integral I5-of the form .ﬁ‘rf’li,r:l[ﬂ.’,r]}‘-ﬂ.';
4 Purg Yoar 2, Chaptor 9

= Farzsinhx + 8y 4+ 1 40

Find:
a f-:-:u.h-‘lr sinh 2addy ] funl: xdx
; . " (] i+t
4 J-_-:-%!" 2% sith 2y dy = .J”--i{-h 2xFE slnk 2l alx Use J s isds = % e

with fix) = cesh2randn =15

= osIT™ Ex
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. i
i J:an'l1-.11'=J.=:.f'1-}Z.5'n
eosh A

se fF'M dx = ln|fix)| + o
Fix])

= | sk Yy + &

= ftanhxdx =lneoshx +¢

Find the following integralz
] fwshz Ixdx b J sinh? v dy

with flxh = cosh . Modulus signs are not
necessary because coshx =0, for all =

Use cosh 24 = 2 cosh® A = 1 with A4-=3x

1 -
= =k + ==ihay + |

b fei-*-'xrl.*: = !'-'---F-' ramhxds

= f-:"-:l:‘-f-l"l.'l. — Flsiah ey

f::.::-_—h- ' =inh oy = J

Zoosh? X = somhE + ¢

]
winh v ol

Problem-selving

For small odd values of o, you can yse
f sinhy velv = [sinhe-t v sinh v d

cosh™ oy, for ood values of & can be Taund
similarky.

Sometimes the exponential definition of a hyperbolic function can be used to find a given integral.

Example @

Find fe"-‘ sinh .y dax,

=55 )as

I
- J’I::'.'"' — &) ik
L

il
|73

[ﬁ teinhx el

o i

= Wed - FaTl 4

Wse the definition of sinh .,

You need to be able to use hyperbolic substitutions to find the integrals of expressions of the forms

f 1 dyoard [—l—d
"

S Jvxd 4ot
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Hyperbolic functions

By using an appropriate substitution, find f — J_____ da, == a
vt — gl
b5 cosh®u — 1 = sint i, it olows that
oo™ g o= & = ge=inh* N
This ks similar 1o using the substitution x = rsing
Wi the subsfituticn 4 = dcoshii, = .
R e to integrate — + Soction 3.4
4y ) e
__,” = i =rrn
=2 X can bereplaced by dsinh i du.
{- I dy= f ! A sini udu
o T = I Wa® eeah® i - at
= J LT TR
Le=ar®
=40
iy X
= sreoshl S ) + ¢ ¥ = oSN i = coshw = = i = arcosh [ =]
I
= ~| + i
__1_ dx = arsinh
i
+
X
f 1 d.‘l.'=!rﬁl'ﬂ-|1|:n;}+|:'..t}|:l
Example @
5
| 2 + v
Show thai f = d.:t ™ ]n|
i - -
{' ey = [-'-:’-:Z!T‘?-"I: _"I] Lise the result FI:I-I'J‘ |:|1. with o= &
davat = & T
= arcosh 2 — arcoshls]

if
i
.'.
'ILl.
i
+
r

Lse arcosh x = Inix + [ — 1),

Us.e-lnu—inh:!n[%}
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T 1 e =
Show that f [ o :-ﬂrsamh_v ooy ] AT 0

4
Xo= Eine =

i

(]

=26l M

B0 dr can ba raplassd by sashnAn

f-.-'l + r'- dx =
]

i
By using & byperbolic substitution, evaluate f
bl e

== the suestitutlan ¥ = 3sinhe

X

= Booshi
=1

.
f W 1% Siph® o cosdh did
;

],‘-'. orsh® 1o
)

:JI!' +cosh 2ilda = 1 Usa cosh &u = 2 cosh®e = 1

1.
o+ sinkde oo mf 4+

4+ *.i.-=;_|2n ] b e _ 'Younsed to be able to use x = sinhw, 50 use
J sinh éu = 2 5inh acoshin.

S 0 e «— w=arsinhxand cash u= T+ =sinhiy,

X

T G

dx.

You need 1o reduce 12 + 9 [0 8 singhe erm
— Using x = 3sinhn gives
Qeintfn+ =9 EinhEe + 1) = Fcoshin

S dy can be replaced by 3 coshid dis

J- ll == GAN
o Vi D

138

i

J' - VY When x =6, sinhu =2 = n=arsinh 2,

= *Heosh wdu —
Ycoshis ™ - " When =0, sinhiyg=0= =0

E"-'J alrh® ¢ gy ——————— U3¢ the method from Example 26
.E'r'| Teos = cosh IJ|
27| {5 ]=27|

1845 418

L = | e——— Assinhy =2, tosh =11+ 2 =45,

|y = |
3



Hyperbolic functions

Example @
Find [ _— d.
1 2% 4 2x

185 4 28 = 2 + G} |

| Complete the square;

= 2ix + FF — 5

= ¥ | 1 1
i [ : ——dI = : - —=d¥
JolEx ¢ Ea S J)= — 3

Lat = x4+ 3. then du = JX - . Choose the substitution,

i i | i 1
ey A
T2x + 2 W )y -8

= e arc@sh| .‘_{'. b = s — Select the standard farm,

x4 3 ;
[ iy Rewrlte the answer in terms of

dreash

LUse the substitution x = +(3 + 4 cosh u) 1o find l___| ____ dx
Jvdy—12x-7

v= o 4 coshul = AE - Lig sinti) = 2 sinhit
4 fi -
s da can b redlaced by 2sinkh aray
4x* = 12k = T = M3 + dcoshu)|” - 65 + dcoshu) -7
=4 2drrchy + IEcosh u— TR = 2demghn =7

= lGcosh“w =16

= 1 sinh®if se cosh® i - sinhfw= 1
= ] 1 =
] e ¥ Z2sinh e
J At — 125 =7 J 4siahe

it # ¢

As v =2{1 + 4 cosh u)

- U |
= Sarcosh S 4 coshu= (22
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11

140

Integrate the following with respect to .

a sinhx + 3coshx b coshx -

cosh® x
Finud:

& f.li:n:l:l 2redx In fmthl: %}IJ.T

Find:
X fl_?”_"__lix b J x=3 4,
T | W4 x=
Find:
i fsmh-".\' coshavdy b [tanhdxdx
Find:
. f _sinhx 4, b [14tanhxy,
2 4 Jeosh cosh® x
Use integration by parts to find | xsinh 3xdx
Find:

il rc-'-'i:-nﬂh xdy b f.'_r'-"'-.l:inh Avdx

1
| e -
Evaluale j . - -dy, giving vour answer in terms ol &
o sinh v+ cosh x
Use appropriate identities 1o find:
a f&imh:.r dx b |sinh? x cosh® xdx

In2

Show that msh:[%]dx=%13+]n1m.

Use suitable substitwiions 1o find:

u f L dx h _I_, dx
val="59 vt 4 25

Write down the results for the following:

a J. _"_ dx b __I___ dx
vl 49 RE— 2

sinh x
cosh® x

¢ fn'ﬁﬁf sinh 2x dx

'5_-::1:1_;-:]1_.1._ + 2ginh ¥ 4.
cosh x

o]

[ fmsh xooosh v day

C fu:s.h-' xdx

(7 marks)



Hyperbolic functions

13 Find;

a J‘_#d. b f%dx
iyt = 12 dOl g 1H

)

3

—;d_'l.'-
Pl 4

14 Ewvaluate J

15 Ewvaluate, giving your answers as a single natural logarithms.

P9 I ] ]
b d - h f ST Y d
. J..- Va4 16 " Jia v = 144 -
@ 16 Llse the substitution x = sinh® & to find Jﬁ% dx, x>0 (6 marks)
%1
@ 17 By using the substitution u = 2. evaluate J e dx {6 marks)
3 VXS —
@ 18 LUse the substitution x = 2 cosh w 1o show that
ﬁ;.'t-’ =4 i = éx Valad =2 ami:rsl'l.[ ;]l + (6 marks)
19 & Show that f . 1 dv can be written as [ 22 dx. (3 marks)
2cosh .y —sinh x JET 4
b Hence by using the substitution & = ¢*, find J" | S (5 marks)
2coshx —sinh x
: Y oshx
20 Using the substitution u = 3sinh x, evaluate J“ m X. (8 marks)

(7) 21 Find the following:

" ]‘ 1 . b | Ax Complete the square in the denominato:
JVei-dx=-12 | - e 1 to identify a suitable substitution.
1 = : o the
; " 1 dyi d J‘ R V¥ —4x-12 |[x—2P-18
J 22 sdx+ T VT =Ry + 1 substitution i = v —2 will reduce the

integral in part a 1o a standand form.
@ 23 Find:

a f l—d."l. h ['l——-d‘_\'
Jy'dx2- 12x 4 10 Juda? — 12+ 4

1
I

23 Evalue r —].
@ s p VAT EIN45 !
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1
M E'.laluﬂtn:j '.?_]"-'Tl-_z dx, giving your answer as a single natural logarithm. (% marks)
I . -
: | I -
5- E v =TT ‘| — - 2 1. .
25 Show that [ e m— L = In(2 + v3) {8 marks)

26 The curves shown have equations
r=5coshxand v=7—sinhx

L&

a Using the definitions of sinh x and cosh
in terms of ¢, find exact values for the
v=coordinates of the twa points where
the curves intersect. {6 marks)

v=3omsh x

y= 7 =ginhx

b Use calculus 1o find the area of the
finite region, R, between the two curves, 7] -
giving vour answer in the form Ina + b :
where a and b are mtegers. (6 marks)

27 Theregion bounded by the curve 1= sinhx, the lineg x = 1 and the positive T-axis is rotated
through 360° about the v-axis. Show that the volume of the solid of revolution formed is

%{cﬂ —det—1) (S marks)

1 Using the sybstitution x = 1+ sinh & show Chat
f;"ﬂx l'r;—l'*f
(X —2x+2) W= 2 g

2 By means of a-sultakle substliution or othenyse,
fird:

X
a frmsh?{.ﬁ}dx b jmﬂ#uqu

Mixed exercise e

1 Find the exact value off a z=inh({ln3) b coshiln5) e 1a|:|l1||n;|1]-
2 Given that artanh x = artanh y = In 5, find v in terms of x.

JF Using the definitions of sinhx and cosh x, prove that
sinh {4 — B) = sinh Acosh & —cosh A zsinh & {5 miarks)
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Hyperbolic functions

®

B & @ ©

G

Ill

12

Using definitions in terms of exponentials, prove that

1
. 21anh 7x
sithy¥ =—— —
1 = tanh*3x

Solve, giving vour answers as natural logarithms

Beoghy — Ssmmhx = 15

Solve, giving your nnswers as natural loganthms

ginhy = 1Teoshy+ T=0

Solve, siving vour answer's as natural loganthns

JeoshPx + Nleimhx= 17

a On the same dingram, sketch the graphs of y =6 + smhx and 3 = sinh 3.

b Using the identity sinh 3x = 3sinh x + 4 sinh’ x, show thal the graphs intersect where
simh x = | and hence find the exact coordinates of the pomt of intersection,

a Given that 13coshx + Ssinhx = Reoshix + a) & = 0, use the identity
cosh (4 + B) = cosh 4 cosh & + sinh A sinh 8 1o Gnd the values of K and o, giving the

value of o bo 3 decimal places.

b Wnite down the mimimum value of 13 ¢osh x # 5 smh x.

(5 marks)

(6 marks)

(6 marks)

{6 marks)

(2 marks)

{5 marks)

(4 marks)
{1 mark)

a Express 3cosh x + 5sinh v in the form Rsinh (x + n), where & > Q. Give o 1o 3 decimal

places.

b Use the answer 1o part a to solve the equation 3 cosh o + S sinh x = &, giving vour

answer o 2 decimal places

¢ Solve 3 cosh x + 5sinh x = 8B by using the definitions of cosh x and sinh x.

dy
Given )= cosh 2.x, find |]':i'

Differentiate with respect to i

a arsinh 3x b arsinh (x5

Ciiven that y = (arsinh x)°, prove that

dly  dy
Y e e AR,
[1+'1‘}d.1'-'+'1|1t 2=1)

Given that flx) = Seoshoe = 3sinh x, find:

a Fix)

b the turning point on the curve v = f{ x)

Drifferentiate arcosh (sinh 2x).

%
¢ arcoshs

d xamcosh2y

{4 marks)

(3 marks)
{4 marks)

(5 marks)

{2 marks)
(4 marks)

{4 marks}
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16 y=sinxcoshxy

11

1!4

19

(EF) 20

&P 21

[E/P) 22

Lad

-
a Show that % = =&y, 4 marksj
b Hence find the first three non=zero terims of 1he Maclaurin series for v, giving each cociTicicni
in its simplest form, (4 marks)

1 = sinh 2x cosh x

Find the first three non-zero terms of the Maclaorin series for ¥, giving each coefficient in its
simplest form, {7 marks})

v +dx +1T7=(ax+ hPF + 0 a0 =1,

a Find the values of @, b and ¢, i3 marks)
b Find the exact value of J ﬁd\ {6 marks)
Find the following:

a fs;nh 4xoosh byrdy b [e'sinhxdy

The diagram shows the cross-section R of an artificial ski slope.

L

al

The slope is modelled by the curve with equation
10

It = F e ..n"‘-':.".":':ﬁ

T oyde 49
Given that | unit on each axis represents 10 metres, use integration 1o calculate the arca of R,
Show vour method clearly and give vour answer to 2 significant figures (& marks})
Find fﬂl——d.r {7 marks})

yxe—Ix+10

; | _ .

a Find fﬁinh T3 ook ‘_d.\ (0 marks)
Y =1 .
b Show that f ——————tlx=%v1 - 1}+ 2aminh | (6 marks)
di v =dx+10




13

The diagram shows a hanging cham fixed to two vertical bollards fixed
on horizontal ground 7 merres apart.

The chain i modelled by the curve p = cosh %

a Find the acute angle that the chain makes with the nght-hand

bollard. Give vour answer to 3 significant Higures. {5 marks) -3

b Use calculus 1o find, correct 10 2 decimal places. the area of the finite
region, &, enclosed by the bollards, the chain and the ground. (5 marks)

The curves shown have equations y = 3 cosh 2x t4

andd v =B & sinh2x,

g Using the defimtons of sinh x and cosh x in terms of
g, find exact values for the x-coordinates of the two
points where the curves intorsect. {6 marks)

b Use calculus o find the area of the inite region, &,
between the fwo curves, giving your answer correcl o

Hyperbalic functions

=B+ manh 2x

=3 coch Iy

3 significant figures. (6 marks) - f ¥

The diagram shows the cross-section of a loal of bread.
Each unit on the ases represents 5 em. The corved tep of the loafl
15 modeled wsinge the equation

5
y=—
Faxded
Criven that the loal can be modelled as a prism. with length 30 cm, find,
correct 10 3 significant figures, the volume of the loaf

The diagram shows the curve y = § = sinh x. '
g Find the exact coordinates of the pomt where the curve

croases the v-nxs, (3 marks)
The shaded area is bounded by the curve, the y-axis and
the x-axs.

b Find the volime of the sobd of revolution formed when
the shaded arca is rotated through 360 about the v-axis

=

r=3-sinhx

Giive your answer correct 1o 3 signilicant ligures.
(8 marks)

Challenge

The diagram shows the graph of

Show that the area bounded by the

pESEY,

ourve and the y-axis is T

~
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Summary of key points

Chapter 6

CoE oY

1 + Hyperbalic sine (or sinh) is defined as sinh x = 5= X E R
+ Hyperbollc cosine (or cosh) is defined as cosh x = Elf-.-'-‘-:_-t-e_i IER
e es=]
+ Hyperbolic tangent {or tanh) is defined as tanh x = =" veER
¥ Een : S oshy ev4l

2 - The graph of y = sinh a=

"%  p=sinha Vi

+ The graph of v =cash &

For any value e, sinh {—a}

= —sinh a. For any value u, cosh {—u] = cosha.

3 The tableshows the inverse hyperbolic functions, with domains restricted where necessary,

Hyperbolic function | Inverse hyperbolic function
p=sinhx p=arsinh x
= cashy, x:=10 y=areashx, x=>1
¥ =tanhx y=artanhx, |x| =1
& »asinhx=Inlr+ v +1] « arcoshx=lnlx + 3 =1, x=1 - attanhx= ‘IJ1|: 1+ :l [l =1
§ coshid =sinhid=1
6 -+ cinh {4 + B =sinh 4 cosh B + cosh 4 sinh &
+ coshid £+ ) = cosh 4 cosh 8 &+ sinhd sinh B
+ ."1 i ] " ' l[! = ’ £l -rd-— - A ja
7 i {sinh x] = cosh x o feoshix) = sinh x T ftanh.x} = sech?
& ..g. i e -!:— [ -d- - —-1- £l -\.-d-- = -—]1|--
= {arsinh x) = s e {arcosh x) = T 5 {artanh x} = =
- S JI5|!'I|'I.\.'E!.‘|: =foshx+r ' IIEDEh.L‘ dx=sinhx+¢
9 I]'tanh.'rch- = Incoshx +¢
10 + f : 3 dx =arsmh|:‘,l;'| + ; f = ! dy = armsh[:i} o A=
T d R o M

Lak



Methods in
differential equations

After completing this chapter you should be able to
o Solve first-order differential equations using an integrating

factor = pages 168-153
& Salve second-order homogeneous differential equations
using the auxiliary equation - pages 153-157

® Solve second-order non-homogeneous differential equations
using the complimentary function and the particular integral
- pages 157-162

* Find particular solutions to differential equations using glven
boundary conditions -+ pages 162-165

Find the genaeral scluticn to the differential

MU |
equation I = X2, + PureYoar L Chapter 11
X

Find the particular selution ta the

. : .| .
differential eguation I = —%. given that

= Owhens =2 + Pare Year &, Chaptor 11

differential equation. For example; the rate i

of change of the population of bacteriain Find:

d petrl dish is proporticnal to the number a JI i
! of bacteria present, subject to the limiting o 30 =21

factor of the amount of space on the dish, b [tandxdx 4~ Pure Yoar 2, Chapter 11

1.

]




Chapter T

m First-order differential equations

If & first-order differential equation can be

dy . i
written in the form —— = fix}g(y), then you can m This [wotess is esliad se parating the
dx variables. & Pure Year 2, Sectlon 11.10

solve it by writing f ﬁ di = [fx)d.

Find the general solution o the differential equation
dg ¥

dy¥ ¥
and sketch members of the lfamaly of solution curves represented by the general selution,

[ 1‘_.3..- s f 1' gl Separate the varlztdes and Integrate,
Il ==lIn || + & —|
R R Collect the In terms together and combine sing
' i ‘ the laws of logarithms.
In fxy =« N
ay| =e Problem-solving
A
yEip e 4 = If &1z a constant of integration. then A4 = ercan
Conis sohtion curves comegponding to alzo he used & a constant, wrllh"ls the equation
dittereEnt valog=s ot A arE shoran belode in L3 Fl.'.ll'rl'i hetpﬁ ';"l:Ir.l dﬂtﬁﬂm!‘ tl"'E {in‘lihﬂ ﬂ'f

STULION Cumves,

The graphsof v = £ —: form the Family of solution
curves for this differential equation.

m Explore families of solution curyves Q

using GeoGebra.

In this chapter, you will consider differential equations which cannot be solved by separating
variables. The following example uses the praduct rula'in reverse’ to obtain a solution.
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Findd the peneral solution to the differential equation

dy
Y, ekl b I =
e + Fxdp = gin x

iy L
1."_“_ + 35y =s5nx

d s
D (X7 ==in X

ol

= xp= [sinxds

—£05 X+ C

¢
= ——COE X + —;

1]
[
|

X &

DOne side of the differential equation in the
example above is an exact derivative of a
product in the farm

d 1
ﬂ:—r}d—}r + Py = ‘;j—l_-:f{.'r:l_ﬁ

Methads in differential eguations

You can use the product rule

] e - o i
HE-I- s dxl:H'l':l.'-'-'llh iW=xland 1=y to
recopEnise thr-l!.ncEE + 33 = i{x’ v,

dx dr” -~

Lise integration as the inverse procazs of
differantiation,

Integrate sach side of the equation, including an
arbitrary constant-an the right-hand side,

MHake i the subject by dividing each of the t=mms
o the right-hand side by 12

You can solve some first-order differential equations by turning them into equations of this form.

Consider the differential eguation
dy 3y |
g R, ST ?m_::"-
de- -x x?

The left-hand side is not a derivative of a product but if yvou multiply both sides by & then the

equation becomes the same as that in Example 2;

ay )
gl g Jx? p=sina
dy

m ' is called an integrating factor.

In gereral, if you can write a linear first-order differential equation in the form

d
o =+ Pl g =00x)
el

where P(x) and Qix) are functions of x, and the function P{x} can be integrated, then it is possible to
find an integrating factor which will convert the left-hand side of the equation into an exact derivative
of a product. Suppose that the integrating factor has the form fix), then

F[.r}? + Tl Px) v = T Qix)
»

Multiply the equation by the integrating factor f{x).

In order for the left-hand side to be the derivative of the product f{x] v it must have the torm

dy
Flxh d:l + f{x}y. You can see that FlxiP{x) must be equal to f'{x), so:
”

ftx)

Too 0= [Pixdx

= Inlf(xl = [Pix)dy

== flx) = o Pxde

Divide both sides by fixi and integrate,
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Chapter 7

Multiplying every term in the original differential equation by this integrating factor,

AL g_}' + e PIHe plady = e JFiriar Giy)
X

S {:—j (g IPUIEY ) = @ /PN Qfx) ~—— You can use the 'product rule in reverss” on the LHS.
i
plFidts y = [alPoteq(y) d The equation |5 now diredtly solvable
L by integrating both skdes,

Motice that the left-hand side is the integrating factor multiplied by y and the right-hand side is the
integral of the integrating factor multiplied by Q{x). This will always be the case.

T TS e e
equation of the form dy + P(x)y = Qir) by factor without proof in your exam. but you must
how all the : al
multiplying every term by the integrating S thisiibssquent sEERE ok ot Working
factor g/ Pl -

Examolc €©)

Find the general solution of the differential equation
d '
S dy=¢"

dx —— Find the integrating Factor.

The inbegrating factor in.al = al-t g pdil | |— Multiply each serm by the integrating factor.
cyr

o T
r

— -'-1.‘.'""‘_I.' =8

ok Express the LHS as the derivative of 'a product
"R B
o5 H=e
2 =g = oMy Integrate to get the genesal solutian.
2 =ge
& . Divide every term, including the constant, by the

integrating factor tomake y the subject.

When you have integrated and found the general solution, you can let the arbitrary constant take
different numerical values, thus generating particular solutions.

In some guestions yeu will be given a boundary condition, such as v = 1 when x =10, You can use this
to find the value of the constant, Different boundary conditions will give rise to different particular
solutions,

Example o
” T : . : dy .
a Find the general solution of the differential equstion cos x 7 + 2rsin x = cogt X,

b Find the particular solution which satisfies the condition that y = 2 when x =1},
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Methads in differential eguations

a Divids throusn by cos

Divide by £os x 50 that equation i in the farm

(e 1 — . ;
i + 2rteix= coat Al e ﬂ—']_+PI:.|;}-Q[,:.j
The intasgrating l@ckar s dx
P | P TT SRR | P LT - ki
— Use proparties of In to simplify the integrating

Factor

- . = :
=" okl + P EECE NEIN N = 580% X Do X
0 i ;
20 T Psect X =cosN :| | Multiply equation (1) by the integrating factor

ey 1=
— fsact y = [Cosxdy and Slmpﬂﬂ' the rlgh{'hﬂﬂd sicle.
-+ FEodt X = Sina 40
. y= coad iainx + o) Intagrate to get the general solution and multiply
. : ' th by cos? x,
b 2 = costOEn0 + o) PR
— 3 ufe— E

Substitute ¥ = Z and x = 0 info the general
solution to find «

—

¥ = ozt dising 4 2] s the rEduirac

|.1='L'5i.$|,||£|| =olibio

For each of the following differential equations. find the general solution and sketch the family
of solution curves,

dy dy
S el b= [ Hint R

dr 2y di of these eguations by
R T d Ge=7 separating vanables
eﬂn:m'r f i=,r|;|:|1:r. Fcx<w

dx dx ;

Given that & is an arbitrary positive constant,

a show that v + kx* =% 15 the general solution to the differential equation
E _ =Xy
di 09—y

b find the particular solution, which passes through the point (2, 5)

x| =3

¢ sketch the family of solution curves for & = % %. | and include vour particular solution in the
disgram.

Find the peneral solutions to these differential equations
dy dy . _dy

SRR L b e Xy O y=an CSIX g+ poos =3

oA ST A JE T LR
il Yde @ r=e n.'c*c-d_r+11 =X f 4.1_5'11_':-2].. =X

dy i

a Find the general solution to the differential equation I +2xy=0" {4 marks)
b Describe the behaviour of yas x — s . {1 mark)
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Chapter 7

a Find the general solution to the differential equation

r——+lyp=2x+l

dx

b Find the three particular solutions which pass through the points with coordinates
1—-:|-. i, l—{.—. 3)and l—%. 1'% respectively and sketch their solution curves for x < 4.

a Find the general solution 1o the differential equation
| ql. '_1I T -I: H =iy
e T T Dix+2)"

b Find the parocular solution which passes through the point (2. 2).

x=1

Find the general solutions to these differential equations by using an integrating [actor,
dy dy
8 9o+ LT b Tt peotx= l
dy . dy
£ gy tysing= - d e g
dy dy ¥
e Gy rytany = xcosy f E_FT:?
g "‘1::2;"'”'=x{?1'""}“1 h lui:j FY=x
i 1..1'+'_’]-§":;a.|'=-l;+1 i tj{f%—‘h:ci
dy

Find y in terms of x given that x <"~ + 2y =¢* and that y = 1 when x = 1.

dx
: : T T dy

Solve the differential equation, giving ¢ in terms of x, where ‘n.d_— =xp=]

and y=latx=1. ;

4 Find the general solution o the dilferential equation

rr+ l-:| !j-'ll+2 =Xt 1P
(i X dx =

giving 1 in terms of x,

b Find the particular selution which satisfies the condition that y=latx = 1.

a Find the general solution to the differential equation
dy r_ m
i.'l.'.lﬁ.‘l."l'lj:ﬁ'_'l-':l._ u—za.\'{z

b Find the particular solution which satisfics the condition that y =2 at x =1},

Find the general solutien to the differential equation
dy
dx

=xpyi=d4 {3 marks)

tointegrake
s

(5 marks)

{4 marks)

{fr marks}
{2 marks)

{6 marks)
{2 marks)

You can use the substitution y = 2aoshy
+ Secthon 6.5



Methads in differential eguations

13:

Find the general solution to the differential equation
dy
dx

Find the particular selution which satisfies the condition that vy =e when x =10 {2 marks)

= peosh x {4 marks)

-

6

Find the general solution to the differential equation

i 4 marks
Tt + {4 marks)
b Skeich the Family of solution curves, {3 marks)

©

Find the general solution to the differential equation

dy )
COSX g4 Iy = | {6 marks)
b Find the particolar selution such that y = 3 when v = . {2 marks)
e Show that the points |:% If:| and I[jTF —I-:I lie on all possible solution curves. (3 marks)
dy
16 Find a general selution to the equation uﬁ # hr=0in terms of aand b, (6 marks)

@ Second-order homogeneous differential equations

& second-order differential equation contains second derivatives.

X

Find the general solution to the differennial equation

dy
The genesal solution (o this second-
order differential equation needs two arbitrary
L AP PR constants. IF you wanted to find a particular
cx solution you would need 12 know twe boundary
Jy=2xt 4 Ax e B conditions.

In this section you will look at techniques for solving linear differential equations that are of the form
d?y dy

+h—+ =0

dx® " dx ;
You sometimes sae differential

where a, i and ¢ are real constants. Equations : L

of this farm (with 0 on the right-hand side} are ERAIHGASOL £08 e mmﬂnuafj. dy
czlled second-order homogeneous diferential gyt + byt e oy = Owher =g and y'=
equations with constant coefficients.

i

d ¥
Wsing the techniques from the previous section, the general solution :IF..:rd—J + by = Bis of the form
¥

y=de where k= —E. Motice that & is the solution to the equation ak + h=0
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Chapter 7

This suggests that an equation of the form 1 = Ae** might alse be a solution af the second-order

. ) L dfy dy . . . .
differential equation « d.::.i’ + hd: 4 ¢pe= 0L Butit cannot be the general solution, as it only contains
1 X
ane arbitrary constant. Since two constants are necessary for a second-order differential equation,
you can try a solution of the form » = de 4 Be#, where 4 and B are arbitrary constants and 1 and u

are constants to be determinad.
o

e = A0 4 Brupst

oy

diy
e Alpdr  Bytpn:

Substituting these into the differential equation gives
a{AdA%ed & Buten®) & hidie® + Buer) + vlde' + e} =0
adife™ + aButet + hdde® + hByer + c e + cBe =0
Aelgd? + b + &) + Ber{gp® + b+ ¢) =0

This shows that the equation y = A& + Be* will satisfy the ariginal differential equation if bath
A and g are solutions to the quadratic equation am® + i+ o =0.

The equation am® + fun + ¢ = 0is called the auxiliary equation.

s The natures of the roots o and 3 of the auxiliary equation, am® & hor 4 ¢ = 0 determine the
2p
general solution to the differential equation a% + b:—j +ey =0,
You need to consider three different cases:
* Case 1: 5* > &ac
The auxiliary equation has two distinct real roots o and 3. The general solution will be of
the form y = de™ + Ke™ where 4 and £ are arbitrary constants.
« Case 2: 5% = Gav
The auxiliary equation has one repeated root . The general solution will be of the form
y=(4+ Bx)e where 4 and & are arbitrary constants,

* Case 3: b2 < bae m : .
Case 3 s equivalent to y= Ae™ + Bt
'I'hl.ll..lﬂﬂ!rp equation has two ‘mF['_: with complex e and (7. = Exercise T8, Challenge
conjugate roots o and 9 equal to p = gi.
The general solution will be of the form
y= ::H cosgx + Bsingr) where 4 and B m If the rooks ame purely imaginary (= 0}, the
are arbitrary FRITES. genearal solutien educes to 1= Acosgy + Bsingy

Example a
d=y dy

a Find the general salution to the equation 2{-1-'; + 5-':-'-1_ + 31 =0
o .

h Verify that your answer to part a satisfies the equation

3 B a SheS ) — Write down the ausilian eguation:

[2m+ 3)im+ == ms —.1 Br = =l
R T P [ L Soivethe duxillary equation.

= de T+ By whers. A and B ane oy o B

ST e Write down the general solution,
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b= AeET 4 B
dyr
2 o ed feie - Pt
LS|
d’l
— SdeT 4 Bt
L I

El'j {e=" + Ba) + S{— Ae-7 — Be~)
b 3Ade+ Ban)
= =t - -:-'3-.-]1-'"" + 2Ad=-5"

4+ 2Re=F — 5 Bt 4 3 Ber

i

=

= {F 45 reduirésd

exampc @)

Show that = {4 + Bxpe™ satisfies the differential equation —

' kheEn

=t = Ade™+ Bye?

el "
= e 4 B Re 4 Bad
[l §
=y 2! : -
_J. = Srdadi | S RetY 4 S 4 D Hade
o b
= BAdaY + G hyeir 4+ EfaY
e ey - ;
.:'i- - F:'ZJ} # 2 =A™ + AR 4 GReT
— BiFde? + A8y + BTy
+ e 4 Bxei =1
Sa =4+ Hile™ 'm g sssubion ko tha EJ\IuaLL'.'n

Find the general solution to the differential aquaunn

Methads in differential eguations

Write down expressions for the first and secand
derivatives.

- 1
Substitute your expressions for T 1,. :

the differential equation, exgand and slmphﬁ.n:.

an:f ¥ into

dzv dy
6 —

-|:L d+9_!| =},

Differentiate the expression for y bwice.

Substitute inte the left-hand side of the
differential cquation and simplify to show that
Lhe result is rero,

m The auxiliary equation wm? - Gm + 9=0has

m+&m+16=0

i+ d)fsd=m==4

S the qeneral solition sy = {f 4+ Bxhe—

Example o

Find the general solution to the differential equation

MmE— G+ 34 =0 == 3% 5i
S Lhe gesnaral scdution =
r=e"Adeos5x + BsinSx)

a repeated root ab m = 3 5o the general solution
is in the form you expect.

dy
+E* -+ 16y =1,

Wiite down the auxiliany equation

|_ sohve the auxiliary equation, In this case there isa

repeated root,

1 ] L]

B—d My =10,

el

Write down the auxiliary equation and salve it

__using the guadratic formula or by complating

the square, In this case there are two cormplex
conjugate roots
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Find the general solution

Y

dx”

~ Write down the auxiliary equation and solve it.
Im this case thers are bwo purely imaginary moots.

Ml e =0 m=ddi -
Zo the enetal aolebion s
1= dcosax + Bsinax

|_ This is In the form y = eP"{4 tosegy + Fsingy)
with p =0

I Find the general solution to each to the following differential equations

d 'y dy dy dy
i d.\ ja“' + iy =0 Is J:]..:“’AHE.‘;'-I- 12y =1
diy diy
¢ 1]1.3+ dl-li_l"ﬂ dJ;!_Jd- =28y =10
¢ :-'l:+;3'-:= T 35_—1'L+73{+:_r=n
d? dy dy
u4dr‘ ?d =2y=0 h Ij:j}g Tdtazlzﬂ-
2 Find the general solution to each of the following diferential equations.
dy dy d* pd dy
a3t lﬂd-- + 25 =0 Is i IE;J-.--- +8ly=0
diy 1d_L diy dy
C 'd';_'l'-l-..a'_;t_'+_le'=ﬁ d Tl ﬂd'_;+|ﬁle=lll
dy dy &y dy
[ ]El-d_.. Ed + =10 f 4;_1.5:.3_4;11"""!“
d*y dy d*y d_l'
e 4;3----,+ Dd + 5y =1 h d-1+113d +3r=0

r SR B
s = T
d p diy
e T2 +y =0 i ‘Jii'{&-l-l-ﬁjmﬂ
dy  dy dv dy
e 1:]"-., Hd + 17y =0 I 1.1-.{“'-;_‘4}{1 + 5y =0
dy dy iy __dp
rroidreiglo A il hrrig
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Methads in differential eguations

4 Find the general solution to cach of the following differential equations.

dy dy d'y dy
L Tat I4'a'1;_+4'ﬂ'l|;=ﬂ b - ke =12y =0
d’y dy d’y dy
© Fi-—-II + 13y =1 b Ib—',—?dﬁ+ﬂ_p=u
gl dy diy  dy
E%‘-ﬁai— y =0 fﬁﬁ b =2y =0
5 Given the differential equation 'j 1' 2k :‘ # B = 1], where & 15 o real constant,
a find the general solution 1o the differential equation in cach of the following cases:
i |k]=3
k] = 3
i k] =3 (& marks)

b Inthe case where & = 2,

i find the general solution

il describe what happens to xas f — oo {4 marks)
@. 6 Chven that g + b+ ¢ = 0 has equal rools mr = o, prove that v = (A4 + Bxje= s 4 solulion

) ]

d? dy
to the differential equation L Fh=—+ =1

dx
E} 7 Given that v = {ix) and = g x) are both solutions to the LTSS This resqlt is known 85 the
dyy _dy neiple of suparposition.
second-order differential equation o i # m + 3 =1, principle

prove that = Afix) + Splx), where 4 and 8 are real constants, s also a solution,

Challenge

Let ¢s and ¥ be'the rootsof a real-valued quadratic eguation, so
that o= p+ g and 3= p— g, = B Show that it i= possible to
‘choose A, # T such that ._-ia"' = ffab¥ can hg written In the farm
oSy = Daings) where O and £ are arbitrary real constants,

@ Second-order non-homogeneous differential equations

Second-order differential equations of the form m o T e

I:|“’I equations of thist itten s
ag i+h—r+u—flﬂr; q' ' . :mm_-l_ . dY  dy
" by ey =) where ' =——and s —
d® clx

are non-homogeneous,

To solve an equation of this type vou first find the general solution of the corresponding homogeneous
d.!

dy
differential equation, :rd 3 + hd— + ¢ =10, This is called the complementary function (C.F).
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You then need to find a particular integral (P.L), which is a function that satisfies the differential
equation, The form of the particular integral depends on the form of Fix),

This table provides some particular integrals to try

Farm of f(x) Form of particular integral
g A
et Lo oL
Frgx et A+ X+ ex
e je
[HTOS ey + g SIM ey ACOS et #+ e SiNay  ——

Ise this farm of the PI far fuonctions such as

| Aatar] - o

_ Lise this form of the P for functions such as

HOLN 9 S005 .5

= A particular integral is a function which satisfies the original differential equation.

Example

a3

, , . ' iy dy _——
Find a particular integral of the differemtial equation d'rli = jﬂ:h' + 6y = fix)when (¥} is;
b Ix ¢ 35 d e e 13&inlx
s L AR l i When flx) .=3._v|hI|:h is constant, choose
dx chy® Fl.=4, which is also constant.
: = i -
Sube=Citute It = 8== 4 Gy g -
e o 1} Differentiate mwice and substitute the
O-5x0+Gi=3 derivatives Into the differential equation
S = :
20 a particular integral is ¢ |— Solve equation to give the value of 4.
e’ Ll
let p=dx+p, then —=Jland —7 = Qe —
: il |_ When flx) = 2x, whichis a linear function of
Py ey

158

Substitute nto :_JI =i o= 2x

O-fhxi+Glly+u =21
= (igu - 54) + Gy = 22

g =Sl =0 and’ Bl=2

=4 =y  dnd .i-'='-.'-.' |

So a particular inkegral is % 7

Les v = dx® + iy + &

cl) R
Them — = & T ad — = i
i e = 2+ peand 2i S—Ti

i ] dy 1

Sabstitute= inter — — 5— 4 S = T4
' ol -

24 — 524 + pl + Sl +px +p) = A
== [2i = Sp + Ge) + dau = 1 + Gdx* = .“.1."—|

= M —Ep ¢ he=0 56 -100=0and Ed =3 ’—

g 15
= d=g, =g and ¥= g U

I i | | 3 :
S0 a partheular Integral 5 4x% + Zx + §

achoase BlL = dx + .

Differentiate twice and substitute the
derivatives into the differential equation.

Equate the constant terms and the cosfhicients
of 2 (o give simulianesus equations, which vou
can sofve 1o find A and g,

As filx) = 3x%, which is-a quadratic function of
clet Bl = Av + px 41

Erquate the constant terms, the coefficlents
of wand the coeffidents of & to give
simultaneous equations, which you can solve
ta Fine 4 e and e



Methads in differential eguations

aly! Pl ! ¥ty & j J
TR TE) PR L, SRS (S hs Flx) =2, which is an exponential function
iy el of X leL Bl = e,
ey dy

Substituke nbp —= = 5—+or= &Y
A’

det — Ble” + Gil=r = g*

= 2igt =gt T

= &=y e . Equate coefficients of e* to find the value of 4.

S0 & particular intearal is e

A = A O T A Flx) = 13 sin 3, which |s a trigonometrie

e
Then = Zdcos3x — 3usin 3y function of x let PL=dsin3x + poos 3 also
i a similar trigonometric function.

e : ;
arid = —2dsindy — Sreos s
e Lo
: ey dy :
JUsHCutE into — J=&a) = [DEnIx
At o

=Fdmn 3y — Quees 3= S{Ticoa 3 = Jpsindx
¥ Glisin 3x + ECosaxl = f3sin3r
= (=04 + 159 + Gd)ain B+
(=20 — 15 + Gplassdx = 135in3x

- =+ 1Bp + 5i=13 Probi i
Y rablem-selvin
anc =g = 154 + bp = 0 b

2 J=—tand p=2 Equate coefficients of sin3x and of cos 3x
and solve simultansous eguations.

Il

. ; sl &
Sp-a particularintsaral is —p #in3xi+ FoosDy

diy  dy

= To find the general solution to the differential uquulinnna}-i' + Ed + oy = F[x),

:
30y .
* Solve the corresponding homogeneous equation a: ‘1; + b:'lr- + ¢y = O to find the
complementary function (C.F.) *
» Choose an appropriate form for the particular integral (P.1.) and substitute into the
original equation to find the values of any coefficients.

* The general solution is y = GF + Pl

& ; ; ot el o .
Find the general solution to the differential cqua!rnndT;l— 5+T: + 6y = fix) when f{x) s

a3 b Ix £ 1% d e @ 13sindx

x..

e — S 46 =0

fm—3lm-El=0=m=2 a mi=2

Sofve the auxiliary equation to find the
values of i,

Mencs Che comelemantasy) Iunctan s

¥=de™ + Be™ whera A and B are arpitrary

constants

159



Chapter 7

The partiaular intagras ware aready fauned n

cxamgle 11 sothe qenaral solublons s

a =A™+ B2t 4 5

b oy =de® s Be¥r oy Ly o i

€ p= Ae® + Batt 1 4 Ex e The general solutlon is v = TF, + P,
d = A= 3 Ba¥' 4 4ot

€ 1= de™ ¢ Batt = Laln 3x+ Scon 53X |

You need to be careful if the standard form of the particular integral contains terms which form part
of the complementary function. T this is the case, you need to modify your particular integral so that
no two terms in the general selution have the same form.

For example, this situation occurs when fix) is of the form pe**, and & is one of the roots of the
auxiliary equation, Ir this case you can try a particular integral of the form, Avets

xamoic @)

; d : . L dly  dy
Find the general solution o the differential r;-quunmd—:;i = 5&1 4 Oy = p2¥
A i Ckarmamla 12, Ehe complhamaptany Wwnction i= '111EfIJl'I|:'Li:H‘|_.|1EL" Filiif'-‘ﬂfﬂ'f!
7= dakr 5 Bats C.F. and satishas the differential equation
] P T 2 o
The garticuldr inftegral cannol b fe] 'j_.';_ EETJ' 3 ﬁj‘“'n'u 501t cannot also Eﬂt|5fj"
a= bhs s part of the compiamentary Tunethon 4 %
L
So bt p =l = E‘ E+ﬁj‘=Eﬂ,
£
Th=n —'I- = Pl g dmte
X
ard
23 i Ziesv 4 Digt = Adxets 4 Adets
e e B Let the BIL be Lve?* and differentiate,
Subekifita Tt a7y _ 'idl Fo e substitute and solve ta find 4
i il T o ; _
Aty 4 A efV o B i 4 Lofl) o ElimiN = afy
=% —heg™ T = T
== | = = |

Do a-particubar Inbegrat is —xe®
Tha gensral <clution 15 ¥ = de™ + B =y

Thie general salution is p = CE + Bl

When one of the roots of the auxiliary equation is 0, the complementary function will contain a
censtant term. If f{x) s a polynomial, you will need to multiply its particular integral by x to make
sure the Bl does not also contain a constant term
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Methads in differential equations

Find the general tolution 1o the differential equation

-I:I'_! dv Find the complementary functisn by putting
- = E-H.T 3 the right-hand side of the differential
[ equation equal to zero, and salving this new
3 Equaticn.
; =Ll =1y
First consider the ggquation o Cde T o — _ -
e i ) _| — Write down and solve the auxiliary equation,
miwi — 23 =0

Try to find & particular integral. The right-
hand side of the original aquation was 3,

=5 i =Liar m =2

So the complementary function 5 3= A + B, which was a constant and usually this would
The particular integral cannst e a constank, imply & constant B,

a5 this i part of the complamantary function, T s the CF includes a constant term ‘A4’ the
0 et p=dx P, cannot also be constant, A value of 4
Than :: =4 ang :j_'ll === = would satishy I:dTI:.J‘IE = E:%‘_ = Drather than

, 4%y = ﬂ.,. E

Substituke inko e Ed_:l' = & daf dv

E = Multiply the 'expected’ PL by x and try Ax

i

¥ instearl.

- T . 4
= i particular mhegral s —5a

. L Th i tlen 5 y=LCF + PL
The generaf solifion 5 ¥ = A + Be™ - 5x o Ll il 3

Exercise @

1 Solve each of the following differential equations, mving the peneral solution.

:--.+E-d—+5_1._ 1] h$—3?+|11'—31’w
c:—;{+:f—llr=llez' d_:%‘f%—lﬁ_]'=5
v ilﬂl-ﬁglﬂh]'-[-:.rﬂ" TEE;:+3§£+_I'=15L11:¢1:;
g Sae = 156 Y gy siax
R A gy

@- 2 a Find a particular integral for the differential equation
&’y dy

7 SE +dr=x"-3x 412 {6 marks)
b Hence find the gencral solution. {3 marks)
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3 ysatisfics the differential equation
cq

T T
a Find the complementary function for this differential equation. {3 marks)

b Hence find & suitable particular integral and write down the Try a particular integral
general solution to the differential equation. {7 marks) af the farm dx + pxé + e,

4 Find the gederal solution o the differential equatien
it + 4dJ: =245t (10 marks)
dy? " de T

§ a Explain why ixe’ is not a suitable form for the particular integral for the differential equation

d1||. '|Jl-l

s A § o N

o $ p=¢ (2 marks)
b Find the value of 4 for which 4x7e 15 a particular integral for the differential equation.

(5 marks)
¢ Hence find the general solution. {3 marks)
diy dy

[ dflz + 45 + 3y =kt + 5, where k 15 a constant and ¢ = 0.
a Find the general solution to the diflerential equation in terms of & {7 miarks)
For larpe values of 1. this general solution may be approximated by a linear function.
b Given that & =6, find the equation of this linear funchon, {2 marks}

Find the general solution of the differential aquaton
diy e
gar 22

m Using boundary conditions

You can use given boundary conditions to find a particular solution 10 a second-order differential
equation. Since there are two arbitrary constants, you will need two boundary conditions to determing
the complete particular solution.

d-v d yt

Fimnd pin terms of x, given that d'l." = ¥ =2¢° and thal —

— = ] =08l x=10.
iy :

=

First considar the squation —> - ¥ =0
g Salve the auxiliary equation to ind the

values of

=1 =0=m=x!

Se-the complementary funetlen |5 § = A& + B2
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Methads in differential equations

iy

The particular int&Egral canngt be daf, A5 det satishes EE =y =0, it cannot also
a4 Lhis = F-'Fdl'l ot bhe complementary funckicn, dﬁ :
o 1
50 et = Axet, sty dt o
- | aiy
Ham —— = £aF 4 ot grid —— = i@l o AE0 4 a8t
= = i
5 i
st inkt — — =24
l'i_'|"

At g Jmt 4 Jad _ Jymit oo e
= A =1
B s particula Mbecknsl 15 A2,

The general solution &

b=det 4+ Be § xet Substitute the boundany condition, y =0at x =
Bince y=0aty=00=4+ 8 0, into the general salution toobtain an equation
= A+ 8=0 refiting A and A
Ditferantiating, v = A" 4+ BaT 4+ xa’ with reseect
b & glea
dr1 by Substitute the second boundary condition,
e e d‘ 1o =0 atx =0, into the derlvative of the
Ay
B — =Dat x=00=4-85! .—l general salution, 1o abtain a second equation
o relating A and &
— i - H = -
Sclving Eheé amulbansgous squations gives
A=-zand B =3 Sodve the two equations to find values for 4 and B,

S n= -:':-,-' ¥ ;..ﬂ"' + it iw the reguired soubicn

Given that a particular integral is of the form £sin 21, find the solution to the ditferential

2
Cyuation gr‘ + x = }sin 24, for which x=0and ﬂ—‘:= I when e=10,
= { o
Fhrsl eonaicdser the B lETion .I'.-Jll'" +x =10
(TR Rt R Soive the auxiliary equation ta find the values ofne

S the complamentary funckion =
= A cas |+ Bsinf.

The particidar Inteqral is 45 24, Normally you wiould need to try a
£ et ¥ = F <kl 2 particular integral of the form Asin2i + peos 2t
i o for this equatien. However, in this case you are
e d.J_"f'.-_q_' in 2 ; :
T R L o T i LU tald that there isa particolar integral in the farm

) A e
Substituke inta -:J. + X = 3sin2r
T

=d5in 2i + dsingf = 3ain&f
= = =]
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L=z general soluton = complementarny function +
particular integral.

S a particylar i-‘l!ﬂ:’]r:l & —m=in 2 -
The genaral soiution is

x=dcost + Bsint —sin2f
Snee X et =0, 4=0
L:'l":.':r:'n:i.'l‘.inn__ x="Raini —nin 2 with

PEFESCE Lo I s

Substitute the inlglal conditlom, ¥ =0 at r= 0, intg
the peneral solution toobtain A =&

= Roos it = 2eo= 2t dx
Substitute the second initial condition, e 1at

3 oy ; -
Since —=lakr=0,1=8=-2 . .
i ¢ =0, imto the derivative of the general solution,

= D=3 tes obtain asecond equation leading to #=13.
And so x = Asint — sin2i's the reguired
schution

@1

(® 2

a Find the general solution to the differential equation

diy  _dp
s+ —+ b= 11e (5 marks)
dx dx ¥
b Hence find the particular solution that satishies ¥y =1 and e when x =0, {4 marks)
# Find the general solution to the differential equation
diy _dy
o +I—= 12 (5 marks}
d¥ dy
Is I-Icn.:r: find the particular solution that satisfies v = 2 and u:i;. =t when x =10, {5 mirks)

dy
Given that v =0 and E = ;t whicn x =1}, find the particular solution (o the differential cquation
d*y dyp j

d.‘_:—a—-}lv— 14 (10 marks)
a Findﬁthe general solution to the differential equation
:1 + 9 = |hsinx i { & marks)
b Hence find the particular solution that satisfies ¥y =1 an 1x = § when x =0. {6 marks)
a Find the general solution to the differential equation
¢j—1+-ﬂlj—L+ Jp=siny +4cosx (0 marks)
b Hence find the particular solution thart satisfies v =10 an .:l:. when x =10, (6 marks)
a Find the general solution to the differential equation
:!f t‘% +2x=2-3 (6 marks)
b Given that x = | when f =0, and x = 2 when ¢ = 1, find a particular selution of this
differential equation. (6 marks)

164



@ 7 Find the particular solution to the differcntial equation
dx

=0y = [0siny

FTE

that satisfies ¥ =2 and % ==1 whent =0,

Methads in differential eguations

(10 marks)

B a i Findthe value of 4 for which y = 4rfe” is a partcular solution 1o the differential equation

dlx _ gdx 4
i d: dodx = Fpedr
it Hence find the general solution ta the differential equation.
b Find the particular solution that satisfies x = 0-and j‘: = | when 1 =0.
@ 9 Find the particular solution to the differential equation
15% + ¥Mix= 1B
that satisfies v =1 nndii-ﬂﬁwhen =0,
@- 10 a Find the general soluton 1o the differential equation
dix  _dx
S el O LN ¥ 2.
3t ds + 1 =24
b Heénce find the particular solution that satisfies v = 1 and % = Jwhen =10,
11 & Find the general solution 1o the differential equation
dy '-I.I:h e
dy® Tdx bk g
i
b Hence find the particular solution that satisfies vy =0, ok 0 when x=10.
12 Solve the differential equation
d2y
Pl + Oy = sin 3y
d '
sibject 1o the houndary conditions v =10, d—i_ = [ when x = 1),
d*x s
13 1 _+l’|n'Llll # O = Je
dx

Civen that x = (and df

g fined o terms of o,

=2t =1

b Show that the maximum value of v is =

g
Mixed axercizse o

@ 1 Fmd the general solution 1o the differential equation

dy
RS

giving your answer in the form y = f{x).

+ ylanx = 2secx

2 and justify that this is o maximum.

(6 marks)

(6 marks)

(12 marks)

(6 marks)

{6 marks)

{7 marks)

(6 marks)

(14 marks)

(8 marks)
(7 marks)

{7 marks)

165



@1

() 3

(® 4

Chapter 7

Find the general solution to the differential equation

1l-1“-"r"'l'_+xj.'=5.1:, =1=<x=1

d
gvang your answer m the form y= f{x). {7 marks)
Find the general solution o the differential equation
L. S
T + x4+ p=0
giving your answer in the form vy = f{x). (7 marks)

1 satisfies the differential equation

dy v
dr Tx
Find y a=a function of x {7 marks)

@ § v aatisfies the differential equation

(® 10

16

dy 3 _
e A=
Find vinterms of x {7 marks)

Find the general solution to the differential equation

¥
= (23" = Tpe=2x, O=<x=<]
de T A *

giving your unswer i the form y = f{x). {7 muurks)

_d
ol =)

dv
— = g1t = (Nx), where & is a consmant, giving your

Find the general solution o the equation 7

answer in terms of o, when

a Qix)=&e* (& and 4 are constants). {6 marks)
Ciiven that Q(x) = kx"e™, where £ and nare constants,

b find the peneral solution to the differential equation, {7 marks)

Find, in the form v = fix), the general solution to the differential equation

tan x i% + p=2cosxtany, 0 < x < -;: {6 marks)
a Find the general solution to the differential equation
dy i m
:d'l: S pFiony=e'Cosx, -'-':r X I
giving your answer in the form y= fi{x). {6 marks)
b Find the particular solution for which vy = 1 at x= 7. (3 marks)
dy .
gl Iy =sinx
Given that v = 0 when x =, find y in terms of x. {7 marks)

i}
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Methads in differential eguations

a Find the general selution to the differential equation

W i 4 marks

o = yainhxy {4 marks)

b Find the particular solution which satisfies the condition that y =1 whenx =0. {2 marks)
¥ .
de= =7}

Giiven that y = | when x =0, find y in terms of x. (7 marks)

Find the general solution 1o the differentaal m_uuthujj‘i—l + :l +pe=0 {6 marks)

Find the general solution to the différential L-.quumnj;;' 3 |1:f-;',' + 36y =0 (6 marks)

Find the general solution 1o the differential Equal.inn‘;-i;:{ - 43-1:': I (6 marks)
Find p in terms of & and x, given 1haljg+ K2y =10 where £ isa constant, and = |
and :;i =1alx=10 (8 marks)
Find the solution to the differential mqualiuui_:'-zl - 2};_ + 10y =0 for which =D
and f:ff =3atx=0, (8 marks)
a Find the value of & for which ¢ = &e® s a particular intepral of the differential equation
it A ARG T 4 marks
TPoe d_r+ ¥ =8 {4 marks)

b Usmng your answer 1o part a. find the general solution to the differential equation. {5 marks)

Find the general selution of the differential equation
d?y
— = = das T marks
dx? - ‘ )
The differential aquation dz . 4-:!'1' A4y =4 g 1o be solved
e~ Sy ™ :
1 Find the complementary function. {3 marks)

b Explam why neither le™ nor £xe? can be a particular integral for this equation, (2 marks)
A particular mntegral has the form kx%es.

¢ Determine the value of the constant & and find the genetal solution of the
egpuation. {6 marks)

Find the particular solution of the differential equation

e
a0 d Ay = J¢os A ;
o
which satisfies the initial conditions thar when (=0, y= | and dr =¥ (12 marks)
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22 a Find the values of 4, g and & such that = 1 + px + fve™ is a particular integeal of the
differential equation
diy _dy

—_ e "?l:d
= J-d 2§ X+

b Using your answer fo part a. find the general selution of the differential equation.

diy

{5 marks}
(5 muarks)

dy
23 a Find the solution of the differential equation 16— + §=— + 3y = 5x + 23 for which y =3

s dx

dy
and-—=3atx=10,

dx (& marks)
b Show that ¥ = 1 + 3 for large values of x. (2 miarks}
} —— . . d’y  dy _ ;
24 Find the solution of the differential equation P e B =3 sm3x — 1 cos 3y for which
¥=lat x=0and forwhich y remains fimitc as ¥ — > (& marks}
25 v satisties the differential equation
dix iy
e +H.i.r + 6y =cosdi, 1 =10
a Find the general solution of the differential equation, {8 marks)
b Find the particular salution of this differential equation for which, at 1 =100, x =ll
and%= i} (5 marks)
¢ Describe the behaviour of the function for large values of +. {2 marks)

1 Use the substitution == # to transform the differential equation

d
201 + % —"I'I+llr_|.?=—t
dx

into a differentisl equation in z and x. By frst solving the transformed equation,
a find the general solution of the orginal equation; giving y in terms of x,
b Find the particular solution far which 1= 2whenx =0

2 & Findthageneral solution of the differential equation
d?j.' diy
E+Md—+21 In, x>0,
using the substitution x = &%, where yisa function of 1.
b Find the equation of the solition durve passing through the point (1, 1) with
gradient 1.
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Summary of key points

1

d
You can solve a Arst-order differential eguation of the form ﬂ£+ Px)p = Qfx) by multiplying
every term by the integrating factor o /7

The natures of the roots ¢ and 7 of the auxiliary equation determine the general solution
2

d*y
to the second-order differentlal equation e + .&E +e=0.

You need to consider three different casas:
« Case 1: 5 > Gac

The auxiliary equation has two real roots & and [ (o » ). The general salution will be of the
form y = de* 4 e where 4 and & are arbitrary constants.

« Case 2: b = Lav
The auxiliary equation has one repeated root o. The general solution will be of the form
= {4 + HExle*"where 4 and Bare arbitrary constants.
= Case 3: b < &ac
Thie auxiliary equation has two complex conjugate roots o and 3 equal 1o p 2 41 The

general solution will be of the form v = e (A cosgx + Bsingc) where 4 and B are arbitrany
constants,

A particular integral is a function which satishes the original differential equation.,

d? dy
To find the general solutlon to the differential equation ndx‘:r + bd + oy = f(x),
X

diy  dy
¢ Solve the corresponding homogeneous eguation u::l'.:n.“ + h&-u + v =0 to find the
complementary function, CE

» Choose an appropriate form for the particular integral, P, and substitute Into the original
eqguation to find the values of any coefficients,

« The general solutionis y =CF+ Pl
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Modelling with

differential equations
 osecie:

After completing this chapter you should be able to:

» Model real-life situations with first-order differential equations

- pages 171-175
# Lse differential equations to model simple harmonic motion

- pages 175-180
# Model damped and forced oscillations using differential

eduations -+ pages LEO-186
» Model real-life situations using coupled first-order differential
equations -+ pages 186-190

Prior knowledge check

% 1 Findthe particular solution o the
dry ¥
e e e el

differential equation e [ B+ x

given that y =0when v =0, + Saction7.1 B

2 Find the genersl solution to the differential 8
d*y dy i

Equatlmd = dm‘hﬁx!n & Sectlon 7.2 3
3 Find the parficular solution to the
differential eqguation

i e sl 2y =10

s + 2y = 10 cos:

d “dy o ¢ ’

dy
given that i Dand y=0whenx=0 A
s &= Soctions 7.1, 7.4

s fh T K

prey can be modelled using a pair of
coupled first-order differential equations.

=5 Mined exerciie Q1o




Modeliing with differential equations

m Modelling with first-order differential equations

First-arder differential equations can be used to model problems in kinematics. You have covered
some of these contexts in A level mathematics and you have learned the following relationships

between displacement, velocity and acceleration:
¥ - i = ux
i di

where v s the displacement of a particle, v is the velocity and & is the acceleration at time 1.

You can use these relationships to censtruct first-order differential equations which you can
salve using the standard metheds of direct integration and separation of variables from & level
mathematics, or the method of integrating factors covered in Chapter 7 of this book.

camric @)

A particle # starts from rest al a pomnt Crand moves along a siraaght line. At ume ¢ seconds the
acceleration, ams—=, of F1s given by
N e
{r+ 2§
a Fmd the velocity of / at time ( seconds,

b Show that the displacement of # from € when ¢ =65 (18 = 121n 2}

5 o & Writa the given relationship as a fiirst-order
el ff & 2 differantial equation,
(= | :
v= | ot = |Gl 2Tt ——— : _ _
; = / | Intagrate both sides with respect to 1. Motice that
s alf EIE-' i thiz equation can be solved by direct intagration,
== -r-jt"l-z: |— Remember to include the constant of intagration.
When =0, v =1
D=yr- i 2 c=3 Use the initial conditions 1o find the value of ¢
The velecity of P st time | seconcls ia
I: - : r ;,;:I s 581 up;nmhe-r first-order diferential equation
i - using =¥ = r.
b w3 - ! |_ B
af 14
) |'.: 5 & | : ;
Fm = e Sohe this differential eguation, again using
=3 =-Einli+2) +d L standard methods, and include @ second constant

Whien ¢ = 0. 5= 0 of integration. You are tald that the particle starts
Om e Cln2 e des dw s from rest at the erigin sa your initial conditions

- = e i R = are s =Dwhen ¢ =10:
§Fu 3 = Ghnlt 4 2] +' &1 E
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Chapter 8

When I

=T
[

= e,

The di=glac

m (18 =12 2 m a= reguirsd

example @)

A particle P is moving along a straight lime At time ¢ seconds, the acceleration of the particle is

= I+ L P ==
Given that v =0 when 7 = 2, show that the welocity of the particle at time 7 is given by the equation
v=gft— 2

whiere ¢ s a constant 1o be foumd,

Bind + &in &

Ginis| = 18- &ind

—

sment of P om O when'd

Intesrating factor = el = al-7d

S the original e

[ '_Ir Iy o= g
Ca

=== &
= === e

Since 1 = O lhan |- 2,
=i} 4 B = g
S the veloalky of tha marticla at time 7 15

glven by v = 51

Liza the [mws of logarithms to simplify your
answer into the farm asked for in the question,
This can be done in more than one way, The
waorking shown hars uses
Ind=Inz=In{5}=n4

and

I =ln2 =2

Write the differential equation in the farm
dﬂ—: + Py = {hahera Pand O are functions of 1.

To sofve this differentlal equation, you need to
use the Integrating facior method, = Section 7.1

Find the integrating Factor and use the standand
methnd tocfind the peneral salution.

Multiply through by 2 to find 1.



Modeliing with differential equations

First-order differential equations can also be used to model other real-life situations Involving rates
of change.

You might need to construct or analyse models based an situations other than kinematics in your exam.

e €

A storage tank initially containg 1000 litres of pure water, Liguad is removed Trom the tank af a
constant rate of 30 litres per howr and a ¢chemical solutien is added to the wank at a constant rate of
4 litres per hour, The chemical solution contains 4 grams of copper sulphate per Titre ol waicr.

Given that there are x grams of copper sulphate in the tank after ¢ hours and that the copper
sulphate mmeadiately disperses throughout the tank on entry,

a show (hat the situation cin be modelled by the differential cquation
dx Ix 2
7R et
b Hence find the number of grams of copper sulphate in the tank after & hours
¢ Explain how the model could be refined

A Libes of leuld n the tank after ¢ hours 5 glean by
WD + 400 = 304 = 1000 + 10y
Lat x grams ba the amount of copper sidphate in

Write down the amaunt of ligukd in the
tank after ¢ hours

Problem-solving
Conenptration of COpaed 7'._-|r'|||_gr_._-. afesi §F haurs

p Work out the rate that copper sulphate

the taak after ¢ hours

ram HEre

PO + T3
Fate copper sulphats In= 40 % 4
= 160 grams g hour

ny
Eate copiosr milphate put = 30 '« - -
' ' ST000+ 1Dy

3% s
= - HEAMS e N
L 00w SR
K - =5
h_--.:r.::'—""
g = 3 23 00 & f
dy = :
BY s = 16
o W0+ i
Integrating Factor = gl = @ i
= AT
= {100 + 1y
So the arigingl equation becomes
: i ; ; AW LW ;
(100 + P70 + 3OO + (% = 1601100 + f]
= ;4I':f1EI‘." + 175 = 160N 00 + 47
" T {100+ 1Ex = S0000 + 1)* +

When f =0, x =0
D=4 000000000 ¢ ¢= ¢ = =4 X 107

Ater & hours,
HOSHEx = 40 % (10ey — L4 »w 137
=252 g (3 af)

enters the tank and leaves it, The rate at
which the copper sulphate leaves the tank
will be dependent on Ehe concentration of

copper sulphate in the fank,

Write down the hnal differential
erjuatian, % 5 the rate of change of
copper sulphate In the tank, so it s

equdl to the rate of copper sulphate In
minus the rate of copper sulpbate out,

Write the differential equation In the

[ﬂfl‘l‘l%+FJ.=Q.

Warkout the ralue of ¢ from the Initial
comditions.
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£ The madel senild ba reflnad to take ko gocount You could give any sensible supgestion
bhe fack that the copper sulhate does not here, but make sure itis in the context
| of the model. For example, the rate.at

' | e el |.-.|rr:_';_'.|'._=|'_'.::i:,' on entesing Ehe tank ] ki
which liquid is rermoved could be made

tovary with the volume of liguid in the

1 A partiele Pis moving along the v-axis in the direction of x increasing. At time ! seconds, the
velocity of P is (rsin fpms~". When ¢ =0, Pis at the origin. Show that when ¢= 3,
Fis 1 mewre from 2, T

2 A particle P is moving along o straight line, Tnitinlly P is at rest. At time § seconds P has velocity
vms~! and acceleration ams where

i}
= 2 D
T

Find vin terms of ¢
@ 3 A particle P ismoving along the x-axis. At time ! seconds P has velocity vms-! in the direction x
mereasing and an acceleration of magnitude 4¢®* ms-2 in the direction x decreasing. When =0,
Fis moving through the origin with velocity 20 m ' in the direction x increasing. Find:
a vinperms of
b the maximum value of x attained by P during its motion,
@ 4 A particie, P, s moving along the v-axis Al time ¢ seconds, the displacement of the pamide from
Cris xm, and its velocity is vms~', where
[l E'i
Given thiat the particle is initially at the origin, find x as a fonction of 1,
Acsports car moves along a horzontal siraight road. At time ¢ seconds the aceeleration,
in ms—, is modelled using the differential equation
dr
di
where v is the velocity of the car in m s

When | = 0, the car is travelling at 1ms.
a Show that the velocity of the car at time f seconds can be wrilten as v= %I:Ec': =1 {5 marks)

9

=2 = |

b Find the velocity of the car afier 2 seconds. {2 marks)
¢ State, with a reason, whether the moade] is suitable when @ = 4 seconds, i 2 miarks)
6 A raindrop falls vertscally from rest through mist. Water condenses on the ramdrop as it falls
Yo are given that the motion of the raindrop may be modelled by the equation
{1+ 4) ﬂi +dv =98t +4)
whiete ¢ ia the time in seconds and vis the velogity of the raindrop m ms!,

420t + 4y —¢ )
a Show that v = ——7———— where r 15 a constant o be found. {6 marks)
25(r +- 4
b Find the velocity of the raindrop after 5 seconds. (2 marks)

¢ By considerimg the velecity for large values of &, suggest ong criticismeof the moda. {1 mark)

174



Modeliing with differential equations

7 A gas storage tank initially contains 500 cm® of helium. The helium leaks out at a constant rate
of 20 cm?® per hour and a gas mixture is added o the ok at 2 constant rate of 50c¢m? per hour.
The gas mixture contains 3% cxyeen and 95%% helium.

Giiven that there iz vem?® of oxygen in the tank after r hours and that the oxygen immediately
mixes throughout the tank on entry,

a show that the situation can be modelled by the differential equation

dx _ 4 2x
.
P T (Emarin)
b Hence find the volume of oxygen in the tank after 4 hours {5 marks)
¢ Explam how the model could be refined. (1 mark)

m Simple harmonic motion

You can uss second - arder differsntial eguations to model particles moving with simple harmonic motion,

= Simple harmonic motion (5.H.M.} is motion in which the acceleration of a particle /" is always
towards a fixed point 2 on the line of motion of . The acceleration is proportional to the
displacement of F* from ().

The point (@ is calied the centre of oscillation.
The minus sign means that the acceleration is
abways directed towards (0,

We wrine = =-ufty

This can be shown on a diagram

:
ﬁ...'."..:._. m The constant of proportionality in this
. equation is o, where wis the angular velogity
4 x '3 ol the particle. -+ FM2Z, Chapter 1

Given that &= %yw can uze the chain rule to

'm Explore simple harmonic motion O

derive a relationship between x, s-am:! i whlc_h will using GeaGebra,
allow you to solve the second-order differential
equation for simple harmmenic moticn:

~oodv de dx You can use ‘dot’ notatian todndicate
R TTal differentiation w{le:ﬂ respect to time.
~2ats b 2, X
: - : . —andi¥= — i
Since CE . v, you can write acceleration as follows: " dr oS dr ik e tnFlenule
dr displacement, then & represents velocity and 5
- represents acceleration
ST

A particle P moves with simple harmonic motion about a point €. Given that the maximum
dplacement of the particle from O 154,

a show that v*=w?( @* — x° ), where v 18 the velocity of the particle and w* 15 a constant.

b show that v = a gin (o + o), where o is an arhitrary constant.
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= ey
) W—— = = e Y
4y
fray =— [wfxdx I_
i = = :'w I bl |
T = I’:‘ WD X = &, T \\
thereforne O = —< _.,"-' = 4+ = = 4"Irr'
Hefice 515 m —cw? X5 4 it gt
P ST =] 3m resuired,
B i+ v =0 = -
= =y - ~
—— 4wl =0
= f
ar ot ot =0 & = sl |
v = dcos il & d=inwd =
= Rainfd + 1) £l
This la= maElmm amplibucs R SHnce b

maximrn amslitud® oF the part ol [l

U= psiniwl oo s reguired;

You can see from the above example that the
path of a particle P under simple harmonic

i x gLt
motion is 8 sine wave with period TT and

amplitude &

IF the particke is at its equilibrium pasition at time
t=0 thena=0

Ik

1T

Write down the equation for simple harmonic
makion and use ¥ = rﬂ—: to write a differantial
equation immaling v and r only

Separate the variahdes,

Integrate both sides and add a constant of
integration.

The velocity of the particla will be zéro when the
particle i at maximum displacement.

This s asecond-order bnear differentlal equation
Write it in the form uﬂ +.|‘;|di' + oy ={and

i ch
then solve the corresponding auxiBary equation.

& Secton 7.2

Problem-solving

¥ou are given infarmation about the maximum
displacement, 5o wiite the general solution in a
Form where you con determine the amplitide,
The acbitrary sonstents become Band o, when

Ri= 48+ B and tan o -%

m The period of the matian is the time

the particle takes (o complete one oscillaton.
The amplitude of the motion 5 the maximom
displacement from the origin.

It the particle is at its stationary point, ieits
maximum displacement, when r =0, then o= %

‘A

[1.0 ‘.

g




Modeliing with differential equations

 exampie @)

A particle is moving along o steaught Line, At time 7 seconds its displacement. xm from a fised

point @ is such that fh" = =4,

Criven that at r= 0, ¥ = | and the particle is moving with velocity 4ms',
a find an expression for the displacement of the particle after ¢ secomds
b hence determune the maximium displacement of the particle from 0.
A7 5 Thiz is a second- l:lrl:lver |in+:'ar diFFEfE'ltiaI equation,
4 + Sai=

ol J* i e
'n'n"rtetlnthefﬂrm:rdra+hd + =1,

M +4=0=n==x

Acos 2t + Bsinge- ' |_ Write down and solve the auxiliary equation,
lwhenft=0=24 =1

" Y

X

ol Write down the general solution. There are two
= L FO I.:I =- o E _I-_ i i i - -
V=g e 2000604 purely imaginary roots so the general sobution is
i o i e B in the form v = Acosgx + Bsingx  + Section 7.2
H = e 3 =5 = I e

ancs ¥ = eosdr + 2oin gy Suhstitute the initial condition for x
1= Aeasll + Bsinil)

B ox=45zsini2r + D4E3C.)

v i et Differentiate 1 1o find an exgression for v and use
JE migtres, — thenitial conditien fior v, & = =250 + 2 Fcnsi)
Wiite your selutlon oo in the form Ssinif + a),
Example o

A particle, P, is attached to the ends of two identical elastic springs. The free ends of the springs
are attached 1o two points 4 and B The point C Lies between A and & such that 4B 15 a straight
ling and A C 2 BC. The particle s held at © and then released from rest.

Al time  seconds, the displacement of the pactiche from C s om and its velogity is vims",
The subsequent motion of the particle can be described by the differential equation ¥ = —25x,
a Describe the motion of the pariicle.

Given that x =04 and v =0 when =10,

b solve the differential equation to find x as a function of ¢

¢ state the pericd of the motion and calculate the maximum speed of P,

a The particle mouss dikh simpla harmones motion

b x4+ 25%r=0
e+ E"v = =% ¥l = 1:"'--__ : ~ Write down and sclve the ausdiiary equatian.
Y= AcosSi + ,ﬁ:-_-..-.--r Then write dewn the general solution.
=04 uhen i = 0= A =0.4 —|
x=—5AanmSr + SHeosS Find the values af 4 and B
t=0when == 8=0 J

Menee 1 =L.483s570
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25
& Fertod ol motion s - seconds

-

Ema,

I = — EainSE sg masrmim apesd =

Exercise

@ 1

A particle 1s moving along a straight Iine. At time ¢ seconds its displacement, xm., from a fixed

point €2 is such 1I1:741JJ - =9y,

di?
a Describe the motion of the particle. (1 mark)
CGiiven that at =10, ¥ = 2 and the particle is moving with velocity 3ms ",
b find an expression for the displacement of the particle after 1 seconds {7 marks})
¢ Hence determine the maximum distance of the particle from €. {2 marks)

A particle is moving with simple harmonic motion. After ¢ seconds s displacement, xm [rom a
fixed point € is such that & = - Lhx,

Giventhatatr=0 x=5%and x =2,

a find an expression for the displacement of the particle after f seconds. (7 marks)

b Hence determine the period of motion and the maximum distance of the particle
Trom C). (3 marks)

A particle moves along a straight line. The particle moves such that 118 acceleration. in ms—,

acts towards a fixed point € and is propertional to its distance, xm, from (.

a Describe the motion of the particle. {1 mark)
Given that the acceleration of the particle 15 =5ms-2 when x = 1.

b write down a differential equation to describe the motion of the particle. {2 marks)
If the velocity and displacement of the particle at time #= 0 are 6ms" and 5m respectively.

¢ find an expression for the displacement of the particle after ¢ seconds. {7 marks)

d Hence find the maximum distance of the particke from . {2 marks)

A particle moves along a straight line such that its acceleration, in m =2, acts towards a fixed
point €} and is proportional to its distance, xm, from O

2

T'he eguation of motion is given as m; =—kx, 1=0

where L is o constant.
Ciiven that the acceleration is =Tms—*when x = 2,
a write down the value of . (1 meark)

b Use vour answer 1o part a 1o find v asa lunction of §f given that x = 6and x = 1 at
tima 7 =il {7 marks)

¢ Hence lind, correct to 2 decimal places. the period of the motion. {2 marks)
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5 A small rowing boat is Aoating on the surface of the sea, tied to a pier. The boat moves up

and down in & vertical ling, such that the vertical displacement, xm, from its equilibrium poinit
satisfies the equation

dX _ 2950 i50
dt?

Giiven that the maximum displacement is 1.3 m and it occurs when ¢ = 2 seconds,

a [ind an expression for x i terims of fin the form v = dsined + Beosed where 4, Band o are

constants o be found, Give 4 and B correct Lo theee decimal places. {7 marks)
b State the tome elapsed between the boat being at its highest and lowest points. (2 marks)
¢ Criticise the mode] in terms of the motion of the boat for large valoes of £ (1 mark)

6 A particle Pis attached to one end of a light elastic spring. The other end of the spring is fixed
toa point A om the smooth honzontal surface on which P rests. The particle s held at rest with
AP =09 m and then released. At time ¢ seconds the displacement of the particls from A is xm.

The motion of the particle can be modelled using the cquation % = = 200x,

a State the type of motion exhibated by the particle £, i1 mark)
Given that x =10.3 and the particle is at rest when ¢ =10,

b solve the differential equation to find x asa function of ¢ {7 marks)
¢ find the period and amplitode of the molion {3 marks)
d calculate the maximum speed of £. (Z marks)

@:} T A particle £ 1is atached to one end of a light elastic spring. The other end of the spring is fixed
to a pont O on the smooth horizontal surface on whach £ rests with OF = 2.6m and then
relessed. The motion of Foan be described using the equation ¥ = -$x, where vimas the
displacement of P from O at time 7 seconda

Given that x = | and the particle is ot rest af time r =1,
a solve the differential equation to find «+ as a function of {7 marks)
b find the period of motion. (2 marks)

@ 8 A smooth evlinder 15 fixed with 15 axis horeontal. A piston of mass 2.5ke 18 insade the cylinder,
attached 1o one end of the cylinder by a sprng of natural length 50cm. The piston 15 held at rest
ini the cylinder with the spring compressed (o a length of 42cm. The piston 15 1hen released. The
gpring can be modellad ag a light elastic spring and the piston con be modelled as a particle.

The motion of £ can be described using the equation ¥ = = 320x, where xom 18 the compression
of the spnng from its natural length at time 7 seconds.

Given that ¥ =8 and v= N when r =10,
a solve the differential equation to find x as a function of ¢ {7 marks)
b find the period of the resuliing osciliations. (2 marks)

9 A pendulum P s attached to one end of a light inextensible siring, The ather end of the string
is attached to a fixed point 4 on a cethng. The pendulum hangs in equlibrium at a point &
vertically below A,

The pendulum is then moved through a horzontal distance of 15 cm and released from rest.
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The subsequent motiion ctn be moedelled using the cquation 5 =— ‘?' vy where xem isthe
horizontal displacement from the vertical af time 5 seconds and 1 == 0

a Solve the differential equation to find x as a function of r, {7 marks)
b Find the period and amplitnde of the motion (.3 marksj

Anton says that since the pendulum describes simple harmonic mation, the mode] suggests that
the pendulum will stay swinging forever.

¢ Suggest a refinement of the model in hght of thas statement. {1 mark}

@ Damped and forced harmonic motion

You can refine the madel for simple harmonic motion by adding an additional force which is
proportional to the velocity of the particle. When this force acts so as to slow the particle down it is
known as o damping force, and the motion of the particle is known as damped harmeonic motion

= For a particle moving with damped harmenic motion VB el et
dix dy _ thic as % + ke # wic =0
e wix=0 -

where x is the displacement from a fixed

point at time 1, and & and .* are positive

constants. m This is an example of a second-order
homogeneaus differential equation. You can solve
equations like this by considering the auxiliary
equation. & Sectlen 7.2

Therz are three separate (ases cHrespanding 1o
the auxiliary equation having distinct real, equal
ar complex moots,

When &° = 4w® there are two distinct real roots for the ausiliary equation, Thisis known as heavy
damping In this case there will be no oscillations performed as the resistive force is large compared
with the restaring force

When &° = 4. the auxiliary equation has equal roots, This is known as critical damping. &gain there
will be no oscillations performed.

When &% < 4w the auxiliary equation has complex roots. This is known as light damping and is the
anly case where ostillations-are seen, The amplitude of the oscillations will decrease expanentially
aver time

For heavy and critical damping the exact nature of the motion will depend on the initial conditions
given,

Far light damping the period of the absarved cscillations can be caleulated.

A particle P ol mass 0.5 kg moves in o bonzontal steaght lne. Ad Gme ¢ seconds, the displacement of
P irom a fixed point, @, on the line is xmand the velocity of Pis vms ' A foree of magnitude Bx N
acts on Fin the direction A2, The particle 15 also subject to a resistance of magnitude 4v M,

When 1 =0, x = 1.5 and P is moving in the direction of increasing v with speed 4ms-',

dx

a Show that d—;+ Em + 16y = b Find the value of x when r= 1.

i ;
=
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Draw a disgram to show the situatiaon.

=
=By + 4yl = 0L3x
D5x+ 4+ 8x =0

Afx . EI:-J‘-' R T
af el
b Aiillary: agueation
il P le=0
i+ )= = 2
= =4

Ganeral sclution i a0 = (4 + S

el -p=ta s lE =

ey

dr

I=0pv=4 =4 =R—&4
Bodsddmdsdsts=10

= B = &id & Bre™

Sox= 1.5 + 10e"
5l =X =107 =020,

When 1 = 1, = 021 {3 ad}

Example o

The suxiliary eguation has equal roots.
This means that the peneral salution isin
the form x= {4 + Brle™, where v is the
rooL & Saetlon 7.2

Use the initial conditions given in the
question to cbtain values for A and 8.

Problem-salving

This & an example of critical damping:
'
D %
m Explore damped harmanic O
muotion using Geolebra

A particle F hangs freely in eqguilibrium attached to one end of a light elastic string, The other-end

of the string 15 attached to a fixed point A. The particle is now pulled down and held at rest in a
contuner of Ngud which exeris a resistance 1o molion on P. P = then released from rest. Whale the
siring remans taul and the particle in the bguid, the moton can be modelled using the egquation

Irji.-'F + ik %: + Skiv =0, where & is 2 positive real constant

Find the general solution to the differential equation and state the type of damping that the particle
is subject o,

Buniliary aouabion: m° + Chkm + 555 =0
im + Skl + k=0

= —5E or =Kk

If the auxiliary eguation has distinct real

General schublon 15 a8 = Ae59 4 Bei
The aukiliary eguation has two ahstinet r=al
roats 5o the particle s subject ta hedwy

dlampgna.

roots o and /3, then the general solution is
inthe form x= de™ + B
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Oneend of a hght elastic spring is attached 1o a fized point 4. A particle P iz attached 1o the other
et and hangs in equilibrivm vertically below' A, The pacticle is pulled vertically down from s
equilibrivm position and released from rest, A resistancs proportional to the speed of F actson P
The equation of motion of P 1§ given as

:;‘ + 2k j: + 2eix =0
wiiere & 15 a posifive real constant and ¥ 15 the displacement of P from iis equilibrium position.
a Find the general solution to the differenial equation.

b Write down Lthe period of oscillatioen in terms ol &,

= If the:auxiliany equation has complex roots
a Pumillary equation: mr + Z2km + 2k =0 — p+ i then the general solution i5in the fommm
ey -k & vak® =4 x 2k* x=erAdcosar + Bsingt)

= —fk  {&

S v @0 con ki & Bein kil (A cosks+ Bsin ki) can be written as Roas(kr + &)

=0 tﬂgl\'EElpEﬂﬂdﬂfi—'T

B FeErpd = —
Problem-solving

k
This is an example of light damping:

NA sa
vy

The disptacement of the particle will cecillate with
a reducing amplitude.

I

You can investigate the motion of a particle which is subject to the same two forces as above but
is also forced to oscillate with a frequency other than its natural one. This type of motion is called
forced harmonic motion.

= For a particle moving with forced harmonic
motion m This is an example of a second-arder

dir . dy : non-homogensous ditferential equation. You will
e e - need to hind the soletion to the correspondn
= +F.d!+w.r—ﬂ'i'] Riad h g
wheres i thedisplacensnt 4 a fixed homogeneous equation, then add a particular
integral. the form of which will d fir}.
'Ti“:t at time 1, and &k and .»® are positive topsale it Ep?:ds::.]ﬂ =3

182



Modelling with differential equations

A particle Pol mass 1.3ke s moving on the v-axis At time ¢ the displacement of P from the
origin @ s x metres and the speed of Pis vms!, Three forces act on P, namely a restoring force of
magnitude 7.5x ™, & resistance to the motion of  of magnitede 6v N and a force

of magnitude 12 sinf N acting in the direction OF. When =10, ¥ =5 and

a Show that ‘j-j 4%' 4+ 3x = Bsind,
¢ Describe the motion when £ i1z large.

a F= I,
o LN - g
=755 - 658 4 128int = 155
T ar
X ¢ 5x+ 455 = Being
dF el
i
1'.:' & i 'c.-.ll. + 5§ = E\:ﬂ_—“nr
caf" At
b Auziliary gquation: s+ 4im+ 3 =0
=4 £y =4 x5 =4 4] &
- = = il =t - |
2 e

Compemantary lunstion: i, = ™A cost + #sini]

i e

b Find x asa function of £,

L Ontine JEMANS

farced harmanic miction
psing GeghGebra,

Thit is the general
solution to the

Particular ||"..-:.3r.-]|: by & = ||'.l:~i|'..' # fooal

e pHe=sl = g sing
af

=l

TR = =amf = groal

o {=paint = joosf) + Hpcosd = gaind) + S{psint + gocs ) = Osind
[=fr — :‘i.lir + ':Il?.:' nil + -!—;Ir + -'Ip + :'I'H-'- Tl = Ssind

Equating cosfficients of cosi: dp+ dg=s D= pa =l

Eauating cosfficients of sinl: 4+ dp=B=2p-y= 2

Sop=1and ¢y ==

S the 'r'art'azn.l.ur intEagral i=x = 2inf — cos ! and the fineral solution ——

5% =5 " Adcosr + Baint) ¥ =lni = cosi

cofresponding
homogeneous
differential aguation.

General salution

= tmplementary
function + particular
imtagral

Lse the initial
conditions given in

B =

sl x=5 Ad=1s0d=85

Y= a i cont + Fsin 1] -sint = ook

A A 3 ;

== —#6"'[.-{rrr:~r + B=nl) + 22 =d=int + Booat) 4+ cosi + sinf

red —--— 2 ==
:'Ir

Soxs e Yeeosl + 1

Z=-2Ad+B+lwB=Z+12-15 13—

sint) + anf— cond

the guestion to obtain
warlues for o and &,

Write sins —cosi in the

s ;T i
&= vdan{r ="
For latge valies o §, the moticn s SR, with amphibads 2
and paricd 2w

form Rsinii = o)
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Example

A particle Pis attached toend A of a light elasic sirmg AR, Initially the particle and the siring lie m
rest on i smooth horzontal plane. At time ¢ =0, the end B of the siring is sét in motion and moves
with constant spesd L5 im the direction A8, and the displacement of F fom A i3 v Al resistance acting
on 18 proportional to its speed. The subsequent motion can be modelled by the differential equation

dx d
L Fir m— Iy = e I
dx1+'kdr+#'r 2EL

Find an expression for xin terms of L7, & amd 1,

Aiwiliary cquation: m~+ 2k + k5 = 0

e+ & =0

R = =i
Complementary furction! x= (4 + Bije The right-hand side of the differential eguation
Farticular ntearal: try ¥ = u i5 comstant, 5oty 8 constant fior the particular
f=k=0 integral,
Soktn=s 2kl == 2_&![
General =alkion is ¥ = (4 + He'T 4 E: [

., _ i d el 4. B Use the Initigl conditbons-given In the question 10
i=L, x=d{ rlE A= AdE =
k [ obtain values for A and &

r==kid + Aig™ + B
=i = el =
{

f==kd + 8
B=U+kd=-1
i '—':f - Ttjet 4 £2

Exercise @

1 A particle Fis moving in a straight line. At timg ¢, the displacement of P from a fixed point on

the line is.x. The motion of the particle is modelled by the differential equation

dx dx
e P o
a0 + & + 8 =0

When ¢ =10, £ i= at rest at the point where x =1,
# Find x asa function of r,

b Caleulate the value of ¥ when =%

¢ State whether the motion is heavily, critically or lightly damped.

2 A particle £ is moving in a straight line. At time ¢, the displacement of # from a fixed point on

the line is x. The motion of the particle 153 modelled by the differential equation
dix dr
TERY G
A + 3 a [Zy=10
When ¢ =1, P = at rest at the point where x =4.

Find x asa fonction of
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3 A particle £ is moving in a straight line. At time ¢, the displacement of  from & fixed point on
the ling is x. The motion of the particle is modelled by the diférential eguation

':jjr”' + :% 46 =0
When r=(), P is at rest at the point where x =1,
a Find x asa function of 1. (6 marks)
The smallest value of £ ¢ = 0, for which P 15 instantaneously at restis T
b Find the value of T, {2 marks)

4 A particle £ is attached to one end of a light elastic spring. The other end of the spring is
attached 1o a fixed point 4 and # hangs freely in equilibrium vertically below 4. At time =10,/
s projected vertically downwards with speed . A resistance proportionad 1o the speed ol P acts
on P, The motion of P can be modelled using the differential egaation

?th + Ak ‘;’f + Hhie=0
where x iy the displacement of £ Irom ils equilibrivm position al tme § and & 15 & positive
Coistant.
a Find an expression for v in terms of u, fand & (6 marks)
b Find the time at whech £ comes 10 inslaniansois rest, {2 marks)

5 A particle of mass 2kg moves in a horizontal straight line, At time ¢ seconds, the displacement
of P from a fixed point € 15 x metres and the speed of Pisvms !,

A force of magnitude 6 M acts on £ in the direction €2, The particle 15 also subject toa
resistance of mapgnitude 2v N, When =0, x = 1 and £ is mowing in the direction of increasing x
with speed 2ms™

a Show that ¥+ ¢+ 3v=10 (2 marks)
b Solve the differential equation in part o to find x as a function of 1. (K marks)
¢ Find the value of x when ¢ = 2. {2 marks)
d Describe the motion of £ for large values of 1, (1 mark)

6 A particle Fis atiached to end A of a light elastc spring 48, The end 8 ol the spring is
oscillating. At time | the displacement of P from a fixed point 15 c. When r=10, x = 0 and
:-'lj: = '; where & is o constant, Given that x satisfies the differential equation

:lir; Uy = Loosy

find xas a funchion of «. (8 marks)

7T A particle £ is attached to énd A ol a light elastic spring 48. Initially the spring and the particle
lie at rest on a horizontal surface. The end & of the spring s then moved in a straight line in the
direction AKX with constant speed L. As P moves 1015 subject (o a resistance proportional tots
speed. The extension, x. in the spring can be modelled using the differential equation
dix ol L ert e s
EPE +::Ldr+ﬁ.i x=5LU

Find an expression in x in terms of 1. {8 marks)
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8 An enginecning student is designing an oscillating piston that is attached to a vertical rod, The
piston is 10 be released from rest from a point hall’ way up the rod so that it oscillates in a verrical
line. The vertical displaceinent, x metres, of the top of the piston below its imtial position at time
t seconds 15 modelled by the differential equation,

Ii? + 3!'5'::-1-1 = liMbcose, F =0
a Show that a particular solution to the differential equation is x = 30 sinr — [ coss (3 marks)
b Hence find the general solution to the differéntial equation. (5 marks)
¢ Dse the model to find, to the nearest centimetre, the vertical distance of the top of the piston
from it initial position 5 seconds after it is released. {4 marks)

m Coupled first-order simultaneous differential equations

In some real-life situations rates of change of two variables are connécted. For exampie, in a predator-
prey maodel, the rate of change of the population of bears might be dependent on bath the number

of bears and the number of fish in a river. Simultanecusly, the rate of change of the number of fish
might be dependent on both the number of bears and the number of fish, In this case, you have two
dependent variables, the number of bears and fish, and one independent variable, time, You can set up
two first-order differential equations to mode| the rates of change of the numbers of bears and fish.

Letting the number of bears at time ¢ be » and the number of fish at time ¢ be 1, you can write:

dx
—_—= .‘I'l' I'-
igdadaa Notation TR E

: Vs -+ g system is said to be homogenous.
I

These eguations are called coupled first-order linear differential equations and you can solve
them simultaneausly to find x and v as functions of 1.

= You can solve coupled first-order linear differential equations by eliminating one of the
dependent variables to form a second-order differential equation.

At the start of the vear 2010, a survey began on the numbers of bears and fish on a remote island
in Morthern Canada. Afer @ vears the number of bears, v, and the number of fish, p, on the islind

are modelled by the differential equations
dx

=03y <01y
% Lix +0.1) i1
i
—_ = : <1 ¥
T DL::'_+ ﬂ.:n_ld (2]
a Show that —— — 085 + 016Gy =0,
el i

b Find the general solution for the number of bears on the islond at tme §,
¢ Find the general solution for the number of fish on the sland at time .
d At the start of 2010 there were 5 bears and 20 fish on the island,
Llze this information to find the number of bears predicied (o be on the island in 2020,
e Comment in the suitabilicy of the modsl,
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Modeliing with differential equations

ey — Rearrange equation (1) to make v the subject.
a p=10 e 3X
’-":.: - 1{:-:'-1’ 3 I:: — Dafferentiate bath sides with respect o ¢,
Flat P e i

e L = _;_[:I'r__..; 2 il .h_-'.h'_ ; di
":',-..-- ~dr U """"j'l-'L el 'J"J'] | Substitute your expresséons for p andn—tlnm

,_I-:;".\ ik

0= _— A= +1Ex =0 equation (2] 1o form & second—order differential
. equation in x and 1.
- 085 + 046 =0 3
2 Rearrange Intn the cormact form:
B oms—08m+ 006 =0=m=_04
Hence &= Ae™" + Bta=" |- Write down the auxiliaryequation and salve it
X

= 0AA"Y » Q4 BIe™ + Be™

i Lse the general form of the solution of &
J= 10— — o from equation (1) differential equation with a repeated root.
= TE0.A AN £ 0.4 BraB 4 Bat| Prabl bvi
AeSS  GReY 4 Bpat You do nat need o go through the whole process
to find an expression for v in terms of ¢ if you
differentlate vour answer o part bwith respect

i

-l.

d Brf=lx=8B=4=5 —|

A= y=20= B=15 | dx
- ta ¢ yodn will have expressions for vand — in

T = 5 4 | Spa= |:| i

AR Hima =10 x = Set ¢ 15e% = {092 terms of ¢ only, You tan substitute these inte

The modal predicts there will be 1052 equation {1} and simplify 10 cbcain the answer,

bears on bhe island by 2020

_ _ = Usa the initial conditions 1o find 4 and &
& The mpdel predicts the number of hears

ek L Rariner 08 HeRy Witk gl iichehl Substitute 1 = 10into the equation for . Round

o the nearest whole number,

lirrit &0 ik s anliksty bo b realstic,

Two barrels contain contaminated water. Al time § seconds, the amount of contaminant in barrel
A is xml and the amount of contaminant in barrel B is ¥y ml. Additional contaminated water flows
into barrel A at a rate of 3ml per second. Contaminated water flows from barrel 4 to barrel B and
from barrel 8 to barrel A through two connecting hoses. and drains out of harrel 4 to leave the

system completely
The system 15 modelled using the differential equations
iy i i
—— =h — =
T s £ (1}
oy 5
it it @

.o 1

d-’ i
Show that 630— +3-'|'[J—'I + 28y = 135.
dr: di
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-"1l+'1| = v frem equation (2]
= x F (== [ 1 i
R Lt e '
ody e 3
", ‘m Y o= (3 ——
3. dr 2y -
de 704y 2804y
i S erdr -
i o - e i a 1|r?.::-.-.+.- Zen |
J = e ! :
3 4 27 dt o Fl 8- de i el
d®y  2and 4 dy &40
Ty =18 +=Fr-=10 — =
b - -V LR di - B
d<y i ) A f——
=30 + 20 =135 4+ 12y = 80 — A0y
i Al - dr LI
- 5y B dy N
= 030 + 7 5 + 258 =135 as reduied s——
i -

Rearrange (2] to make x the subject.

Bifferentlane (3) to find %.

Substitute (3) and (&) into {8, simpiify
coefficients and remove fractions

Write your answer in the form required in the
quEsTion

@ 1 Find the particular solutions (o the differential equations

dx .

dlr—. ¥
dr_
&

given that v= 1 and y=2atr =

a Find the general solutions 1o the differential equations

&,

dr -
b Given that at time r=0, x= L and y =2, find the paricular solutions
Acsyatem of differential equations i3 given as

S =2v-3p-2

dy

& ¥+ p—1

Given that x =0 and y= 1 when ¢ =10, find the particular solutions to the syatem of differential

eguations

Al the start of 200 2. a survey began on the nimber of sand foxes and the number of meerkats

on a remote desert island. After ¢ vears, the number of sand foxes, x, and the number of
meerkats, v. on the sland are modelled by the differential equations

dx

dr

=iy + 01y

=1 5x + 0.4y
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Modelliing with differential equations

a Show that & - IZI-.IEuE + 018y =10, {3 marks)
de di
b Show that the general solution for the number of sand [oxes at tiome ¢ s
x= e A eos T+ Baim 18
where & and 3 are constants to be found. (4 marks)

¢ Find the general solution for the number of meerkats at time 1.
Give your answer in the form y = Pe™| 2cos 3¢ + Rsin ) where P is a constant to be found

and @ and R are functions of 4 amnd 8. (3 marks)
d Given that there were nitially 3 sand foxes and N meerkats on the island, during which

vear does the model predict that the meerkats die out? {5 marks)
€ How many sand foxes will there be when the meerkats die out? (1 mark)
I Lise vour answers to parts d and ¢ to comment on the model. (1 mark)

5 Arank of water contamns two different types of chemical that react with each other. The rates of
change of cach chemical can be modelled using the differentinl equations

% ==3x+2y

i

b =2yt
where x 15 the number of litres of chemical X and y is the number of hitres of chemical ) at time
t hours

Imitially there s one litre of chemical X and two litres of chemical ¥in the tank.

a Show that the solutions to the differential cquations can be written as

yo PE-I
y=0e
where P and @ are functions of ¢ to be found. (8 marks)
b Find, correct to three significant fgures, the amount of each chemical at time 1 = 2 hours.
(2 marks)
¢ Use the model to describe what happens to the amount of each chemical as ¢ pets larpe.
{2 marks)

6 A freely hanging pendulum oscillates in both the x and y directions. At time i, the rates of
change of the x and y displacements are given by the differential equations

dx
=

dy ;
1 =y

a Show that the pendulum describes simple harmonic motion in the y direction. (3 marks)
Given that the initial displacement of the pendulum i3 x = 4 and y = 5,
b find the particular solutions to the system of diffcrential equations {6 marks)
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7 Joanna is investigating how a harmiul substance from pollution is absorbed by the human body,

She finds that the substance enters the body in the bloodstream and is transferred between the
blood and the bodily organs. The harmful substance is then expelled from the body through. for
example, sweal,

The amount of the substance in the blood, xmg, and the organs, ymg, at time ¢ days. can be
modelled using the differential equations

& 003 0015+ 50
dyi
d.;- = 001y = (LD3y
a Show that 3{‘ +0.06 'j: + 0.0008x = 1.5 {6 marks)
b Hence find the general solutions to the system of differential squations m the lorm
x= 1
r=gif] {4 marks)
¢ Describe what happens to the amount of the substance m the blood and the organs as r gets
laree, {2 marks)

A biolopist s exarmining the rates of change of nutrients in both tree roots and the surrounding
soil. Nutnents pass [rom the tree rools imio the sol and from the soil mio the tree rools,
Mutrients also enter the system through both the roots and the soil and escape from the system
mn the same way.

The biologmst belizves that the amount of nutrents in the roots, x, and the amount of minents

it the soif, v. al tme t hours, can be modelled using the differential quations
dy

LA et R
o o ohe R T O |
dyp i 5
I LR A o, I E
d2x  dy
a Show that e g Bx=1. {4 marks)
b Find the general solutions e the system of differential equations {6 marks)

¢ Using vour answers to part b, comment on the suitability of the bielogists model. (2 marks)

m m A population s stable when itz rate of

b closed E-pvlrmmem supporns populations of owls growth is zerg.
and fisld mice, AT time ¢ manths, the sizes of gach

population are x and  respectively. The situation is
modelled by the pair of differential eguations

d." _I.-'?
a2~ oma — 50%
dx

— =002y —

dr L

Find the number of owds and the number of field
mice such that the popalation of bioth is stable.
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Modelliing with differential equations

Mixed exercise a

@ 1 A particle # moves elong the x-axisin the dlrm.t:lun of x increasing, Al time ¢ seconds, the velocity
of Pisvms* and its acceleration is 2072~ ms=. When = 0 the velocity of Pis 8ms~'. Find:

a vin terms of (< marks)
b the limiting velocity of £. (3 marks)
@ 2 A particle P moves along a straight Time, Initiallv P is at rest at & poimt O on the line. At time

i seconds, where 1 = 0, the acceleranon of Pis - L] ma~? directed away from 0.

3
Find the value of ¢ for which the speed of FPis I::J_-i:E m3-.-" {5 marks)
@ 3 A car moves along a horizontal straight road. At time ¢ seconds the acceleration of the carig
fEIIf{TSF m s in the direction of motion of the car. When =10, the car s at rest. Find:
a an cxpression for v in terms of ¢ {4 marks)
b the distance moved by the car in the first 10 seconds of its motion. (4 marks)

@ 4 A particle Pis moving in a straight ling with acceleration cos®fm s at time ¢ séconds,
The particle is initially at rest at a point €.
a Find the speed of Pwhen r= 7 (4 marks)
b Show that the distanee of P from 0 when ¢ = ; i i.ll‘ = + B)m. {4 marks)

@ 5 A particle P is moving along the x-axis, At time ¢ seconds, P has velocity vms=! in the dircotion

vincreasing and an acceleration of magnitude 2::]'}111 52 in the direction x increasing.

When 1 =(, P is a1 rest al the origin (2. Find:

g v in terms of ¢ (4 marks)
b the distance of & from O when ¢ = 1 (4 marks)

6 A colony of bacteria reproduces in a laboratory jar, Al time ¢ = 0, the velume of bacteria is 1 cm?,

moientist Steve suppests that the rate of growth of the bacteria can be madelled using the
dhfferential equation

d I -
e 0 e FV
e

whete £ is the time in hours and 1 is the volume in em?,

a Show that F=Ar + B+ Ce® where 4, Band C are exact constants 1o be found. (h marks)
b Find the valume of bacteria after 2 howrs, (2 marks)
€ Give one eriticism of Steves model and suggest one refinement he could make, {2 marks)

T A fluid reservoir initially contains 100K litres of unpolluted Auwid.
The reservoir 13 leaking at a constant mte of 2000 hitres per day.

1t is suspected that contaminated fluid flows into the reservorr at a constant rate of 300 litres per
day and that the contaminated fluid contains 4 grams of contaminant in every litre of fluid.
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It is assumed that the contaminant instantly disperses throughout the reservoir upon entry.
Criven that there are v grams of contaminant in the reservoir atter ¢ days,
a Show that the situation can be modelled by the differential equation

i 2x

I=11HJI]— T (4 marks}

b Hence find, correct to threg significant figures. the number of grams of contaminant in the
reservorr after 7 days {5 marks)
¢ Explain how the model could be refined., (1 mark)

A particle P iz attached 1o one end of o light elastic strimg of natueal length 1.2 m. The other
end of the sinng i altached o a fixed point A, The particle is hanging i equilibrium at the
il €F, wivich is venically below 4.

The particle is now displaced to a point 8, vertically below A, and released from rest.

The subsequent motion while the siring remains taut can be modelled vsmg the equabon
£ =—4%, where xm is the displacernent of the particle from € at time ¢ seconds.

a Describe the motion of the particle while the string remains taut. (1 mark)
b Solve the differential equation and hende find the period of the motion. (6 marks)

A particle P of mass 0.6 ke is antached 1o one end of a light elastic sprmg of natural length
2.3m. The other end of the spring 15 attached (o a fised point A on the smeoth horizental table
on which P lies, The partiche is held at the point 8 where A8 =4m and relcased rom st

The motion of the particle can be desenbed usmg the equation ¥ =- E%-’ %, where xm is the
displacement of the particle from 4 at time ¢ seconds. -

a Describe the metion of the particle, (1 mark)
b Solve the dilferential equation and hence find the perod and amplitude of the motion.
(7 marks)

A fisherman's foat bobs up and down on the surface of the water. The float moves up and
down mea vertical line, such that rthe vertical displacement, xem, from i1s equilibnoum poant
satisfies the equation

d*x

dr-
Griven that the maximum displacement 15 4om and itoccurs when ¢ = 1 seconds,

a find an expression for v in terms of 7 in the form r = Asiney + Beoswn where 4, 8 and w

= w25y 3

are gonstants to be found, Gove A and B correct 1o three decimal places {7 marks)
b State the ume elapsed between the floal being at its hghest and lowest poinis. {2 marks)
¢ Criticise the model in terms of the motion of the Aloat (1 mark)

A particle P of mass nr is moving in a straight line, At time 1 the displacement of P from a fixed
point €2 on the line is x. Given that x satisfies the differential equation

j; + 3&% +ix =1
where & and » are positive constants with & << n,
g fired an expressaon for xoan terms of &, wand ¢, {6 marks)
b Write down the period of the motion, (1 mark}



Modelliing with differential equations

12 A particle P of mass mr 15 attached to one end of light elastic spring. The other end of the
spring is attached 1o a fixed point 4 and £ is hanging in equilibriem with AP vertical.
The particle i now projected vertically downwards from its eguilibrium position with speed
L. A resistance of magnitude 2mkv, where v is the speed of £, acts on PO AT time ¢, 1 = (), the
displacement of P from its equiibrium position is x.

The moton of the particle 15 modelled by the differential equation

dex dx

2L o e b . Py -

4 +J‘dr + iy =1}
a Show that F = istantareowusty at rest when kf = [ + };m, wherewc M. 9 marks)
b Skeich the praph of x agansi . {3 marks)

13 A particle  of mass i is attached to one end of a light elastic spring. The other end of the
spring is aftached 1o the roof of & stationary lil. The partcle is hanging in equilibrium with
the spring vertical. At time ¢ = 0 the Kt stars to move vertically upwards with constant speed
U At time g, (= (), the displecement of P From its mitial position s x.

The motion of the particle is modelled by the differential equation

g find an expression for v in terms of { and & (8 marks)
AL time = 7, the particle is instantaneously at rest. Find:

b the smallest value of T (3 marks)
¢ the displacement of £ from its initial position at this time. {1 mark)

14 A theme park ride designer s designing a new ride where the passengers will be m an enclosed car
attached toa horizontal bar, The car will be released from rest from a point kall way along the
bar 5o that it oscillages in a horizontal line. The hortzontal displacement, » metres, of the centre
ot the car relative to its initial position at time ¢ scoonds is modelled by the differential equation,

dix dx

FTE +4I+ 3x=150cost, ==
g Show that g particular solution to the differential equatson i
= 30sing + [5coss (3 marks)
b Hence find the general solution to the differential equation. {5 marks)
¢ Use the model to find, to the nearest metre, the horizontal distance of the centre of the car
from its initial position 10 seconds after it is refeased. (4 marks)
15 a Find the seneral solution to the differential equation i“'; * 2% d Ix=27c0ur = GSinf.
(8 marks)

The equation 1z used 1o model water Aow 0 a reservoir, AL me £ dave, the level of the water
above a fixed level 18 xm. When ¢ =, x = 3 and the water level is rising at & mctres per day.

b Find an expression for x i terms of L {2 marks)

¢ Show that afer about a week, the difference between the lowest and highest water level is
ppproximately Gm. {3 marks)
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At the start of 2008 a survey began on the number of hedgchogs and the number of slugsin a
closed ecosystem. After ¢ years, the number of hedgehogs, x, and the number of slugs, r. in the
ecosystem are modelled by the differential equations

i

sooe T
3 = 2+
dy v
T
e o gl e
a Shml.rlhnldr! ﬁd! + 1y =1, {3 marks)

b Show that the general solution for the number of hedgehogs at ime ¢ 15
r=evd cos 3 + B )

where o and 7 are constants 1o be found. i4 marks)
¢ Find the general solution for the number of gugs at time 1. {3 marks)
d Given that there were initially 10 hedgehogs and 20 slugs in the ecosystem, during

which year does the model predict that the slugs die out? {5 marks)
¢ How many hedgehogs will there be when the slugs die out? {1 mark)
f Use your answers to parts d and e to comment on the model. (1 mark)

A sealed tank of bionutrient contains two different types of oreanisa that interact with each
other. The rates of change of sach oreanism can be modelled usinge the differential equations
.d':":- = - e
i X+
dy

e i
% v+ 2y

where v 15 the number of organism A and yis the number of organism Y at tme ¢ days.
Initially x = 10 and yp= 20
a Show that the solutions to the diferential cquations can be wrillen as

x =A™ + B
=t 4 Dt
where 4, B, C and D are constants 1o be found. (8 miarks)
b Find, correct to the ncarest crganism, the nomber of cach orgenism at time ¢ = 2.1 days
{2 marks)
¢ Use the model 1o deseribe whel happens 1o the numbsers of each type of organism as
pets larpe: {2 marks)

A industral process consisis of wo hinked tanks, 4 and B, contaiming a chemical solution. The
solution is free to pass between the tanks bat it flows from 4 10 B at a different rate than it Aows
from B to 4. The solution also enters both tanks, and flows directly oat of tank 8. The situation
i5 modelled using the differential equations

dx i i

E—I'FE_L'—EI il
dy _ 12 ,
&, 2 ™

where v litres is the amount of solution in tank A and 1 litres 1s the amount of solution in
tank B at time ¢ menutes.
) d?p dp
a Show that ﬁdrf + ?m
b Given that both tanks initially contain 8 litres of solution, find xand y as functions of 1.
(7 marks)
¢ State, with a reason, the approximate amount of solution in each tank after the system has
been running for a long time. (2 marks)

=4 (6 marks)



Modelliing with differential equations

L
L
-
L

Challenge

a Three water tanks are positioned as shown in the diagram,
Water Movws from tank 2 to tank ¥, and from tank ¥ to tank
£ by means of idantical taps. Each tag allows water 1o flow at
a rate of r gallons/hour, where ris the amount of water in the
corresponding tank In gallons
Inktiathy, tank X contains 300 gatlons of water, tank ¥ contains
200 galions of water, and tank # contains 100 galions of water

The taps are apensd,
I Show that after 1 hoars hawve elapsed, the amount of water =
bn tank Xis 3006~ gallans,

il Find the number of minutes after which tanks A and ¥
contain 1the same amount of water

iif Find an expressicn for the amount of water in tank 2 after
I hours.

b Asecond identcal tap |s attached totank X which is fillsd to
the birimn. Tanks ¥ and 2 are emptied, and all Three taps are

opened.
I - Show that the amount of water in tank ¥ s at a mastmom
after 4 minwtes have elagsed, to the nearest minuge, ¥

i Find the exact time elapsed before the amounts of water In
tanks ¥ and £ are equal

Summary of key points

1 Simple harmonic motion (5H M i= motion in which the acceleration of a particle P is always
tawards a fixed point € on the line of motion of £. The acceleration is proportional to the
displacement of # from ¢,

dv
¥ e
"dx
¥ Fora particke moving with damped harmonic motion
dfx . dx
d"r'z' + JI.' -d_f+ '.u'i.'l.' - D

whiere iz the displacement froma fixed point at time ¢, and Lk and oF are positive constants.

& For a particke moving with forced harmonic motion
dfx dx
LA SR 5.1 R
drt i dr +ix =y

where v is the displacement from: a fixed polnt at time ¢, and & and = are positive constants.

5 You can solve coupled first-order linear differential equations by eliminating one of the
dependent variables to form a second-order differentizl equation.
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Relative 1o the origin O as pole and

initial line # = 0, find an eguation in polar

coordinate form for;

a a circle. centre € and radiug 2 (1)

b a ling perpendicular 1o the initial line
and passing through the point with
polar coordinates (3, () (2)

¢ o straight ling through the |:|-|.'|:|11[S with
el coordinates (4, 00 and ||-L -,'l (2}

+= Section 5.2

4 Sketch the curve with polar equation
r=geosid =8 < I 2)
b Find the arca enclosed by one loop of
this curve ]
# Sactions 5.2, 5.

a Sketch the curve with polar equation
r=3cos20, -y <0<} (2)
b Find the area of the smaller finite
region enclosed 1'ru1w¢:r:n the curve and
the half-line # = {-, (6}

¢ Find the exact distance between the
two tangents which are parallel to the
initial line. {a)
= Spctions 5.2, 5.3, 8.4

a Sketch, on the same diagram. the
curves defined by the pelar equations
r=gand r=al +cosf, where s a
positive constant and —r < 8= 1w, (d)

b By considering the stationary valucs of
rsin#, or otherwise, hnd equations of
the tangents to the curve r = ol | + cos#)

which are parallel to the initial line,  (6)
¢ Show that the area of the region for
whicha =< r =< o] + cosf!) 15
(7 =+ Br
| (6}

#~ Seclions 5.2, 5.3, 5.4

Review exercise

5 Thecurve C has polar equation

r=lacosf. -5 =A< ’;' I'he curve £ has

polar equation r = ol +cosf), —v =80 <1,

Civen that @ is positive,

a sketch, on the same diagram., the
graphs of O and 0 indicating where
each corve culs the initial line.

The graphs of € and [? intersect at the

pole () and at the points  and (.,

b Find the podar coordinates of P
and Q. 3

¢ Use integration to find the exact value
of the area enclosed by the curve [
and the lines @ = 0 and H=Lf. i)

The region R contains all miﬁis which he

outside 0 and inside C

Given that the vahie of the smaller area

enclosed by the curve O and the line @ = %

is '

i)

_"lf.I

T (B~ 373,

d shour that the area of R is na® ()
#= Sections 5.2 5.3, 5.4

@ Show on an Argand diaggram the locus

of points given by the values of :
satisfving
lz—3+di|=5 (2
b Show that this locus of points can be
represented by the polar curve

r=foosd = Bsind. {4)
The set of points A is defined by
A={zi-T = angs = 0} (1 fzfe— 3 +4il< 5}

¢ Find. correct to three significant
figures. the srea of the region defined

by A. (4}

= Seclions 5.2 5.3
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4 Sketch the curve with polar equation

r=cos 2, -;— == 1 (2)

At the distinct points A4 and B on thas
curve. the tangents to the curve are

parallel to the initial line, & = 0.

b Determune the polar coordinates of 4
and B, giving your answers [o
3 significant figures, if)

#+ Sectlons 5.2, 5.4

a Sketch the curve with polar equation

z 2)

Al the point A, where 4 s distinct {rom
Cr, on this curve, the tangent (o the curve

is parallel to f = 5

resnd. ==

b Determune the polar coordinates of the
poimnl A, gEiving your answer o
3 significant figures, ()

+ Sugtlons 5.2, 5.4

The curve " has polar equation
r=6oosd, -5 S0< 3
and the line £ has polar equaition

L Ssm.:{-g- n'-l:|. & x5Sl

0 i
g Find a Cartesian equation of Cand a
Cartesian equation of . ()

kb Sketch on the same diagram (he graphs
ol Cand D, indicating where each culs
the mutial line, i)
The graphs of € and D intersect at the
points P and &,

¢ Find the polar coordinates of
Pand ¢

(3)

4 Boetlons 5.1, 5.2

lmitial e

REview exercise £

The figure shows a sketch of the curve C
with polar equation
F=dsnd, 0=d=T,

where o 1% i constant.

Find the area of the shaded region
enclosed by C,

()
 Section 5.3

; [iiinead Eise
The fgure shows a curve O with polar

equation r = 4o cos 26, 0 < = L anda

= g The
shaded region, shown in the figure, is
bounded by Cand m. Use calculus 1o
show that the area of the shaded region

i 3 (= 2). i)
& Seethan 5.3

line s with polar equation @

r=ull +%r|:54'-"||

B 5
Imetial lirve

The curve shown in the figure has polar
o0 Lo

r=all +icosf), g = 0,0<§ = 2n,
Dretermine thie area enclosed by the curve,
EIVINE YOur answer in terms of g and T,

(&)

#+— Sectlon 5.3
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Heview exercise 2

r=s5in

i Initiad Hie
The figure show the half-lines § =0, 6= 5
and the curves with polar equations :
r=%,ﬂ£ﬂ£ % and

r=sin1ﬂ,ﬂ=sa=a-’i§

a Find the exact values of 4 at the two
painifs where the curves cross (4)

b Find by integration the area of the
shaded region, shown m the figure,

which is bounded by both curves.  {6)
+ Sections 5.2.5.3

The curve O, shown in the figure, has
polar equation

redi+ S cosl), -r=l<7T
a Find the polar coordinates of the
pomits Poand O where the tangents (o
Carve parallel 1o the imitial line {6}

The curve O represents the perimeter
of the surface of a swimming ool The
direct distance from P to 2 is 20m.

b Calculate the value of a (2}
¢ Find the area of the surface of
the peol, {6}

+ Secilons 5.2, 5.3, 5.4

Lnatiad L

Dnatiad lapse

- ¥

The figure shows a skeich of the capdiowd O

with equation r =ufl +cosé) -w < =x.

Also shown are the tanpemts o C that are

paralle and perpendicular to the mitial line.

These tangents form a rectangle WYYE

a Find the area of the finite region,
shaded in the fgure, bounded by the
curve O {6}

b Find the polar coordinates of the
points A and B where WE touches the
curve €, ()

¢ Hence find the lengthof WX, _ (2)

Given that the length of WZis Y%,

d find the area of the rectangle WYY, (2)
A hedrt-shape is modelled by the candioid
C, where ¢ = 10em. The heart shape is cut
[rom the rectangular card WY FZ, shown
Lhe figure
¢ Find a numerical valoe for the area of
card wasted in making this heart
shape. (3)
# Sections 5.3, 5.4

(EF) 16

Ldgial line

The fipure s a sketeh of two curves )
and O with polar equantons
Coor=3m] =tosf), =5 = <
and Cor=all +ecosf),—-a=8<7



The curves meet al the pole @ and at the

points A and 8.

a Find, i terme of «, the polar
coordinates of the points 4 and 8. (2)

b Show that the length of the line 48

3;3 a. (3)

The region imside ©, and outside C) 5

shaded in the figure,

¢ Find, i termis of &, the area of this
eI, ()

A badge is desipned which has the shape

of the shaded repion.

Given that the length of the line AR is

4 5cm,

d calculate the area of this badge, grving
vour answer o 3 significant figures. (3)

+ Sactlons 5.2, 5.3

s

|'|'=‘q:-

r=al 8 — J ool

r=al 34 Jeaad)

A Initial lime

A logo s des:ignei.t'wi:ic]h consists of two

overlapping closed curves.

The polar equations of thesa curves are
remi+Ioosd), =0 <2 and
r=w>—deosth), 0=d<1In

The figure 15 a skewch (not to scale) of

these (wo curves

s Write down the polar coordinates of

the points A and B where the curves
mest the imitial line (2}
b Fird the polar coordmates of the poimts
Cand D where the two curves meel, ()
€ Show that the area of the overlapping
regon, which is shaded o the Aguee, 15
f[#ﬂz - 4B'3) ()
+ Sectlons 5.2, 5.3

@IE

REview exercise 2

Find the value of x lor which
2unhx=1 =10,
EIVINg your answer in terms of a natural
logarithm. (E ]
- Secilon 6.1

Starting from the definition of coshxin
terms of exponentials, find. in terms of
natural logarithms, the values of x for

which 5 = 3eosh ., 4

&= Spetlan 6.1

The curves with equations v = 5sinh v and
y=4cosh x meet at the pont A(ln g, gh

Find the exact values of pand 4. (4

& Sectlan 6.3

Fnd the values of x for which
Scochy=2amhxc= 11,

Eving vour answers as natural

loparithms, (5)

i Secthon 6.3

By expressing sinh 2x amd cosh 2y in terms
ol exponentials find the exact values ol x
for which

fesinh 2y + Feosh e =T,
giving each answer in the form éin_.:—.

where p 15 a rational nomber. 5]

+ Secthon 6.3
Criven that
sinhxr+2coshr=4&,
where & & a posilive congiant,

a find the set of values of & for which at
least one real solution of this equation

exisls i4)
b solve the equation when & = 2, (3
4- Sactlom 6.3

Using the definitions of cosh x and sinh x
in terms of exponentials,

A prove that cosh’ v —sinh' x = |
2

B

; 1
a s i o e
b solve the equation e e
mving vour answer in the form klina,
where k and o are integers. (5)

& Seetlon 6.3
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Heview exercise 2

From the defimtion of cosh x in terms
of exponentials, show that

coshdx =2coehiy =1, (3}
Solve the equation

cosh 2x = Scoshxy = 2,
givimg the answers in terms of
nafural logarithms (5)

+ Section 6.3

Using the definition of cosh r in terms
of exponentials, prove tha

dcosh®y = Jcoshx =coshix. (4)
Hence, or othérwise, solve the equation
cosh v = Scosh o,
EIVINE VOlF Answer as natural

lozarithms {4}

+ Section 6.3

Starting from the defimpons of coshx
ind sinhx in terms of exponentiaks,
prove that

coshiAd = BY = cosh A cosh B

-sinh Asinh £ {4)
Hence, or otherwise. given that
coshix = 1) =simb x. show that
s BEL
tanhs = 55" (5}

Starting from the definition

: er— g
Sl

prove that, for all real values of x,

arsinh x = Infx + (1 + ). (4)
Henge, or otherwise, prove that, for
0= ==
; -!.HI
arsinh{cot#) = In|cot5 |. (5)

+ Sections 6,2, 6,2

Starting from the definition of tanh x
i terms of &, show that

artanh x = i‘ln[ ]I'iﬂ' ] Ix1=<1 (5)

o
Sketch the praph of y=aranhx. (2}

¢ Solve the aquation x = tanh{lnJ&x ) for

200

0=lax=l].

(5}

+ Sectlons 6,2, 6.3

() 30

3[

(£F) 32

® 313

=

Show that, for 0 << x = 1,

(1 — /(1 —x) 1+ (1 — a7
inl = l'F:.;: — _]||= -—]l'll, I"!:_;L- }).

{2}
Using the definitions of cosh x and
sinth v 1o termis of exponentials, show
that, for D < v =1,

arn.:::-sh{-_!t-.;l = In(I i *EJ i3
Solve the equation

Atanh’x = 4zechx + | =0,
Siving exact answers in terms of
natural logarithrms {4}

& Seclions 6.2, 6.3

Express cosh 38 and cosh 5@ in terms
of cosh 4, 4)

Hence determine the real roots of the
equation

2eosh S 10cosh 1y + 2000sh v =243,

Eiving your answers 1o 2 decimal
places.

(6}

— Saction &3

Show that, for x=Ink, where & is a
positive constant,
K 1

T =)
Given that fix) = px — tanh 2x, where
pris s constant, find the value of p for
whach 1) has a stationary value at
x=Ind, pving viour answer s an
exact fraction,

cosh 2=

()

= Sections 6.1, 6.4

The curve with equation

y¥=-—x+ tanhdx, y =1,

has a maximum tuming point 4.

i

Find, in exact loganihmic form, the

r=pootdindte of A. (]

b Show that the r-coordinate of A is

20T = In(2 + /I, (3)

+ Socilen 6.4



® M

ye=sinhlvcosh 2x

# Find the first three non-zero erms of
the Maclaurin series for v, giving cach
coelMicient in its simplest form. (71

b Find an expression for the sth
non-Fero term of the Maclaurin series
for v, (2

~ Section 6.4

il x) = cos 2yvcosh x

g Find the hirst two ton-zeto terms of the

Meclaunn senes for ), giving each
coeflicsent in s simplest form. (6}

b Hence find, correct to two significant
figures, the percentage error when
this approximation is used toevaluate
{01 (3

= Sgction 6.4

Llse the substituticn x = 3 whens o 18

A
sith
i constant, (o show that, for x>0 a =0,
..—_1._:.1'. i carsinh| %] + constant.
VAT

16}

& Sectian 6.5
a Prove that the derivative of artanh v,
; I
-l{n.{l.,l_f.!_f. i4)
b Find fﬂrtaﬂh.rd.t. ()

+ Sections 6.4, 6.5

a Starting from the definmbion of sinhxin
lerms of &) prove thit
arsinh & = Infx + " + 1.
b Prove that the derivaive of arsmhox

(2)

i (] + &)L (4}
¢ Show that the uqualiun
l E:ll - di F {b
Ll J::I TR |.i.1. =
ts satisfied when v = (arsinh v i)

d Lise integration by parts to find

]
f arsinh xdx, giving your answer in
il

ferms of a fatural losarithm. (50
4 Secthons 6.2, 6.4, 5.5

(E) 9

(® %

GDEE

REview exercise £

A sdr+i=(pr gl +r

a Find the values of the constanis p, g

and . (2)
b Hence or otherwise, find
1 ;
““4.!::' +dlx + Sd"'" ()

¢ Show that

:
J.' - —dx

v 4y &5
w02y + D 4 A e dr +5) + &,

where & & an arbitrary constant.  (5)
&~ Section 6.5

42

Find j
/4

e O

dx (7

# Seition 6.5

Show that I L'L"- = arsinh k.

WX — 41. + &
where & i a rational constant 1o be
found.

(6)

#+ Sectlon 6.5

|
z

The figure above shows a skeich of the
curve with equation

o i

X

o L

=2

= xarcosh x, | =

The region K, shaded in the fieare, 15
bounded by the curve, the v-axis and the
litve x = 2.
Show that the area of Kis

-. 1.

]TIE’+ (3)- (8)

+— Secthon 6.5
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Heview exercise 2

The diagram shows the cross-section of

a new preenhouse. Each unit oo the axes
represetits 1 m.

The curved top of the roofl of the
ereenhouse is modelled using the equanon

(iven that the greenhouse can be
modelled as a prism, lengih 35 m, find,
eorreet 1o three sipnificant figures, the
volume of the greenhowse,

(%)

= Section 6.5

Find, in the form v =), the general
solution 1o the ditferential cguation

dr 4

d—'I+E_|-=m'—5. x=0 (5}
4~ Soction 7.1
Solve the differential equation
dr » .
d_} —T=x=0
pving vour answer for v in terms of . (5)
= Sectlon 7.1
Find the general solution fothe
dilferemial cquation
dy E Lz
(v + 'I]IHE+ 2r=wmax=>0
miving vour answer i the form
y=1(x). (5}
+= Section 7,1
Obtain the selunon (o
|]_|.' 1 T
Tt vianx=e"posx, 0= x <35
for which v =2 at x =}, giving your
answer in the form oy = [ x) (6)
+ Sectlon 7.1

202

(£) 48

Find the general solution to the

differential equation
dy
d: +2pooi2y =sm x, 0 < x < ?.:
giving your answer in the form
y=Mx). {3)
— Section 7.1
Solve the differential equation
l F.I"L.I . «
i +x) g A= xe
given that vy =16t x =10, {6}
+ Sectian 7.1
a Find the general solution to the
differential eqoation
dy
s X |.I.1 + (sinx)y = cos'x (5)

b Show that, For 0= x =27, there are
fwo parints on the a-asis through
which all the solutien curves [or this
differential equation pass.

¢ Skeich the graph, 0= x = Iy, of the
parinlar solution for which y = 0ad
a=i; {3}

+ Saction 7.1

(4)

a Find the peneral solution to the
differential equation

dy

EY

dx Fap =X

Giventhat y= 1 at x =10,

(3

b find the exact values of the cobrdinates
of the mmimum point of the particular

solution curve, (3}
¢ drow g sketch of the particular
solution curve, (2}

+ Section 7.1

a Find the peneral solution to the
differential equation
dy
da
b Find the particular solution which
satisfies the condition that » = ¢ when
i ], (2}

+ Secilen 7.1

= painhax {4}
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(EF) 57

Cnvert that 7 satsfies the differential
Euation
dd . ,df
o e
dr? it
and that. when 1=0, # = 3and 3"": -6,

=4 5= 1)

express & in terms of .
4 Sectlens 7.2, T.4

Giiven that 3xsin2x 15 a particular
mtegral of the differential equation
j L 4y =

where & 15 o constant.,

keos2x

# calculite the value of & )]

b find the particular solotion of the
differentiol equation for whir:h af ".' =1l
y=2 and for which af x = 4 = ., %)

+ Sagtions 7.3, 7.4

Craven that o + Ay =8 a particular integral
of the differential equation
d¥ dy
e o R 150
e i + dy= |6+ dx
g find the values of the constants o
gnnd B

b find the particular solution to this
differential equation for which y =8

i3

dy
and = Datx =10 (%)
i + Segtions 7.3, 7.4
d‘ I;I
T . B 35 ~Sr=6sn2x, x =10

a Find the general solution to the
differential equation.

(8)

b Show that for large values of x this
general solotion may be approximated
by a sing function and find this sine

function. (2)
+ Section 7.3
4 Find the general solution 1o the
differential equation
dy 3
g gy r A= 8)

3 58

)

REview exercise 2

b Find the particular solution to this
differential equation for which y= |

dy
E—"'d'a‘,. =]alf=1, (2)

# Sectlons 7.3, 7.6
a Find the general solution to the
differential equation

jt';+_j; 5 =0

b Given that v = | and

(B)
dx _ _

g = latt= .
find the particular solution to the
differential equation, giving your

answes i the form x = ). (2}

¢ Sketch the curve with equation x = i),
(¥=t = x, showing the coordinates, as
multiples of o, of the points where the
curve culs the f-axis (X

& Secthons T.2, T.4

a Find the general solution 1o the
differential equation

d

d_]' 1
1&,':+?Jr+l|"= IF 411 {H]

b Find the particular solution to this
differential equation lor which y = |

dy

dd_lwhe:::- (2]

¢ For this particular solution, ¢aleulate

the value of vwhen = 1. 4]
+ Secthons 7.3, 7.4

Find the value of A for which
Axcosdx s a particular integral of the
differcatial equation

2y,
a:'_'+ Sy =—12sindx (3

b Hence find the general solution to this
differential equation, ()
The particular solution of the differential

dy
equation for which p = 1 and E =2at
x=0 18 y=plx}.

& Find g{x). 4]
d Sketch the graph of v=gix).
=y =a (2)

& Spcthons 7.3, 7.4
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Heview exercise 2

d*y dy

e ; dr

a Show that Kr’e" 1s a particular intcgral
of the differential equation, where K is

+9yv=de r=0

i constant to be found. (3)
b Find the general solution to the
differential equation. (6}

Criven that a particolar solution sagisfies

-LI
e | when ¢ =10,

¢ [ this seduteon.

y=3and

Another parocular solution which sansfies
d_ '
y=land :[_:' = ( when § = 0, has equation

=1 =37 25 (Z}

d For this particolar solution, draw a
sketch graph of y ageinst ¢, showing
where the graph crosses the r-axis
Determune also the coordinates of the
minimum pednt on the skeich graph. (4)

+ Sections 7.3, 7.4

Find the general solution to the
differential equation

dx

..... gt

R

b Find the particular solution of this

differential equation for which x =3

(%)

+ Fr=2¢49

dx
d £y (2)
The particular solution in part b is used
(o model the monon of the particle P on
the v-axis Altime ! seconds (r = 0), P s
x metres from the origin €

an = =] when r= (),

¢ Show that the minimum distance
between and £ s %{j + In2)ym and
Juztafy that the distance 15 & mnimum.
(4)
& Sectlans 7.3, 7.4, B3

204
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Given that x = At e™ satisfies the
differential equation
d*x dx
b=t =] Fuia s < g
Gl =g T

a fnd the value of 4.

b Hence find the solution 1o the
differential equation for which x =1

3

dxv
andm_ijmr_u- (7}

¢ Use your solution to prove that for
rEd,x=sl

{Z)
+ Sectlons 7.3, 7.4

Given that y = kx 1s a particular solution
of the differential equation
oy
# + = 3x,
a find the value of the constant k. (3)
b Find the most general solution tor this
differential equation for which y=0
at x=I[ (6)
¢ Prove that all curves given by this
aolution pass through the point («, 37}
and that they all have equal gradients
3)

when t = o

d Find the particular solution to the
differential equation for which = 0 at
v=0and atv=3. 2)

¢ Showw that o local minmuoam value of
the solution in partd 15

i4)
& Sections 7.3, 7.4

L =
3 u::.'l:'.'.-:i{ 2 | . =4

Druring an industrial process, the mass of
sult, Skg, dissolved ina Gguid, Fmimunes
after the process begins, 15 modelled by
the differential equation
3
%‘?1— _IEEE- ; = .'l ¥== = 120
Given that 8 = 6 when ¢ =0,

a lnd o terms ol §

b calculate the maximum mass ol
salt that the model predicts will be
dizsolved in the liquid at amy ane time
during the process. i3

— Section §.1

o)
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A ferulized egg initially contdins an
embeyo of mass m, together with a
mass [, of nutrent, all of which is
avorlable as food for the embryvo, AT time
i, the embryo has mass m and the mass
of nuirient which has been consumed is
Sm =),
o Show that, when thres-quarters of
the outrient has been consumed.
m = |y, (3
The rate of increase of the mass of the
ettibryis 15 constant g multiphed by the
product of the mass of the embryve and
the mass of the remaining nutrieni.

b Show that 4% = Sum (2m, - m). (4)

The exer hatches at time T, when
theee-gquarters of the nurrient has been
consumed.

¢ Show that 103 g, T = Inbd. (5)
+ Sectlon 8.1

a Find the general solution 1o the

differential equation
'IJ-II"
i - b
S LY. i

and hence show that the solution Gin
be written in the form v= iln ¢ + ¢,
where ¢ is an arbitrary constant.

b This differential equation is used
model the moticn of & partcke which
has speed yms' at time £ spoonds,
When ( = 2, the speed of the particle is
ims. Find. to 3 significant figures. the

spead of the particle when 1 = 4. (<)
+ Seetiand.l

(5)

A particle P moves in o straight line,

Al time ¢ seeonds, the acceleration of P is
¢'ms~, where £ = 0. When r=10, Pis a
rest, Show that the speed, vms. of Pat

time ¢ seconds is given by
V= %1':.” - [}

(=)

= Spction 8.1

(E/P) 69

E7 7

REview exercise 2

A particle P moves plong the v-ax8 i the
positive direction. At time | seconds, the

velocity of P s vm st and its acceleration
i e 'ms, When ¢ = 0 the speed of Pis

10ms".
a Express vin térms of £

4
b Find, 103 significant figures, the speed

of Pwheni=3. (2]
¢ Find the hmitmg value of 1. (X)
# Spetlam 8.1

A particle P moves along the v-axis.

Al tme £ seconds its acceleration

15 (=de~ ¥ ms = in the direction of x

incregsing. Whes /= 0, Pis at the origin

€ and is moving with speed 1ms™" in the

direction of x increasing.

a Find an expression for the velocity of
Foat time £, i4)

b Find the distance of # from O when #
comes 1o mstantaneous rest, (2)
+ Sextion 8.1

A water droplet falls verucally from rest
through low cloud, Water condenses on
the droplet as it Talls. You are given that
the motion of the water droplet may be
modelled by the equation

(r+ 3}3:' + 3 =08 +3)

where [ 1s the time in seconds and v 15 the
velocity of the droplet in ms
40(r + 3 + ¢ ,

a Show that y= '2—6{:‘+3|1 -where 13

aconstant o be found, (B}
b Find the velocity of the water droplet
alver & seconds, (2)
By considering the velocty for larpe
values of 1, suggest one criticism-of
the model

]

()

= Sprtlon 8.1
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Heview exercise 2

A waler bottle mitially contamns 400 ml
of distilled water, The water leaks out
ata constant rate of 30ml per minute
and amuxtnre is added 1o the bottle ava
constant rate of 40ml per minute. The
mixture contains 0% acid and 90%
distalled water.

Given that there is »ml of acid in the
bottle after ¢ minuies and that the pced
immediately disperses on entry,

a show that the situation can be
maodelled by the differential equation

iz 3x
dr e 4 + 1 ()
b Henee find the amount of acid in the
bortle after 7 minutes (5)
¢ Explain how the model could be
refined. (1)
+ Section 8.1

A particle, P, 15 attached 1o the ends of
fwer sdentical elasii springs The Free ends
of the springs are attached o lwo points
A and 8. The poinl € lies between 4 and
B such that ACE 15 a straieht line and
AC = BC. The particke 15 held a1 O and
then released Mrom rest.
The subsequent motion of the particle
can be described by the differential
equalion ¥ = =49
a Deseribe the metion of the particle (1)
Given that x =03 and v =0 when ¢ = 00,
b solve the differential equatien to find x
a5 & function of ¢, (T}
¢ State the period of the motion and

calculate the maximum speed of P (2)
+ Sectinm 8.2

74

(&e) 75

A small boat 15 floating on the surface

of a river, bed to a jetty. The boal moves

up-and downoin a vertical line. such that

the vertical dizplacement, xm, From ps

equilibrium point satisfies the equation

%g=—t&n;3ﬂ

Criven thit the displacement is zero and

the boat is moving ol & velocity of 1ms '

at time f = rminuies,

a solve the differential equaton and
hence find, correct to three significan

figures, the maximum displacement of
the bioal. {7y

State the time elapsed hetween the boal
Being at its highest and lowes) poinis

12}

¢ Criticise the model in terms of the

mohan of the boat for large values

of £ {1}

= Soctlon &.2

A particle P moves ina straight line,
At time ¢ seconds s displacement From
a fixed point (2 on the line is x metres
The motion of P 18 modelled by the
differential equation
d*x  dx
o By
det * S
When ¢ = 0, P15 at rest at O,
o Find, in terms of /, the displacement
of P from @,

Bhow that P comes (o instanilansous
x
| 2)

¢ Find. n metres to 1 sigrificant figures,
the displacement of P from & when

2 )
d Find the approximate period of the

motion for large values of (. 2)

= Saction £,1

2x=12cos 2 = Gan s

(B
b
pest when =

=
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A particle P of mass me s suspended [rom
# fixed point by a light elastic spring.

At time ¢ =0 the particle is projected
vertically downwards with speed IV from
its equilibrium position.

Al lime £, the displacement of P
downwards from its eguilibrium position
s X,

The motion of the particle can be
modelled using the differential equation
Sl 2
Given that the solution to this differential
Equabon 15 x = e A cogmt 4 HRinr).
whete 4 and B are constants,

79

+ 2 =1

a find 4 and 5. (Bl
b Find an expression for the time at
which P first comes (o rest. (2

+ Sactlon 8.3

A particle P is attached to one end 4 of a
light ¢lastic string A8 and is Tred to move
on a horzontal table.
At time £ =0, Pis at rest and the end & of
the strng is forced 1o move hor@onially
waay from P owith spead V. After ¢
seconds the displacement of P from its
initial position is x metres
The motion of P can be modelled by the
differential equation

X4 2K 10k = 10KV
Find an expression for x in terms of [, &

and V. (8)

« Sectian 5.3

GDEL

A particle P 15 attached to one énd of a
fight elastic siring. The other end of the
siring is fised o & point vertically above
the surface of a liquid. The particke is
held on the surface of the hquid and then
released [rom resi. Al tme ¢ seconds, the
distance travelled down by Mis v metlres
Given that the motion of P can be
modelled using the differential equation

dx i
E'd]'J'SI 24

REview exercise 2

a find xin terms of 7 (5)
b show that the parficle continues
to move down through the liguid
throughout the motion. (2]
4 Sedthon 8.3

Colonics of angler fish and angel fish live
in an ocean cave sealed off Mmom the rest
of the ooean by 2 thick wall of seaweed.
After ¢ vears the number of angler fish,
x, and the namber of ange] fish, 3. in

the cove are modelled by the differential

ciuations
ix
=000y (n
& o orsre02y (2
7 = 002 X+ 02y (2)
a Showihat 3= — 032 4 002254 =0
de? e

(3
b Find the general selution for the number
ol angler fish in the cave st time 1. (4)

¢ Find the peperal solution for the number

of” angel fish in the cave at timee.  (4)
Al the start of 2010 thers were 20 angler
fish and 100 angel tish in the cave.

d Lisethis mformation 1o find the
number of angler fish predicied 1o be

in the cave n 2007, i)

¢ Comment in the suitabality of the
model, (1)
&~ Sactlom B4

An industrial chemist is examining the
rales of chanpe of gasesin two connected
tanks, A and B Gas passes between the
two tanks Gas also enters the system into
both tanks and escapes from the sysiem
in the same way.

The chemist believes that the amoant of

gas in tank A, x iees, and the amount of
gas inlank B, litres, at time ¢ hours, can
be modelled usng the differential equations

%f=11-+_1-+1 [
Y e 5
A == E+ {2}
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Heview exercise £

a Show that o
drt  dr
b Given that tank A initially contains
20 litres of gas and ank & initially
contains 60 litres of gas find
expressions lor the amount of gas in

each tank at time ¢ howrs., (R}
The tanks have a4 masinmm capacity of
SR litres.
¢ Comiment on the suitabiliny of the

moddel after oie hour, (2}
= Sectlon B.4

=2 4]

1 Giventhatre € &, x € Rand
_[mﬂr’-r msh‘r)

=ginhex  —sinhix
prove that M* =M. # Section 6.3

2 a Asystem of differential equations is

glven as
dv o Hx_
o sl Tt

Giventhat y=0and x=1when =0,
show that y = sinh rand x = coshe.

b Anather system of differential equations
is given as
dp

ar _
E_F-E-Eq-lrr

Given that p=g = r=1when | =0; show
that

Fe @SN 05+ 2 s SectionB.4

3 The diagram shows the curve C with polar
equation r = fi, The line ! s a tangent to
the curve at the polnt P, &, and o 15 the
acute angle between {and the radial line
at P

=

ik f initial line

EI'H:H:-' that tanoa = — # Saction 5.4
dr
@)




Exam-style practice

Further Mathematics
A Level
Paper 1: Core Pure Mathematics

Time: 1 hour 30 minutes
You must have: Mathematical Formulae and Statistical Tables, Calculator

1 The diapram shows a section of a curve Cwith parameiric i
equations
x=p4P yrf=rFsl, 0=x=37T5
The curve is rotated through 360° aboul the v-axis and the

volume of revolition fermed is used to model a clay ' L
poiery vase

Criven that each umit on the axes represents 10cm, Lo o]
g find, correct to three significant fgures, the volumes of

the vase {7
b eive one coticism of the model used: (1§}

2 The plane IT, has veclor equation
2+ 3= k=10
4 Show that the perpendicular distance from the plane 71, (o the point {1, 4, Thisad 14
where @ 5 g rational constant Lo be fonund, (3

The plane {¥, has vector equation
r=A1 =3 + 2Kk) + ulai + 2j = 3k)
Given that the vector 51+ | — ks perpendicular 1o the plane IT,,
b find the value of o ()
¢ find, in degrees comrect 10 1 decimal place, the acuie angle between IT, and IT.. (3

3 a Prove by induction that for all positive integers i,
1 2 2V f1 28 In®
(lH 1 2=t 1 2Ia (&)
0 0 1 -+

1 & 4
b M= {l 2 0] where k is an inleger.

3 =1
i Find the value of & for shich M7 does tol exist, {2)
il Given that M s non-singukir, find M7 in terms of k. 4
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Exam-siyte practice

A comples number 2 has argument & and modulus 1.
B Show that 2" - ;];=2isinnf.-'.nEE' {2}
b Hence, show that $sintd = cos 48 — Jeoos 20 + 3 (5)
Amn il vat initially contains: 300 litres of pure corn oil. The oil drains out at a constant rate of
| 5 litres per minute and a com oil and sugar mixture is added 1o the vau at a constant rate of
30 litres per minute. The mixture contains 23 grams of sugar per litre of oil,
Given that there is x grams of sugar in the vat after r minutes and that the sugar immediately
disperses throughout the vat on entry,
a show that the silgation can be modelicd by the differential cquation

dx Ix

s 4

dr 1010+ 31 bk
b Hence find the mumber of grams of sugar in the vat after 10 mmutes. i5)
¢ Explain how the model could be refined. {1}
a Show that the locus of points given by the values of = satisfving

-+ 12+ 5]=13

ean be represented by the polar curve with equation

r==NI12cos# + Jsind) (a4}
b Showon an Argand diagram the set of poinis 4 defined by

A=ls+ 12+ 51 = 13 Mfzi—r = ags = - {4)
¢ Find. correct to three significant figures, the area of the region defined by A. i5)
A scientific experiment looks at the concentration of glucose, dissolved in water, on either

side of an ozmotic membrane. The glucose solution passes through the membrane in both
directions and also enters the system through a tube on the left side.

A researcher believes that the concentration of glucose on the left side of the membrane, x.
and the concentration of glucose on the right side of the membrane, y, at time ¢ hours, can be
modelled by the differential equations

dx
——=03x+0.1p
B 0.3x +0.1r+ 1

dyp % 3
e X 4 3_ I ;
a smw:hanmdr-f-md—fﬁ» 13v+ 30 =0, 3
b Find the general solution for the concentration of ghicose on the left side of the membrane
at time 1. {6}

¢ Hence find the gencral solution for the concentration of plucose on the right side of the
membrane at time 1. {3}

At time t =1, the concentration of ghucose on the left side is 10 and on the nght side is 5.
d Find the particular solutions to the system of differential equations. {3)

¢ By considering the concentrations on each side on the membrane predicted by the model
after 3 hours, comment on the suitability of the model. 2)



Exam-style practice

Further Mathematics
A Level

Paper 2: Core Pure Mathematics

Time: 1 hour 30 minutes
You must have: Mathematical Formulae and Statistical Tables, Calculator

1

a4 Prove that
n | RLpEE 4 )
%[l' 4+ 2+ 4 5 2+ n+d
where p and g are constanis to be found.
b Prove that, for all positive inlemers n,
[{in]) = 242 o 33041

15 divisible by 7.

[x] =% & gz* 4 30" 4 bz 4 85
where g and § are real constanis

=1 441154 root of the equation f{x) =0,

a Write down another root of the equation f{x) =1

b Hence solve the equation i x) completely.

¢ Show the roots of [[x) = 0 ona single Argand diagram,

The diagram shows the curve © with pofar equation
r=hgm 2l == J_il

The line segment AH is tangent to the corve at 4 and

perpendicular to the initial line.

The finite region B, shown shaded in the diagram, 15

bounded by the curve, the mmital lne and the line

sepment A K.

Fimd, correct to three significant fgures, the area of the

shaded region R,

x| =cosxsinh2x

15

(6)

1)

(B)
)

Inglaal lem:

(%

a Find the first three nop-zerg terms of the Maclawrin series for fi{x), giving each coefficient

i ats simplest Torm.

(8}

b Hence find, coreect w four significant fgures, the percentage ermor when the approximation

is used (o evaluate [O1).

()
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Exam-siyte practice

- .-
Prove tha [ —adv=] (5
A triangle T has vertices at (0, 2), (&, 0yand {0, 8). Trangle T'is transformed onto tnangle 17
by the matrix
2. N
15 sl
The area of trangle T 15 456 units®, find the value of £, {3)
I o ———
T S S o
a Find the mean valoe of f{x) over the interval [=1, 1], giving your answer cotrect to
3 decimal places. {6}
b Henee find the meean value of fx) 4 2 on the same interval, {1)
: ;ox=3 ¥y=-1 z-1
The line {, has equation = p

The plane IT has equation 2x =y + 3z =4,

Point A on d, has a=<oordinate x =4,

Line J; is reflected in the plane 7 and the image of point 4 15 A",

Find the exact distance 44" {7}

The differential equation
‘:!TT + I%+ Iy =21+ licuss
ig used o model the fow of water through o pump. v is the volume of woter, in lilres, at fime
i secords,
a Show that a particular solution to the differential eguation is
x=7+ %sinH civ £ {3
Giiven that the mitial fow is two litres and the initial rate of change of fow is three litres per
o,
b Find the solution o the differential equation, {8}

¢ State what happens to the flow ol water as ¢ pets large. 1)
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=" = g+ Lslnoind
T 2 20"
4 XY
b o= LIHS={ «il'=T+i
nu.q-;:'d.:- -.2|'m=] plhu.:| - .z[
- 1+ |
As LHS = BHS the equation heids for o<1
Assure the equation hodds forp =& & ¢ 2
(IO R L L
Vilith i = £+ 1, the sguution beoomes
Ui sl & il +ibe 295 % 0 + 0
i H:u'- & Tt
= Tl g 2y
Then=fore, i eguabion holds when o « &+ 1.
I ehn equntion hedds for @ = & then it has Been
showm 1o byt forg = £+ 1
A Ak eequintion hodids Tor e Ll is now alio true
ler-nll e I+ By mathermatical fnduciion.
¢ ESh

D a% = eORd + isinf, e = gl — iuind
i oo " = [(pasd = [sinlleosd — Isln @l

LHS =i = gl =

AHS = cua™F = 175070 = cos®d + Sinc i

Hemce cos i + siptd = 1

Challenge

n= 1; 1HE = jro®y! = re¥

HHS = r'a¥ = "

As LES = RHS, the squation helds foran = 1
Assimae the equation helds ferw < b ke Z-,

L (o ¥jE = phgse

With o= & + 1, e mguantion seeomes

(PRI = (] P AT g R Rl o phel il
T refore, the mguation halds when n = £+ 1.

1T el esgquatiog badsds for e = & thon 30 s Been sheown

L B e forn = ks 1,

A5 e equatkan hdids for o = 1. 0= now also tme for
all w & £ by mathermatical imdoetinn

b Given w s - wie e (m® e =

Exercise 1C

1 o vosr -+ slo iy

i _;..

e 1
2'a w* bow

d v o oplie
E B bh -1
4 a (1+iF=—4—4i

o 1-=H

©» |J - é.3i|"- Eli'd

P20 = 21P= 51259 - 513
353+ BiF = 437 + 14450
[ S T

-2TL
H n ||"I

Gk 120+ lein 12w

|=2 + 2" = 4G
(1 - V3 =04



Answers

0 Write @ + & and a - bl ng Aeos® 4+ Isind) and
Heasi = i5in e respeclively

Then by de Maedvre's thenrem,
(w4 i+ e = 8P = Peos o+ | gin o)

# Pleos pd — Dsinsm
= Lronsni
whicls ds afaiys real

Challenge
Giwen n e £, wa have;

[rfcosd + Exinll™ 1

T UPcosd + ERIRIT Flees i + 15in e
by de Mobvee's theorens far positive Inbeger sxpunents
= 1 , uma el - sk

Yool ¢ f2iiired s Al — Lsin s
o - ained oMl - iy

riens ol - FRinTadh  rYoos® md 4 skt o)
& rioosnd = i sinedl = FETeos =00 & ST =0

Exercise 1D
1 & {eusd + [sing)” = o d0 + islnde
= gan 'l oo™ dsind o A poaErsin e« Psin’o
=gl ¢ B eost Melnd® — 3eoesdelntH - |sin’E
= pnad0 & lsindd = poasd 4 Bl ook Haind
— Arradzin®y — [gln®H
Eapuatifgg tha iimaginary pirks
sl = Do Pyind - sintl
o ¥ T Y T o 1 4 ]
=35y - 4sin"@
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4 TP pas? 05En "W + 51 coaf siat @ + 1 xin™y
=SSP # 1RInG0 = cas? 0 & Sicnd W aind
= 10eas?@gin i — 10iees’ @Rin50
+ O e sln i+ | 5inte
Fuading tha Anaginary parts:
s G4 = feos ' #slnd - I0eos*sm "0 + sintg
=01 —=n* @) in? — 1M1 — sin*#lekn & + =in°e
Thsin f— 20&in' ¢ + 3 &l
0 iAo+ [sino)T & ons T+ a5 Te
= oy # 4+ T esingd + 21 " oos® esin 8
v A8 1M noa! Psin®0 + 301 oo W slnt i
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= L oostiein® 8 - J51costd=in W o+ Ahcos*dain 5
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214

Ltk = = paidl 4 Dmind
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Exercize 1G
1w o), =273, -2002 3’ ':':I
L (5,00, 45,00, 40,55, [,
¢ ';:mﬁ'h 2in 4"| -1 T:II |E'v.“-:--.-“"" 2 =in ilr"]
I.n'.'l:lJ"iEI—"" 2 sin ElErr:_ L2 |.|:-:-:%'Ii:5 .._HIII'%.I
4 (22 (2 Tooalt 2T,
kr 1=
I: .r.'l:-:l"iﬁ._uzﬁhlﬁ
' 15
i dr(q—— 2 Esln——L
|20 Iz IIF
| I'*r . Sy
IE'-.dml. 17 .2 2 gin 13 |.

i!du-q-z-'—' 2 Esn 'ﬁ'|
2 3, <3) .Jn“.u.,nu ;]| 32 - 53, 11 - 3|

* l'.H." ST L
Lith g

B

YT -1

¢ T, et immet, Trmat

ANSWErs

Bow 8- 8L a-1 4 08 —201 /20
Ty R T RISV TR T [P A 1 e
=1+ T )= - TN

Im 4
MW1- =41 « ST

smjma
- Tan_

41+ T a1 = H -

. 3 B T R O | (R A

-1 & 3= 401 + 30

I 12BE =il 01, BT - 0, Area = 1 228R.E
b Lot the pesiton of tho ant be donsded by a + bl whore & in
the number of units oewed and b s the namber of anis
tn the nght from its inkiial posiion
in this noetation, walking fonawards gne unie a8 an aogbe of 8 Lo
Eho Lig|:|1 cxgraspuils Il.lulJl]jlu. [ERl E R E T TR FTT
Sincn the angles are i, —Ei T il f.:_ the final positon sl
tha ami i: "’ q }

Fal ini i i i Bjl. | J-\.I |- || 9
ledtpa* ept Lot platl 4 jo

u." -1

; i 4
-" 1 | i i T
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mindr
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Mixed exercise 1
I & “=cosd 4 fsEnd o =cosd - {&inw
B et s 2ot s cosd = I'il!' |

b oo ocosfl = Hr + 0 = -!.-Il +i™ )
= Wev e e + e
= HE‘"'“ i g i)
- -Illll:ll..l“l e |-|.l|5| P L e .u"

= W2 cosld + Bi+ 2eosld - BN
! cuslA + B+ casid - B)
2
B =1 LHS = reosd = | sinl
HHS = rYcoan + isinf = domsi + 15k 0
As LHS = [EHE. the equsticn holds for m= 1.
Assciine the squalion helils farn « & e 2°
ba, 2t = rdlens ko + i ki
With m = &+ 1, the stuation hreooes:
M=rrr
= P fens ki 4 lxink®) « Aol & Dxiiad
= P Wleos Ligus § - sn kFsin 8) + Bsindfeosd + eos ks
& r enalk o# LE o+ ISinik + 110
by thie addition formuolae.
Thesnfire, Lhe equenticay holds sl e« ko1
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Answers

Il the sguation holds for a =&, thon [t hae e shoan 1o
b drus For m= & + 1.
As the equation halds forw = 1, 0 15 now alse e for all
n & Fr by mathamatical Induction,
4 eog TN+ 18T
4w 0
b 254
B oo Lol z s gosl o+ Ggind
7 = [rogld & | sEnd)® = oogedl & Lsinme
_L =z = |eoad + iAin#) = il -l + Taipl-ud)
T = comnd - dslang

=-"-:'—é = PORMY + ST + noGRd -

isinm = & ensnd
1
b |24 _l_'l = Tpnadal 4 Gena 20
e
in II—i.I'F—T

il Itrnﬁﬁﬂﬂﬂ = _[li e 6 -+ s pors 2400

= [arsintet + S ein 2] =3
L |r.=l‘l't'=l'l'+|5|nﬂl]111ll.'-“'!IFl'-' 24 _!
5o 2 eus 0 = [ -r—,l
el o ‘1_|1*r,_=| :-,-[ A
=:*-5"4—H:'.+m+—+l.
-|: ||"| L]"‘"i:‘il
= i‘l'w.w + M2 ens 0+ 10GEa0sd)
Sir A2 008" B = 2rnsal Fo 10e0s 38 + 200
o6 (f =00 5+ cos a4+ 1 (cosd)
™
b 3

T B [Fz=co=i+ imind, |.|:H.'IIEI‘IIU|':'-:-'1

[Jn:r‘s:m'n----H

- .z.,.:l+"l.',z'|_1” L |El:l
o ;.|-"E_.;|:; +;
r:“'-F.|:‘+I:'n:'-.l-!l:l+%—ll1 _I—

= |::"+%| - I':l:‘ 1 :I'I] t l:'|-|:.:'“-'+ 7' = 2}
= Beop Gl — 2 coa 4] + 1S o 29 — 26
S, —bdgin® 0 = 2enu il — T2eandi < Weas 20 — 20
s et %EI}UH i# = Lcod 4 + 15 coqg 20 + 10§
¢ 3
B (s 4+ SN AY = cosil - LEin de
= gos® O+ 0, con s Lm0 S et L sl d
- Mg enn! Ofisna! + S0 cos S0 sin OF
+ STopns i san @Y o+ i sEn iy
= g 4 i pog® Heind - 1ot Psin S - 208 cos @=in ¥
+ 13t im0+ Gicis Fsin®? - sy
Equnting imaginary peris gives
SinE = Geos 0 sind - 20008 Fadn'd & Beos fsin g
= ZElnfeos A S oos'8 — 10008 050 + dsint i)
gl 2 st = 10cos M1 - o5 F o+ M1 - cus )
= ain M Acos’ § — P0eee @1 — cort @ 4+ 301 — Beas i« oot
= g B Theagtd = Theas™d 4 3
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B o (eus? & Isin )’ = eosSit o { dn M
w0 0 S eV i W e T ens il aimd)?

+ I e TN 4 A0 e 0 Rindl 4+ (1sind)®

= e W B eest esind = 100t e s — D06 cos® isin il
4 hevsitedn®s + Iuin®p

litpuating pead pary gives

e = ensf — flces 6N + Seosdsinta

= ol — el — eos®d) = 5 oos 01 - ensta)?

weng - ens*M] - oas?™ ¥ + Seasi ] - 2aasgtd «

0" i
= Qg F = 20cus" = 5 cos b
B -1, 300+ Eh = B0, 31 - e - 0300

18 & Lz = pase+ isind

{z - L)' = i2lging® = 32i5sn 0 = 32{sine

[ e
-2 v 52-1) v 1021 -'_]:

o {17 O .r.l

= 25 -] -8
= 2hin Bl - .|E2I5IJ|_-:|'|'_| & MYEHsmM]
S Bdin=0 = FiginSd - |08y & 0 s
= 5l = %hiuﬁﬂ = Ssiaddd + 10 sin
T n
b i iy
11 & Cedsi + 18l = cos 50 4 i5inse
= gog = Jloest Asdnd + 101 e0s™d sin* e
o 101 ens™sln ™ + 51 cosdsbn o o Painta
o eng 50+ fdin 5l e cos e 4 Bivos! Yeing
=10 #sin?® - Weos*dsin 'y
+ Seosdsin 'y - isin®
Fapuading the real part:
ey = post i — Jheos! fsin '8 + Seosdsint i
= Ol = 10custal - cos=® = 511 - cns=0F)
= e0E M e — 20eETi + 5
I IF e 530 w10, tha cos 8 16 east 8 = 200058 ¢ 5=
If & = cosd, thon sl ioa® — 20"+ 51 = which has
st = D and 37 = 20 2 18 '=t£.' E-r'l 3 ‘;' 5. by tha
guendratic farmln.

Since = ﬁ it 8 soluting 1o eos 50 <
- 2[r? 4 5]= 0.

0, ¥ = cis-—

1
it b o solution ool 6

Sleen x o« 0, n'.ﬁ’l' lT'.I L @ tﬂ" E!, Tor s chindnn

al &ipn.
T el sehich, pobe that ¥ = -:1—- ,Hil'ﬂ dnmnlhier

sulutinn arel 1:-:-:!-;m > n:n:% hp lemaking ab the graph.

HeEnoe 4 = ﬁ arrespumbs e weger of the wn
G40
i

By 5=V T F—vE
0 rla-ﬂn--lm _H_ ll._ﬂl ¥ =
Hr ]
210 S——
'H'l:l §
, Stand - tn'd
12 1t e ik A L]
G [~ ALante

iy
giluiiars and e ll:'l' =
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b ool ds = dtan’y

1 = Jawi7d

I uni — inn'd

i ':T"IJ'I'I - Al
Jenl*iw = 1
13 £+18

" Eont @ — rok iR

= | & Hensd + P + & loos B ¢ §5in 24)
+ T s 30+ iRin3e) +

=T + bo¥ + k5™ + Elat¥ &

R T Lol L S

w= 1 ke e

2y 1 o A
== ko sioor b = = 1.
o AR k. kTR
[1 — ka®ul —ibn '-b 1485 K 4 ey
0 - Efposd — jaind) | — -k cow i
U+ k2 - Zheosd 14 H - Bhougd
[ ksin@
1+ - Heengd
B - Rookh and & - ksln §

1+ k= 2keosif
14 8 4 i{[ms{-'—;]-r lﬁln[—%”

b z=yvZed el 2t

1 & k= 2k masd

2s 3, 2y B

i Ims
"1.' 111
1‘ II
¥ "
] 7] ¥z, Fe
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L
'
[ B 1]
13 & rde i sEmE (fa 1
la 17N 4
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b Ifz; &nd z; wre the two vertices above respeot!vely,

Lhin =, = 2, = v~ 2iE

Cot s s

ag

S the bength of this gido of the triangle is

o= zad = WHF +1-2 3]

={3=-12=.15

Chulknge
Roewerite the agqualion as {1 + -!.:I =1

n

ANSWErs

=l i
Ther 1 4 —I,'_ = A For soome £ F, smnee L% aosestle ot ol

1nERy:
Sa i = |=.:I-' -1
T S 1 - TR %,
l:'l:l =1 ov |4|I':I - * l;i:lll'.nlln-'iu%q.: !Hi:n%
. -iﬂl:q'm!"-_l—"- :i:'m%l-- --1|.||'L:: ] ||.||-e1'l;_|-r o |i|_"_|_k-'
zs.ma': zun‘il A

5o the puints Lie on the siight line - = _El’ + if e e B,

CHAPTER 2
Prior knowledge check

1 m 1093 Iy
2 o Usethe follwing:

i .
E""' .u_l:r!w II|.:1:.II + 11
ol [
Y ra f'!“_:'ﬂ
y
und sienpbily to get the aoswer
1T
i
38 Wz w
dr it

Exercise 28

LI P O R R

-Q4indx

T o glelrs -mr=1=glrf+ r-rar=gidn=r

by :l_.r_'_‘f_l_n:r+ i - 'i‘,nr— i

ral %H]xﬂ-!l-:lhﬁ
Fa® LWEndrlalul
=il -I-:n:.ax-‘l- %u;{xz

F=m~-1I:

rere Lala s II-%nlrr- 1

i i -
Lxdn—1Ha) = Sim— 1w - 2)

Wihen you sdd. oll terme cancol dxcept o+ 1)

Flepies E_.I = ,-!,n'ﬁn + 1k
il =
2 afn + 1]
Hw + 1+ A
p
oG 3 1 nilag = G
2r e+ 2F i+ 1l + 21
i i i
4 e . O
| U e+ red 743
 —f -
2w+ 3]
5 a I 1 _hradf - odlr 1 =10 _ ¢
TR W T e Ar=10 C rfir+ 0 r+if
1
. [ TR
e = 1§
i m—ﬂ“lﬂ
in+1F
7 a4 Mrethod of differences vields '|_=|'| - ﬁ:+—5|' which

sitnplifies 1#? sodr= 1 n

nel &= 25
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Answers

b Farnsl, _; - ---I'—-.;"n.-'.ﬂllu:u' L [ar m = &,
BwT Hi+ 3G
Lot i1 = k + 1, then
L & 1

SN2 + NI +B) T 10k + 25 2k =502k + T}
L k2 Tha5h . &kl
{28+ INZE +T)  TINE = 1p-=25
Thesrefiwee trwe e adl vidoos of o
L 1

a Hrﬂlmlqllilﬂmmlﬂhmlms e iJ*_-|I

i s rllan+ 171
which simpliies b ———————— Sirif = |5 ind

= [Erv -+ 1E3n+ 4
H=17.
9 Mathod of differences yiolds bp 4+ 1F & g — 17 - 07
=20 + i = a4+ 1l s =2
10 a Method of difersacos yialds %ZHT'
gy =3, b= 12 « = e

I i (] dn=-13
b Simpify: .
e e 16 1Zp+4
1 Ths e wl frin l 4 "I— |= & suiiE bt b il Teremnes,
r r+l

s the terms will not cascel oul, and the bl of
differences cannal be used in ihis case,

12 Mecogndss thiy iy v apply st of

“'H d:l 0
i Mareaices. E-l-l:pl][‘;. 1.1 |:EI.-.| STk ﬂr
abiain 3 - L- stiting o= 2 il b = 5.
14 .-:l;r.l1- | lm = 23
el e gy
I 00218
Chalbenge
a k=11 Iy o=114=4Ec=49
Exercise 28
1 & Pxda 26 Plahadp®, [Mr] a Pt e Bas,
fry) = grpr

b Fixk= w1+ 5P Blrl = e - 101 = 562,
izl = pn = 100 = 201 + 27 [*x) = nf

€ [xk=6"+ o', [L30 = 2 = 0", 0] = 3e* + 3,
"8y| = o’ 4+ 4t

d =il + 25, Pled = =11 + 275 Pl = 201+ 252
g = (=1 = L1+ xp=
irn

2 & m:vul-"l‘""'r-"":.l b &

3 a %--."I- = coa 3 w Exin.le

= pdn pions = Fabivha

iy E il . iy
I E;:i & | 8o, ;1- = =M ginfar, E & vk & e0s

[ ]
d n ] s 2pod - pip-d
= (20— Een ) - (e — e
=2 = g% + x5
Miek= w6 -34 4 25l —e M2 — 43 + 57
& g =0 A+ Gy - £
b 7Lrl= e — 25 — e -0 b — %1
w12 - Br+ 1)
s M= l2-16+451=0

& @ Given Lhil i = &ec, % = S badnd
2y
di?

= groAisrTr s innltol = sty - secy

 EJ
b d—"f’l = hsec® plseey Enad — secriana
X

= wpnaee S x) o+ Beey lanadtana

= eec xlanyibseer - 1)

i I'.|j'|l = e =
'|.'l.l'|r-|1:--5 EE' RN - T =118
u:.. {dﬂ.l
i llr‘ [ J d:*’ " |
dy iy ﬂ‘m
o 3["'&:' e " )
T a fzl= .l. K[+ IJ- 3
r+ rl 4 FF i1+ £%F ¢l +x*
Bl =5l = |

b Differentaiing this squation wei o
VT +E IR+ ———Tir) = 0
vl & o+
=-{1 + g2pfixl + Mzl =0
¢ Tilfer=ntiating this eqpuiation wed x
K]+ &+ 2l < Pl + afieli= 0
= {1 + &% + 3xBxd+ Pxd=10
d Fiob= 1, 700 = £, 170 = =1

Exercise 2C

1 & Nxb=I{1-g)! e [0 =1
Pl == = 2 3-01=11-11r¥ -—-FI'CI:I-I!
fixl==211 - Y- =21 -ar? =M=
Mt} = —(F = 201 = x]-H-1] = {3 = ZHl :I 4

= M =3

Crmeral b

PHEE = e — T3 — 2T = ] — gy

o Y] = rd

Using Tie) = N5+ Pl + ':Iﬂ' .k ";I{”

(L=z'=1 r:r1;'| r__.r:_!!l--..___

2 TH+E+304 o EF4

bflj‘}-.]-r-.”.._ﬁl e [T =1

Fial = 1 +.xbd = 100 = §

Pixl = -1 + 2! - ) = -4

] e 1 gt i
M= gl-31l-I1 + 217 = Ml=3
Using Maclaarin’s expansion,

TTTPE
il 3= v:.!'-i--zl-ﬂ' —ilﬂl — i
B R o
TR
2 figh=perr = filil =1
M) = e gy s POy =1

el = e pe™s= — gy == Flii=1
Liging Mackoarin's expansinn.
B e
R o = e |
L =1+4x 5% + =1+x+x

3 a Neds oy e (i =1
fixl = —slng = HNN=0
Flt] = —cois == [Y0]= =1
Flrl=sing = [FlK=0
Flirl= cosr == 0] = 1
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Lsing W laurin's expiansicon,

siEr =1 4 _23 ¥ _:1:4 4 " 1;5:3'4
K2 gt I-1r
-I-EF_‘T!-...f"ﬁI:"P -

b Lhutgum:rr-l-l— J'—'WIHLJ.'-E

g5 4
PP S O, sl
- T
correct 3o al.p.
= T18 (Fdp)
o) = m152 (3 dpb
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Zp = B T =l

- g

3

i lI = {5 T00S :

(5]
I!I'l!l.lu

= -L_jeoss + sinr)

Vil

¢ simraln®
HIA '

B Mri=il-xFnil—xl
1

Flab =11 - ) ET_—; + &L —FH—0h hal1 — b

af=1 =] =aj ]l -z

Pieh=1-2{i1 - g %=1« -AHail - 1]
= 2 2lnll - xi

O 1IN 1 TSN T T [ I

P & JJ’ - i"1
x™

o shr= .'I'—EI-+-:_--— e e L LB
F

onsx =1 E" ! :: IR | !IJ."- i’_.rl."
Ising —dxcosy + ¥
- 2.!_1- =t e = e
=300 — g+

bo:
P | ek

n lixh= ey B I-&ingl = -wnx

b Pl = 0 050 = =1, ™k =0, [%0) = -2
i

L —-=—
i 12

d Infers ) = il = —yin3

Andl by the Moclsurin sories wo hivo nkso

)
|I:||EI.H"-| = -T - _|-E_
Nz = 1!. + ﬁll

I3} = Epng = J(H = 0

Mkt = sty = AN =1

e} = Paewd r taax = 510 = 0

Ml = deer yinnds + 2epity = [0 = 2

irl = 16 50" ang + Bses? 2 i’y = )= 0

= (PAOEdG., whikch s

A =X

1 T
= + E.T —EI: +
Chalbmge
2 . r
a pral rrr%r%...r%~

¥ :i.r.|
el T

Pl _ L Jx
s = oo g % = Wy < o

PR Crpree gRRTI J OY 0
b Inil +xi=2x 3+. H :||'r+

-l =g T
o, = -1 lI_.-n,_, [ 1] r1-]

|ur.| [  atl | FX
I'““--i ] I"t"l r+1 - JI' :'1 !”‘IH-Ll

= rj——-
e y I -
Sirlml <+ Hﬁlll'rl'!gi":- for =1 == & o T sl divores o o |
Exercise 2D
1n 1= 'E - '.:;-'- ... valid for all valoos of ¢
b 1+4r-8x"= ,1 = .. valid For all valoes of 2
o iz ":!: |f.?- o] vntid for nll values of 1
! |
S oy, s )
i F-mpate-.. =lsx<]

o - ki
L Hhﬁ}-i-l_'l IH_'TEH walid Tor all vichaes of ¥
r Il:E-J—;—!jj;—r+%+ S re;

2 & I-“‘J'IF-I--—I"-%T-ITI-I‘T.- R I - |
i
I||1|—;r=-r-§1-”—;-J—_;:+¥— e =lEg]
I ]
1+ : e
hl:l-;;:l‘hut #x] - Il -:.l-!llj:l 5 1 =
A5 x mrust b oo both the Interveks -1 =<5 = 1 and
=1 = 1< I, Trmus bein the dlerml -1 < 2 <1,
] 1 1
b |'::+£-+‘?+ A
¢ or= -.--1'][!'!3.;..I-lrlr||
i1 3y
d I|-.[—') = 1In14) =In {2
l—l-

araid IJ|||' seriey lrom b glves

B W

5+ E-*L__n+ it

Which is In2 qormeet a2 dp
! i E 1

3 nfal sty -'!;;'I- 1“:;1 #oy gy | l-?.':rélr'-*; .
- [~  i=TF - il
n 1 .thf—]!—-l--..-I IP-ET X

e = G soe’rton'y + 88 sne*wean® s + 1 Gsor'y

o g L T

S tha Musinurin sortes s

ANSWErs

Bo 0 — -t g+ S i terms in rt and above may b
tesplectid,
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Answers

4 Brsin2y = {2 ‘*'_f" oo
Oy’ |.I" 'l

s 3 -|'I—-T

Si e gub tal
Arsin2y - cis3r = fur’ -dx' - l: |-

| p:;'.\_ti —."l': b

i
b5
Sm ox- Ii‘,:rr ?—;-—%H 'jr_;--.l_
i x* Bt g -
7 B A el - |
b Zin3 1 ﬂrR'I T T=r=3
y o 280 drt | 3t
G a -2 =gt
M B T
h JE—J:rE-if_
45 -]
p..i.l'.l.. |

I 1
9.a [1-3zinil +2Zr
-|1-3;ler-:r_rwﬂ?’--+:*+...:1
=28 -8t 4 - 13+

Iy efrging
{2x)F [ZxP  [Zx}! i
[I YR Ar Jlllx_ﬂ"
g AN R i Fow
-Illl11:+.E.'|:-1-—3--1--__‘—+....|I|r—F+..-|
=E+2 + AT et +
e o1 +r! ot =[]+ #ho
L+ | o L L
=1+t Y - R 5
iy i gl o
-I|_|—-—H-1-_ ”I_-:l-E——[I--;:!Tir
=1 -+ a? |

4 & +
T T Bhe N Y 1O

LI W B W T

11 a e"sindr
--'Il e Pl u1rl' ][2 1:*._;|‘
_|' + EI- “

+
—

f pEx et Gt
a-l.llp.'l:l 5 v 3 r-:ll‘l»l’ E||

gt At
pa

b g=-2 pai E=-I
12 o F =P a Mgy =

=35 + 3pa’ =
||J
&3

+,
S &;u

ey
L
=
o]

=

|:]1.1.'1

re|
=

flzl = =

f | 1
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i
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Then rearmmngs this o get 5 = 24 oos¥ + F0sing

4 a Iim

lged+ =5

b Cartesian eguetion s o A1 g (e 200 =25
Crvery 10 pidar sooroingles:
[reosi + 4F + (remi + 39 = 25
Then réarcuge i get r= -Beosf - dind
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1 (2o, 00,42 and (. 22)
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n I:gf.:ﬁ'-ﬁ.’l : bk r= :':5",-*E (RIETIHEY

(Mo, £1.22)
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1
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Fritiad Bine

g [ul, '-EH-. If} and |k 35}

T

r il = :I:
i o e 2

o fi

hu

Imadal lme

=i

lmitial B

Sinximum vabue 6t 13, £

=t

.
X

[Re— T
=i
o

()

f=1p

lrvitial liae

poat
-

)

-2
i

.,_
= B

o
=

-
[
b

roudmsd
N o
21’/* Iniiial His

r=2snh

9a (307 b &a?
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t 2 Ite
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lreasd = 1F & (rszd - T =2

TN PRAFTIRES W el F= 2eoss + 2&5in i
i lim 3

d 359
12 20K
13 1.52
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Sothe tnmgent (= of the form g = |'-_;1ﬂ|r+ ¢
i r

Subsaituting in the polm .:4 : ::I = e 4]

I+
Alll= % thee gradbeat of the bgent b ——
|

E

T

Sur the sguatien for he tangent (s

ji -+ i 5

T 2w

4i
Renrraiping. Ll B M - dig + Hr+ dix = 78

CHAPTER &

Prior knowledge check

1 In ]—1—3]

4=a

d - a

a --—I— =N T = s =y = (1 &+ sl - e = 1

L

i | | i gin rela -:-1!"1:1'm:|; i .! e ey
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L]
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Sa Inky3 +A B+ 51 r 'I|1|---

6 a -3+ TH b s J.l_ﬂ..-'. g
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Exnercise 6C
1 o HHS = 3sinkiAresha

— = i A
'él_:'g_n - |

=satnfi 24 = LHS
la HHS = oashA coxh 5 - sinl A sinh i

zl'l_d'—u. I||-|-|l| I-||'—||"'II|IJ‘—r|'I
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- I
L
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BHS = decsh®A - Seosh.d
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RHg = B+ det 4 ety

7 |

g Jphe ™ e g ¥
= gl Bt dot o gt

™ _ Mot 4oy

i

£

= Ibz'i = cosh 34 = LHS

RHS = 2inh| 252 jensh{ A2 5|

! ]

i A
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LW, il
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i

sinhA -sinh 8
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I m

T = | Hekt
Eluz_,.;llll.l s il

2 )

o iR AY AE L L
T o R

:'1._-r — i 2 gl — @)
it — ] —gle- g

sinfatd - B = aink A aosh - cesliAd sinhi
ginh3d = IsinhA 4 4 ul.nh"

ik = 1 HINE

T —tanivA

eosh 24 = vosh* A — gnl A
sinhy = =5 h tachr= '_';I o oogh2y =7

T I|I.|_%.-.. Tl
=il e=In4
|—ﬁ-|' T3 |

ANSWErs

b r=lnd
d r=In|3

.1.'-|r|.'| 'J."r|l1|1||.[1"i

=1m(4 2 1'[5+

r=In|iLe=n3

RFIS = 204 4 24 8 = | = Lo

Ind3.a 23}

7 In[f £ 475

4 [ie hns not applied Cshorn's rele. in fine I - sonrect
itartiy should be sech¥s < 1 - moh s sinee implsd
sin® b B s split the denonsinaior al Ui fenetion
im Bine 2 whick ks drenlid; ho bins taken the reclpeoei] of
Baathe pernas f e & - this ds mathematicadly orrect.

Correct proof: —

1 # tmnh?x

£ 1=0.1=Inj

| x=1ndl ++F)

&= geclitx — B

I - wmnh*x

soch? x o ek &
2roshix - 1

i

T2 .'l--.:]

+ pUy = THS

U oa Beodhilr o+ LGOI
h &
o« 148, -1.534

Exercise 6D

1 & Henshde I Aainhix
¢ dEpchy 2x i Joomsh3x
¢ —doomeid I -Ztanh2r sech2x
E vfeushx —ainhal h oosh s + Beainh 3x
y: iy | rifershiir + fxsinh S
k Zeosh2rcosh iy « 3snh2asinh dx
I lanhkx m At eaghs?
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2 y=avmshar i bginhr
Differentias wilh mspeel toox

ty

E = mrslnh i + mhoosher

-
— w arn? coglr « bt alnk e
= apt e gesh oy o+ B slnh sl

'y
—_—
hir® y
3z A T
3ol
EI
+ 'E""l = fheosh 3y snhy + 3sinh Ireeshx)
B .
VaxT— e+ 1P+ 1
3 1
" | = fix* . ! l
J._l F u
o - S I == _'-"
vt — 1 v Ot =]
g Zrarcoslis Tr‘— h ...I =
P e | |
i
I 9% nreiohr 4 r‘
[ S l
1 L
— Brfrikh ¢ ————arunhz
] VIt i
k HM- = aronslir sech ¢ tanhor
=1
| mrcoshdr+ —r
O]
b oa y-=arecshe, than cishy = 1
ﬂ:—j =&inliy = sty — 1 =125 =1
, il |
Sih—Aareosh 8 = ———
dr Vet

b 4= artanhe, thon tunhg =
:ih_:' & el = | —lunh?y = | - xt
L

- X*

8o - lartanhxl =
elr

d i R
T Usingg thie chain rale, Ei'l- = %( —1p:—) = %
-(3)

Siri4 - P"j-'ti'!!'- 2%, as required.

d
s} % =11 1.1."'|'-.F: a En-élll + £ & =L A %]
I'!:'
u:, — {230 + 2 =11+ 2%
& 32Tl + x4 =11 & x93
iy dly
"u'>||+!|c|--br r—— 4=
il ¥ by
= Al = 2T = (1 + 2 =A% + 27w 1+ 27
q 2yarenshar 2
e
(= =1] at =1
10 25y - 26Inh = 1y - 156
it . V15 - -
11l ===y = ———r + {15 + Infd + T5]
de - z
12 4 14iste g b A7« 1%
. -1
13 = .'I'—I;-II:T'II ]%T I _2."“_1

13

Th
1

4 = innhx, tanhif¥ = 0
i i

= &= E, L — =]
iir

2
= -2gech?nmnhy, at g "!f = 0
2

iy okl

) = =2 seedr + daseh® pinnh s, III”E = -
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aApproximsian

b 523% (Awl)

a ye=aranhr artanhi = 0

i el
d:ull-ﬂ'l ',nLL'ld-yL_-ni

iy . oy
—= w Bl — T Al oS )
ia* " . frs

'y "
e Bl Bl - a2

'y .

ﬁ = Rl — 2 & 1hai] — %55 + 48890 — £,
'

atfi——=10
ol

|t_r|'

] = B - + 4Bl -2 + Dl - & + ..

dl
wn d.t_y = 24 ginfn mmalning tarms all invalve &

My s & TRETRETn epuanmalom e ol ehs
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b -l g
— £ T+
-1 »
xexhy et
il
a |_ = pis Falnhy - sbix voshs
tix

Wiy
— = —fminxsinhx
it
iy

= —deneruinks - 2unreoshe
x
iy i : ; 3 .
5 w =2y o+ Hinrzinhs - Rinxsinhs - AT T
T

i L il X

b |—f|T"1-I',E|'|'J.=' [ | I|ql'|l—4|'

Challengs:
bir B
| = -:E'I + .E_-I"*

Exercise 8E

i
s o8 oM oE M

a owshx + 3sdohs + ¢ b sinhs—ianhx + ¢
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240 D Full worked solutions are availsble in SolutionBank, #



2

L1

]
12

13
14
14
1

F)
18

1%

H
al

iR

'S T'I.'IH ﬂ'i""f.‘f‘-"—LE‘- § .

{61 “H|I|I-]|'[ + T!'-|.I'I|'I I+

1
L=

i 3'5i:||.]|.2:|'— '5.1.' +C
h —ja= peinhidr = ¢
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10 a 4dginhiz -+ 0.60Z5 Challenge
b x=0752d4p P F : gk s
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¢ BTS2 dpd -J.- J ! 'f.r =achx
11 2sink 2 Uslng the substingion & = mnhr, this bocomes
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13 E o 2arkinhx _']E o2 Erarminhr = Barcsin] =& = -?_ "'
de et de® lrat  (Trgr
sl ¥ 5 f—+3— =12 >
de® " il Prior knowledge check
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17T Zxelate byt \“1\_______._.,-/ *
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Tay=

]l.—'-u:l'-

[ N o

LERETEE T - o
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o y-'{f- i':iIHH'.J.'
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# = A S

ﬂ = i A + Br) + Feee
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Challenge

At Bt s A = g fpss g

= o = Bl oo + 1L — Msingx)
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Hiesns Seiting i = Lf and j= .'_.JJ gives the reguiredd resalt,
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1 Mzt Batr e g
g =A™ e ¢ 2 4 Jx
=AM o Bt — p

=A™ 4 Bl —..';
TR i
# =0 e Bxle-r = 4 ginEr = 1 dr
§ = AvosSy + Bsinr + zo¥
g e @ o+ Bginds + .-'I-Hi-mr
= Arosy + Ssinx) + 3+ 5x + 52
# = AL GT + H5in ST« ,'E-n"
b=t ;
o=l 4 Bevy qut- =|.1:11_|'-!
A== B

f = AE B - oxt e o — i

P R Rt B IR ]
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¥ = ACOEE + HR0T 4 {0 - e
Exerclze 7D

I 8 pedAs=+Rlpts bogo= ety
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W8 o=l

1dr

1
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b y=casls + 25037 + Psing
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:r=%|l.'l.-':l;l+'.~i|:|f-.:r+-ll
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= m‘-ul'!l.r —El."&-}.'r
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s igley = g = Hl'ﬂ“i T o= ET{

il’x
dE
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Mized exercise 7
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p=Ix+en'l -5
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T L
mel

= s+ At
T Ul TR R T
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F ==yl 36I0E + cos 8] + gpo™
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HHe2r - I
[y _
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=14 4 B
F=A4+ Hpt
b= mskE + Rlahl.h
o= Pt i ke
g kel
b =t lAoosdr + Beinde) + les
o=t 4 et A

=

h =3 — 30" 4 e

Hon el 4 Sk
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¢ E=and =144 804 20

ANSWErs

21 y=sindl +Z0es 2 - sl
2 s balye? ied
B y=set+ Bos e Bred
Moa gp=deEsinbzexsll
b M —-n-.l""—|Z'..'a---!u:‘ﬁ'ul%.r--|'|||||II.-.I==JI'+:'I
24 g=do®y Yonsde - slnds}
b= T 3 1 3 jlzuiIHJ'-

b r= 34:" " 'h’ fe=¥ 4 _."Esl.n-w

o WL ascillste as 8 gine wave with ampliteado :||: aml

i —
[T 3

CEnlkenge

1J-L,|.|=1.‘r

T FEL
i B b'J'I_

e _u:':ﬂ-—_—f‘é-}m.r—-j I y:%-

CHAPTER &
Prior knowledge check
Hha® ¢ D
. i
¥ 4+ B
2 paAr™ 4
3 p=dsing + Jeosr + p{-2eosy - hEnzd

Exercise BA
I g==fousf & 50f + ¢
Whem ¢ = 0} 5= 0, s =11,
Gat=l=g=0+1=1
3 = & iti

- -
TR EE P
A a4l =202 b 20N 2 — 10K

' i
=Hin|= 4 1
T ||E+ |

da B BE

s

Rl Tl e I e
el whomd=0 -l--'.'-::'.aiu = :,ﬁ-.""-l:l
B Rl 4mgz

o Moy velosity wouold be over L3 million ms™

i LEegraling Maciar is & ' 50 edpnation bneimes

& n [necgraiing Factor 1s i + 41° 50 equation bacomes

ol + 4 = nu‘J'wHI*-Ih#fr-hur.
LT L
2R+ an
redl whend a0 =k ¢a 50170
r_d“-l‘ﬂrr-l}*-il.‘.lﬁ{n
250 =47

I dm="

o]

Lhe i=man

mixtare being added.

Weleckiy willl herease withom losh —anlikedy o be

i Theae 2.5 ien b eomsas Proam 55 of thie B30 o gas

Tl woslarme af U tank of o ¢ s (500 + 300bem?,
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& w ﬁq_ e,

b oem!

=
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thie axygsn does not mix throughoue mmediately on

ptering the tink
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Exercise 88
i Simphbe Bnrmarnio mation

r= 2eod 3 e Hin e g 5 o

X= frosdi = grﬂ.u-in' I ;.%

Slnkple Bnrmonic maien

¥ = -0

W= 5o e

L5 skl /5]

-t
a

=& B AFE B SB

A 36 gesonds

o - 1I.1H:-I:1:u1.[§ I:I 1.2487 u-n:[ﬁj]

2r

3
The model dets not allow for any chrnges in
amplitada weer timie.
Slenpbe Sormonic matinn
¥ =03 enal 1 21
ﬁ vEa.03m
d24ms Ealior H2ms?
x = crm 1250 A=
¥ = Hrasis 5 &
i R
= 1ﬁ-|:nx|-;l-. 10k} aun
(RGER s, 1 e
Ineurporate o dumping eflecs, for exnmple adr
resigtanee, This eoull takes the form of 8 Enctor

i the # foermids which egjuals 1 at § = O, axd
docrnisas dwn 1 ST A [ — =

Exercise 8C
1 m 207 (eos 2+ slnte)
b CROEHL 3T
o Lightly damypesd
!;ﬂ-ﬁ'_ Dokl
3 a e /5 JF gin /51
1 -1 I

A = B =

.
=N B 5 TN

R —

LB

b = w140 158
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A T=dpe 1] E-ﬁ
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b ¥=+ |:n:|i:|l——r| + l.'l II-.InI' d .I|:|
¢ =359 m (3 &0
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& K [
h 3 gi’h‘rﬂ.'h'-r IE‘iIrI-'” + t;rI.lh-.l
o AU e B, 3T
S e e T
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dix ilx
= + 1 = 1M cos
B T
b ox= Ao~ & Bot 4+ Bhglnd — 1 ensid
¢ -31.53mn
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1 E=2+ 5T+ L2~ 2T
. | =, SN . |
=g - Wi+ it vl

B

m d=é&"Aenai - Beini)

g e IH - At — 04 + 2Bl sind)
OR ¥ = oA eazt +« Heini)
I == 2A + Hleosd + (28 - Alsinih
depending on your methon
b x=e%eosd + 1268nil y=rY2eosd - Haini

N - L B

dls Ef- dix i
T [

St _de_ ngiig 4 i -x)
i

=L R ST T

di? ild
b omt -l w8 =0 = =03 & 33
ST s @V lonsLAE  Bsin 0.3
€ H=0.10""5A + L3AIcus 0 360
o (G — 15 ksln (.38

d ren 1V dring HITE
e 441
I Model seens regsonmhle for the Frst Tew vears, bog

beevames ungaiiticlls in e loager = as xand g
Ecilinie. sometiines Fving negiine 1 leas,

dy 1 dEs o Hode

LA R S
&t 240 Tl
1die 3 s
L B = <2 4 2T 4 By
24 TE ?rh* |
I:f:' 1 E'LI o 2w L) e LA SRR

=B 1—.':'1.|n-->a.|_|.=r+a1+hr-:p
'l.'l.'h;-n:vl.l.r-.-'l.-r]an.ﬂ_.;.-r;-.f:hJ-_ -

S =0+ 28wl g =43 + 2
b x= 0677 res, = 0612 lires
©  The pasount of botl chemicsls teods 10 zere
de 1 3%y | #Fy iy
B T T g T it T
b jr o= =Ly Thiz iy SHM in the o diractin.
b ox=dcmdi— a8inde, = dsindl = Googdl

dx it pndtx qdx
= 10052 5 B — SON} = = = D052 o 322
s i 3 il dai e
@' _ Ll
1%7.3;;-&111: n.t|1||m571r-m|
o x i g
— e -+ KIS = ]
B Sl i >
b x= 1BTS + Aedt e B il oo 625 - Ae-i 4 Be-2

¢ xtoedds ioa lkmiting valie of 1875 apd  tends to s
limatng vl of 6235,

. dy _dir L de
A -—--.-!-T—l- iy
? de  slaf el
%';4:'12%--}.tr|‘|—1£+2:-l|r2
- x ——I' e
=1 |IJ.'+I:|.! ir=1
b a= o™ B =g = AR -l L

o Mlodal ned siialde ginee for bage values of e, the
amin g ol nutriens grows sxpansntially wiklut
limit.
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Elﬂﬁ
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% X
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S
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e ll- #HIJI.I.II' h gﬂ-' i Eg"_'
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g g 0w dx

Idl]-!- & ilit e dr
X ' _'I: ek O |:
o i.u Tr 4 4I|: or
id*x .dr
- L | T
di il 3
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g

13
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5

whien e sdaigs dlie oot s 0 eeight nod e sensalbde,

iy iy dx o dir e
o L LS +: 28 =)
AR T Tt T T
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dﬁ e R T T élLﬂ'v TN + AR
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x = JRe™ 4 100~ and g = 30fpT + B!

b ol erganism W oand 10 ol oeganfanm
¢ T r:-J.LI:I.'II‘JI'I."i- ul eqch 1I-I5Iﬁ.l:-li.'ﬂll l|'||-|l Ly 27
1 o2 L iz 'EI' &y
14 - - 1 2
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u:u;d: 3w g l-rnr T3 I'
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rJ." a ;
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The circke amd the cardingd mees when
A=l + cosf = 0l =1 = !.'::?1;
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